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Preface

Power generation, transmission, and distribution are the core topics usually taught
in power system courses for electrical and electronics engineering students. In
addition, the demand for renewable energy and its integration with the existing grid
system is increasing and will be increasing in the future due to the depletion of
conventional fuel. Therefore, undergraduate and graduate students need basic
concepts to advance their knowledge in power systems. At least six credit hours are
allocated in a standard electrical and electronic engineering course curriculum for
the power system courses in all universities and colleges that provide this knowl-
edge. I have taught several courses, including power transmission, power distri-
bution, and power systems at different universities around the world. The main
purpose of this book Fundamentals of Electrical Power Systems Analysis is to
cover various aspects of power systems. This book introduces straightforward and
step-by-step methods to discuss different theories along with their mathematical
representation aiming at solving the problems. This book also explores a different
power system software to ease calculations by exposing the underlying principles of
complex power system networks.

I'have targeted two main audiences for this book, namely students and researchers
who are learning power systems engineering in their academic institutions and who
need to enhance their understanding. Students with different backgrounds will also
get fundamental knowledge of power systems through this book.

The second major audience consists of electrical engineers and other profes-
sionals working in the power industry. Other professionals may be those whose
educational background is not in electrical engineering, but intend to learn the
fundamental knowledge of power systems. These groups of the audience could also
gain more knowledge of power systems.

I believe that this book can make a meaningful contribution to the students,
researchers, and power system engineers in their practical field.
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Features

The key features of this book are as follows.

e Basics of AC circuit, three-phase circuit, and different types of electrical power.

e Each topic is presented clearly and represented with their mathematical
illustrations.

e Worked-out examples and practice problems are included after each topic.

e Worked-out examples are solved by step-by-step methods for easy
understanding.

e Power system simulation softwares such as CYME, IPSA, and PowerWorld are
used for easy calculation and comparison.

e Large numbers of exercise problems are included at the end of each chapter.

e Answers to practice and exercise problems are included.

Organization of Book

Basics of instantaneous power, apparent power, average power, and reactive power
analysis of electrical power have been discussed in Chap. 1.

In Chap. 2, fundamentals of a transformer, equivalent circuit, efficiency,
three-phase transformer connection, vector diagrams, and per unit systems have
been discussed.
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Power generation, turbines, different types of power system-related factors, and
tariff have been included in Chap. 3.

In Chap. 4, transmission line parameters and their analysis are discussed.
Modeling and performance of transmission lines are discussed in Chap. 5.

In Chap. 6, the analysis of symmetrical and unsymmetrical faults is included.
The load flow analysis is mentioned in Chap. 7.

In Chap. 8, underground cables and their detailed analysis have been discussed.
Power system stability has been discussed in Chap. 9.

Power system harmonics are discussed in Chap. 10, and insulators, sag, and their
analysis are discussed in Chap. 11.

Aids for Instructors

Instructors, who will adopt this publication as a textbook, may obtain the solution
manual as a supplement copy by contacting the publishers.

Finally, I am confident that this book is free of factual errors and
omissions. However, I encourage all readers to send their comments to my email
msalam7 @uwo.ca, if any. I would like to thank all production staff of Springers
who tirelessly work to publish this book successfully.
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Chapter 1 )
Analysis of Electrical Power I

1.1 Introduction

AC generator, transformer, and other related high-voltage devices are required to
generate, transmit, and distribute alternating voltage and current. These types of
equipment are rated by megawatt (MW) and mega voltage-ampere (MVA).
Electrical appliances, such as DVD player, television, microwave, light bulb,
refrigerator, ceiling fan, and many more are rated in a Watt (W). Careful attention is
required in designing these kinds of equipment to address their power ratings,
which in turn addresses the varying electricity bill. In this case, the analysis of AC
power plays an important role. This chapter will discuss instantaneous power,
average power, complex power, power factor, maximum power transfer theorem,
and power factor correction.

1.2 Instantaneous Power

Figure 1.1 shows a circuit with an AC voltage source v(#) with an impedance
connected in series. In this case, the resultant current i(7) varies with time. The
instantaneous power also varies with time, and it is defined as the product of
the instantaneous voltage and the instantaneous current. Let us consider that the
expression of the instantaneous voltage is

v(t) = Vi sinwt (L.1)
The expression of the current can be derived as [1, 2]

i(1) = ZV(@ (1.2)

© Springer Nature Singapore Pte Ltd. 2020 1
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Fig. 1.1 Circuit with an i(t)

impedance
+
v(t) f\) |:| 76

Substituting Eq. (1.1) into Eq. (1.2) yields

i) = V’"ZS‘“&“” (1.3)

. Vm \O_O Vm
i(t) = o = =0 (1.4)
i(t) = Iy [=0 = I, sin(wt — 0) (1.5)

The expression of instantaneous power is written as

ple) = v(t) x (0 (1.6)

Substituting Egs. (1.1) and (1.5) into Eq. (1.6) yields

p(t) = Vyysinowt X L, sin(wt — 0) (1.7)
p(t) = Vinl 2sinwt x sin(wt — 0) (1.8)
lem
p(t) = 5 [cos(wt — wt + 0) — cos(wt + wt — 0)] (1.9)
I I
p(t) = V";mcosﬁ —%cos@wt— 0) (1.10)

Equation (1.10) provides the expression for the instantaneous power for a series
AC circuit. The first part of Eq. (1.10) is the average power.

Example 1.1
The excitation voltage and impedance of a series circuit are given by v(7) =
15sinwt V and Z = 5 [10° Q, respectively. Calculate the instantaneous power.
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Solution
The value of the current is calculated as
15]0°
i(t =3|=10° A 1.11
(1) =57 =3 =10 (1.11)
The instantaneous power is calculated as
15 x o
p(t) = TZ sinwt x sin(wt — 10°) (1.12)
45 45
p(t) = — cos 10° — Tcos(Za)t —10°) (1.13)
p(t) =22.16 — 22.5cos(2wt — 10°) (1.14)

Practice Problem 1.1
The current and impedance of a series circuit are given by i(¢) = 10sin(w? + 15°) A
and Z = 2 |20° Q, respectively. Calculate the instantaneous voltage and power.

1.3 Average Power and Reactive Power

The average power is related to the sinusoidal voltage and current, which are shown
in Egs. (1.1) and (1.5), respectively. The average power for a periodic waveform
over one cycle can be derived as [3, 4]

T
%/p (1.15)
0
Substituting Eq. (1.10) into the Eq. (1.15) yields
T T

= V;]{m cos 0dr — V;;m / cos(2wt — 0) dt (1.16)

0 0

T
= V;]{m cos 0[T] — %/ cos(2mt — 6) dt (1.17)

0

The second term of Eq. (1.17) is a cosine waveform. The average value of any
cosine waveform over one cycle is zero. Therefore, from Eq. (1.17), the final
expression of the average power can be represented as
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Vil
P=

cos 0 (1.18)

Similarly, the expression of the average reactive power can be written as

VmIm .
0= 5 sin 6 (1.19)

The term cos 0 in Eq. (1.18) is the power factor of the circuit, and it is deter-
mined by the phase angle 0 of the circuit impedance, where 0 is the phase difference
between the voltage and current phases, i.e., 0 = 0, — 0;. The average power is
often known as the true power or real power. The units of average power and
reactive power are watts (W) and volt-ampere reactive (Var), respectively. The
average power from Eq. (1.18) can be represented in terms of rms values of the
voltage and current as

Vi 1, Vi 1,
P=—"2""cosf =—2="cos(6, — 6 1.20
Vo N ( ) (1.20)
Substituting Vims = 3—5 and I = ’—ﬁ into Eq. (1.20) yields
P = Vimslims €08 0 = Vinolims cos (6, — 6;) (1.21)

Similarly, from Eq. (1.19), reactive power can be represented as
Q - Vrmslrms sin 0 = VrmsIrms Sin(ev - 01) (122)

Due to a sufficient magnitude of the reactive power, the current flows back and
forth between the source and the network. The reactive power does not dissipate
any energy in the load. However, in practice, it produces energy losses in the line.
Therefore, extra care needs to be taken in designing a power system network.

For a purely resistive circuit, the voltage (V =1V, @) and the current
(I = I, |9;) are in phase. It means that the phase angle between them is zero, and it
can be expressed as

0=0,—0,=0 (1.23)
Substituting Eq. (1.23) into Eq. (1.18) yields

Vinlm
Pr = 7 cos 0° (1.24)

Vindm

Pr==7

(1.25)
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Equation (1.25) can be rearranged by substituting V,, = I,,R as

_LR_V,

=_n 1.2
2 2R (1.26)

R

The phase difference between the voltage and current due to inductance and
capacitance is

0 =0, — 0; = +£90° (1.27)

Substituting Eq. (1.27) into Eq. (1.18) yields the average power for either an
inductance or a capacitance

Vinln o
P, =Pc= 7 cos90° =0 (1.28)

The reactive power is usually stored in a circuit, and it can be expressed for the
inductor and capacitor as

2 Vi

) :ILXL:X_i (1.29)
V2

QOc = I2Xc = £ (1.30)
Xc

From Egs. (1.26) and (1.28), it can be concluded that the resistive load absorbs
power, whereas inductive or capacitive loads do not absorb any power.

Example 1.2

An electrical series circuit with resistance, inductive, and capacitive reactance is
shown in Fig. 1.2. Calculate the average power supplied by the source and the
power absorbed by the resistor.

Solution
The net impedance is calculated as

Z, =245 —j9 =447 |—63.43° Q (1.31)
Fig. 1.2 Circuit for Example i(t) 2Q 5Q
1.2 — W\ T

LI

,
s vED 001
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Fig. 1.3 Circuit for Practice ity 2Q
Problem 1.2

4Q§ 50

20[15° v @

8Q == [*Ye)
The source current in phasor form is calculated as
20 [15°
_ 008 4717843 A (1.32)

I =
4.47 |-63.43°

The average power supplied by the source is calculated as

20 x 4.47
P, = %cos(lSc’ 78.43%) = 20W (1.33)

The average power absorbed by the resistor is calculated as

447 %2

Pr >

= 20W (1.34)

Practice Problem 1.2

A series—parallel circuit with resistance, inductive, and capacitive reactance is
shown in Fig. 1.3. Determine the average power supplied by the source and the
power absorbed by the resistors.

1.4 Apparent Power

The apparent power can be derived from the average power. But, the apparent
power is related to the sinusoidal voltage and current. Let us consider that the
expressions for sinusoidal voltage and current are [5, 6]

v(t) =V sin(wt + 0,) (1.35)
i(t) = I, sin(wt + 0;) (1.36)

The phasor forms of these voltage and current components are
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V="V,l|0 (1.37)
I=1,0; (1.38)
According to Eqs. (1.20) and (1.21), the average power is

‘/ﬂl I m

P= 0s(0, — 0;) = Vimslims cos(60, — 6;) (1.39)

The apparent power is the product of the rms voltage and rms current. The unit
of apparent power is volt-amps (VA) and is denoted by the letter S. The apparent
power can be expressed as

= Vimslrms (1.40)

Substituting Eq. (1.40) into Eq. (1.39) yields
P =S cos(0, — 0;) (1.41)

In addition, the apparent power can be determined by the vector sum of the real
power (P) and the reactive power (Q). In this case, the expression of reactive power
becomes

S=P+jO (1.42)
The power triangle (Power Triangle: A right-angle triangle that shows the vector
relationship between active power, reactive power, and apparent power) with a

lagging and leading power factor is shown in Fig. 1.4. The power triangles with an
inductance and the capacitance loads will be lagging and leading, respectively.

Fig. 1.4 Power triangles Im 4

Re

=0 (Lead)
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Example 1.3

An industrial load draws a current of i(z) = 16sin(3147 4 25°) A from an alter-
nating voltage source of v(r) = 220sin(3147+60°) V. Determine the apparent
power, circuit resistance, and inductance.

Solution
The apparent power is calculated as

Vb, 220 % 16

S = 1.76kVA 1.43
2 3 (1.43)
The circuit impedance is calculated as
220 |60°
Z=—"—=1126+j7.89Q 1.44
16 [25° j (1.44)
The value of the circuit resistance is
R=11.26Q (1.45)
The circuit inductance is calculated as
7.89
L=——=0.025H 1.46
314 ( )

Practice Problem 1.3

An industrial load draws a current of () = 10sin(100z 4 55°) A from an alter-
nating voltage source of v(f) = 120sin(100z+ 10°) V. Calculate the apparent
power, circuit resistance, and capacitance.

1.5 Complex Power

The complex power is the combination of real power and reactive power. The
reactive power creates an adverse effect on power generation, which can be studied
by analyzing the complex power. Mathematically, the product of half of the phasor
voltage and the conjugate of the phasor current is known as complex power. The
complex power is represented by the letter S, and is expressed as

1 *
Se =3V (1.47)

Substituting Egs. (1.37) and (1.38) into Eq. (1.47) yields
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1
SCZEVm 10y % I, |=0; (1.48)
Se = Vims & X Lyms _Hi (149>

The complex power in terms of phasor form of rms voltage and current can be
written as

Se = Vims X I;kms (150)

From Eq. (1.50), the complex power is defined as the product of rms voltage and
the conjugate of the rms current.
Equation (1.50) can be rearranged as

Sc = Vrmslrms 9\/ — Hi (151)
Se = Vimslims €08(0, — 0;) + jVimsIims sin(0, — 0;) (1.52)

Consider the circuit as shown in Fig. 1.5 to explain complex power. The
impedance of this circuit is

Z=R+jX (1.53)

Equation (1.54) can be represented by the impedance triangle as shown in
Fig. 1.6.
The rms value of the current is

los =7 (1.54)

Substituting Eq. (1.54) into Eq. (1.50) yields

* 2
Viw _ Vi

S=Vm
Sz Z

(1.55)

Fig. 1.5 Simple AC circuit 1
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Fig. 1.6 Impedance triangle 7 X
e .
Equation (1.50) again can be represented as
* 2
Se = I ZI s = I, 2 (1.56)
Substituting Eq. (1.54) into Eq. (1.56) yields
S. = I (R+jX) = I2 R +jI> X = P+jQ (1.57)

where P and Q are the real and the imaginary parts of the complex power, and in
this case, the expressions of P and Q can be written as

P =Re(S.) =I*> R (1.58)

0 =1Im(S,) = I, . X (1.59)

The real power, reactive power, and apparent power of Eq. (1.57) are shown in
Fig. 1.7. The complex power for a resistive branch can be written as

Ser = Pr+jOr = IR (1.60)

From Eq. (1.60), the real power and the reactive power for the resistive branch
can be expressed as

Pr =1 R (1.61)
0=0 (1.62)
The complex power for an inductive branch is

S, = P +jOr = jI* X, (1.63)

Fig. 1.7 Power triangle S
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From Eq. (1.63), the real power and the reactive power for an inductive branch
can be separated as

PL=0 (1.64)

0L =Xt (1.65)

rms

The complex power for a capacitive branch is
Scc = Pc+jQc = —jlgXc (1.66)

From Eq. (1.66), the real power and the reactive power for a capacitive branch
can be separated as

P.=0 (1.67)

Oc = 1> Xc (1.68)

rms

In the case of reactive power, the following points are summarized:

Q0 =0 for resistive load, i.e., unity power factor,
0 >0 for inductive load, i.e., lagging power factor,
Q<0 for capacitive load, i.e., leading power factor.

Example 1.4
A series AC circuit is shown in Fig. 1.8. Calculate the source current, apparent,
real, and reactive powers.

The expression of the alternating voltage source is v(¢) = 16sin(107 + 25°) V.

Solution
The rms value of the source voltage is calculated as

Vims = V2 x 16 [25° = 22.63 [25° V (1.69)

Fig. 1.8 Circuit for Example i(?)
1.4 >

+
» @ 4Q

0.9H
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The inductive reactance is
X, =10x0.09=9Q (1.70)
The circuit impedance is calculated as
Z=4+j9=9.85(66.04° Q (L.71)
The source current is calculated as

22.63 [25°
Ims = = = 2.30 | =41.04° 1.72
" 9.8566.04° L0 A 172)

The complex power is calculated as

S = Vimslis = 22.63 [25° x 230 [=41.04° = 50.02W — j14.38 Var  (1.73)
The apparent power is determined as
Sap = |S] =52.05VA (1.74)
The real power is calculated as
P =Re(S) =52.02W (1.75)
The reactive power is determined as
0 = Im(S) = 14.38 Var (1.76)

Example 1.5

A 220 V rms delivers power to a load. The load absorbs an average power of
10 kW at a leading power factor of 0.9. Determine the complex power and the
impedance of the load.

Solution
The power factor is

cos0 =0.9 (1.77)
0 =25.84° (1.78)
The reactive component is calculated as

sin 0 = sin 25.84° = 0.44 (1.79)



1.5 Complex Power

The magnitude of the complex power is calculated as

P 10
cos 0.9 v

N
The reactive power is determined as
O =|S|sinf = 11.11 x 0.44 = 4.89kVar
The complex power is calculated as
S=P+jO=10kW — j4.89kVar
The rms voltage can be determined as

P = Vimelims cos 0 = 10000

10000

s = ————— = 50.51 A
ST 220%x 09

The value of the impedance is calculated as

~|Vims) 220
 lms|  50.51

Z=436|-25.84°Q

1Z| =436Q

Practice Problem 1.4

13

(1.80)

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)

(1.86)

A series RC circuit is shown in Fig. 1.9. Find the source current, apparent, real, and
reactive powers. The expression of the alternating voltage source is

v(t) = 10sin(2¢ 4 12°) V.

Fig. 1.9 Circuit for Practice
Problem 1.4

i(1)

+
v(t) r\)_

o

2Q

aAAY

J—

200 mF
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Practice Problem 1.5

An electrical load absorbs an average power of 12 kW from a source of 230 V rms
at a lagging power factor of 0.95. Calculate the complex power and the impedance
of the load.

1.6 Complex Power Balance

Two electrical loads are connected in parallel with a voltage source as shown in
Fig. 1.10. According to the conservation of energy, the real power delivered by the
source will be equal to the total real power absorbed by the loads [7, 8]. Similarly,
the complex power delivered by the source will be equal to the total complex power
absorbed by the loads. According to KCL, the rms value of the source current is
equal to the sum of the rms values of the branch currents /; and I, i.e.,

I=5L+1L (1.87)

The total complex power is defined as the product of the rms value of the source
voltage and the conjugate of the current supplied by the source, and it is expressed
as

S = VisI* (1.88)

Substituting Eq. (1.87) into Eq. (1.88) yields the complex power of the parallel
circuit as

Sp = Vims[li + B (1.89)
Sp251+52 (191)
Fig. 1.10 Circuit with two I
parallel impedances >
+ I I
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Fig. 1.11 Circuit with series I +V, -
impedances

The electrical loads are again connected in series with a voltage source as shown
in Fig. 1.11. According to KVL, the rms value of the source voltage is equal to the
sum of the rms values of the load voltages, and it is written as

Vims = Vi + V5 (1.92)

Substituting Eq. (1.92) into Eq. (1.88) yields the complex power of the series
circuit as

Sy = (V] + Vz)l* (1.93)
Sy = Vi I" +WI* (1.94)
Ss=81+5 (195)

From Egs. (1.91) and (1.95), it is observed that the total complex power
delivered by the source is equal to the sum of the individual complex power
absorbed by the loads.

Example 1.6
A series—parallel circuit is supplied by a source of 60 V rms as shown in Fig. 1.12.
Find the complex power for each branch and the total complex power.

Fig. 1.12 Circuit for 20
Example 1.6 _[>_/\N\,
+ 3Q gl I 4Q lIZ
60V r\)
- 8Q == 90
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Solution
The circuit impedance is calculated as

(4+/9)(3 —j8)
z,=24 WIPIB I8 _ 4367 g g0
R -9.88°

The source current is determined as

60
=——— =433 °
13.87 |—9.88° 19.88° A
The branch currents can be calculated as
o 4 +J
I, =4.339.88 —603 67.79° A
I, =4.339.88° x —_523 —67.69° A

The voltage across the parallel branches is
V, =60—2x4.33(9.88° =51.49 |—1.65° V
The complex power in the branches is calculated as
S1=51.49 [=1.65° x 6.03 |=67.79° = 310.48 |—69.44° VA
Sy =51.49 [-1.65° x 5.23 [67.69° = 269.29 |66.04° VA

The voltage drops across the 2Q resistor are calculated as

Voo =2 x4.3319.88° = 8.66(9.88° V

The complex power for 2Q resistor is calculated as

S0 = 8.66 |9.88° x 4.33 |—9.88° = 37.50 VA

The total complex power is calculated as

(1.96)

(1.97)

(1.98)

(1.99)

(1.100)

(1.101)

(1.102)

(1.103)

(1.104)

Sy = 310.48 | =69.44° +269.29 [66.04° +37.50 = 259.76 |—9.89° VA

Alternatively, the total complex power can be calculated as

§ =60 x4.33[-9.88° =259.8|-9.88° VA

(1.105)

(1.106)
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Fig. 1.13 Circuit for Practice

Problem 1.6 ——A\A/N/

20[15° v @

Practice Problem 1.6
A series—parallel circuit is supplied by a rms voltage source as shown in Fig. 1.13.
Determine the complex power for each branch and the total complex power.

1.7 Power Factor and Reactive Power

In an AC circuit, power is calculated by multiplying a factor with the rms values of
current and voltage. This factor is known as power factor. The power factor is
defined as the cosine of the difference in phase angles between the voltage and the
current, whereas the reactive factor is defined as the sine of the difference in the
phase angles between the voltage and the current. The power factor is also defined
as the cosine of the phase angle of the load impedance. A close to unity power
factor represents an efficient power transfer from the source to a load, whereas a low
power factor identifies an inefficient transmission of power. Low power factor
usually affects power generation devices. Mathematically, the power factor is
written as [9]

pf = cos(0, — 0;) (1.107)
The reactive factor is written as
f = sin(0, — 0;) (1.108)

From impedance and power triangles as shown in Figs. 1.6 and 1.7, the power
factor can be written as

R kW
pf:cosﬁzfzm (1.109)

The angle 6 is positive if the current lags the voltage, and in this case, the power
factor is considered as lagging. Whereas, the angle 0 is negative if the current leads
the voltage, and in this case, the power factor is considered as leading. The leading
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power factor is usually considered for capacitive loads. The industrial loads are
inductive and have a low lagging power factor.
A low power factor has many disadvantages, which are outlined below:

kVA rating of electrical machines is increased,

larger conductor size is required to transmit or distribute electric power at a
constant voltage,

copper losses are increased, and

voltage regulation is small.

1.8 Power Factor Correction

In the electrical domain, heavy and medium-sized industry applications contain
inductive loads which draw a lagging current from the source. As a result, the
reactive power for these applications is increased. In this scenario, the transformer
rating and the conductor size need to be increased to carry out the additional
reactive power.

In order to cancel this reactive component of power, an opposite type of reac-
tance needs to be included in the circuit. Let us consider that a single-phase
inductive load is connected across a voltage source as shown in Fig. 1.14, and this
load draws a current with a lagging power factor of cos 0;.

Figure 1.15 shows a circuit where the capacitor is connected in parallel with the
load to improve the power factor. The capacitor will draw current from the source
that leads the source voltage by 90°. The line current is the vector sum of the
currents in the inductive load and the capacitor. The current in the inductive load
circuit lags the supply voltage by 0;, and the current in the capacitor leads the
voltage by 90° as shown in the vector diagram in Fig. 1.16.

The exact value of the capacitor needs to be identified to improve the power
factor from cos¢; to cos¢, without changing the real power. A power triangle is
drawn using the inductive load and the capacitor as shown in Fig. 1.17.

Fig. 1.14 Single-phase
inductive circuit

~Y

Q)
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Fig. 1.15 Capacitor is in
parallel with inductive load

Fig. 1.16 Vector diagram
with different currents

Fig. 1.17 Power triangles for
inductive load and capacitor

19

A

9

The reactive power of the original inductive load is written as

0, = P tan ¢,

(1.110)

The expression of new reactive power is written as

0> = P tan ¢,

(1.111)

The reduction in reactive power due to parallel capacitor is expressed as

Oc=01—-0

(1.112)
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Substituting Eqgs. (1.110) and (1.111) into Eq. (1.112) yields

Oc = P(tan ¢; — tan ¢,) (1.113)

The reactive power due to the capacitor can be calculated as

Vi )
Oc :Xﬂcsz OCVi (1.114)

Substituting Eq. (1.114) into Eq. (1.115) yields the expression for the capacitor
as

wCVy = P(tan ¢; — tan ¢,) (L.115)
C:P(tanqbl — tan ¢,) (1.116)
wV?2

rms

Example 1.7

A load of 6 kVA, 50 Hz, 0.75 lagging power factor is connected across a voltage
source of 120 V rms as shown in Fig. 1.18. A capacitor is connected across the load
to improve the power factor to 0.95 lagging. Determine the capacitance of the
connected capacitor.

Solution
The initial power factor is

cos ¢, = 0.75 (1.117)
¢, =41.41° (1.118)
The final power factor is
cos ¢, = 0.95 (1.119)
¢, = 18.19° (1.120)
Fig. 1.18 Circuit for I
Example 1.7 >
+ 6 kVA c

0.75 Lag —
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Fig. 1.19 Circuit for 7 0.02Q 1.2Q
Example 1.8 — - AAN—TIN—
+ 10kvA |
50Hz
0.8L 120V
Q) ¢
The real power is calculated as
P=6x0.75=45kW (L.121)
The value of the parallel capacitance can be calculated as
4.5 x 1000(tan41.41° — tan 18.19°
¢ — 435> 1000(tan a ) _ 0.5 mF (1.122)

21 x 50 x 1202

Example 1.8

A load of 10 kVA, 50 Hz, 0.8 lagging power factor is connected across the voltage
source shown in Fig. 1.19. A capacitor is connected across the load to improve the
power factor to 0.90 lagging. Calculate the value of the capacitance and line loss
with and without the capacitor.

Solution
The initial power factor is

cos ¢, =0.8 (1.123)

¢, =36.87° (1.124)
The final power factor is

cos ¢, = 0.9 (1.125)

¢, =25.84° (1.126)

The power of the load is calculated as

P=10x0.8 =8kW (1.127)
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The capacitor is calculated as

C— 8 x 1000(tan 36.87° — tan 25.84°)

5 50 1307 = 0.47 mF (1.128)

The line current before adding the capacitor is calculated as

8000

=—— " —28333A 1.131
0.8 x 120 83.33 (L131)

1

The power loss in the line before the adding capacitor is calculated as
P, =83.33% x 0.02 = 138.88 W (1.130)

The apparent power with a power factor of 0.9 lagging is calculated as

8000
S="5g = 8888.89VA (1.131)

The line current after adding the capacitor is calculated as

~ 8888.89
277120

= 74.07A (1.132)

The power loss in the line after adding the capacitor is calculated as

P, =74.07* x 0.02 = 109.73 W (1.133)

Practice Problem 1.7

A load of 0.85 lagging power factor is connected across a voltage source of 220 V
rms as shown in Fig. 1.20. A 0.56 mF capacitor is connected across the load to
improve the power factor to 0.95 lagging. Find the value of the load, P.

Practice Problem 1.8
Two loads are connected to a source through a line as shown in Fig. 1.21.
Determine the value of the voltage source.

Fig. 1.20 Circuit for Practice I
Problem 1.7 »

- 0.56mF

220V ,\) 0.85 Lag
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Fig. 1.21 Circuit for Practice 7 0.02Q 1.2Q
Problem 1.8 _>/\/V\,_r]m'\
6 kVA " 10 kVA
+
50Hz 120V
0.85Lag 0.8 Lead

1.9 Three-Phase Voltage Generation

Figure 1.22 shows a two-pole three-phase AC generator for three-phase voltage
generation. Coils ad’, bb', and c¢c’ represent the whole coils into a three-phase
system as shown in Fig. 1.22a. The rotor of the AC machine is energized by the DC
source, which creates the magnetic field. This rotor is attached to the turbine
through a soft coupling, and this turbine rotates the rotor. According to Faraday’s
law of electromagnetic induction, three-phase voltages V,,, V,,, and V., will be
generated across the generator terminals.

The magnitudes of these voltages are constant and are displaced from each other
by 120 electrical degrees as shown in Fig. 1.22b. The waveforms of the generated
voltages are shown in Fig. 1.23. The expression of the generated voltages can be
represented as [1, 2]

Van = Van Sin ot (1.134)

Von = Vi sin(ot — 120°) (1.135)

(b) Line to neutral voltages

(a) AC generator

Fig. 1.22 Schematic of AC generator and phase voltages
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Fig. 1.23 Three-phase A
()
voltage waveforms
Van Vbn Ven
t
Ven = Ve sin(wt — 240°) (1.136)

where V,,,, V,,, and V,, are the magnitudes of the line to neutral or phase voltages.
These voltages are constant in magnitude, and it can be expressed as

Vanl = |Viu| = |Ven| =V (1.137)
The phasor of the generated voltages can be written as
Van = Vp [0° (1.138)
Vin = Vp [=120° (1.139)
Ven = Vp [=240° = Vp |120° (1.140)

The sum of phasor voltages and the sum of sinusoidal voltages are zero, and
these can be expressed as

V= Van+Vbn+Vcn = VP \m‘i’ VP |—1200 +Vp |724OO =0 (1141)

V = Van + Von + Ven = Vi sin ot + Vy, sin(wt — 120°) 4 V,, sin(wr — 240°) =0
(1.142)

1.10 Phase Sequence

The phase sequence is very important for the interconnection of the three-phase
transformer, motor, and other high-voltage equipment. The three-phase systems are
numbered either by the numbers 1, 2, and 3 or by the letters a, b, and c. Sometimes,
these are labeled by the colors red, yellow, and blue or RYB in short. The generator
is said to have a positive phase sequence when the generated voltages reach their
maximum or peak values in the sequential order of abc, whereas the generator is
said to have a negative phase sequence when the generated voltages reach their
maximum or peak values in the sequential order of acb. Figure 1.24 shows the
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Vbn

Vbn
(a) Positive phase sequence (b) Negative phase sequence

Fig. 1.24 Phase sequence identification

positive and negative phase sequences. Here, the voltage V,,, is considered to be the
reference voltage while the direction of rotation is considered to be anticlockwise.
In the positive phase sequence, the crossing sequence of voltage rotation is iden-
tified by V,, — V4, — V.., whereas for negative phase sequence, it is identified as
Van - Vcn - Vbn'

1.11 Wye Connection

Three-phase transformer, AC generator, and induction motor are connected either in
wye or in delta connection. In wye connection, one terminal of each coil is con-
nected to form a common or neutral point, and other terminals are to the three-phase
supply. The voltage between any line and neutral is known as the phase voltage,
and the voltage between any two lines is called the line voltage. The line voltage
and phase voltage are usually represented by V; and Vp, respectively. The important
points of this connection are the line voltage is equal to /3 times the phase voltage,
the line current is equal to the phase current, and the current (/,,) in the neutral wire
is equal to the phasor sum of the three-line currents. For a balanced three-phase
load, the neutral current is zero i.e., I, = 0. The wye-connected generator and load
are shown in Fig. 1.25.
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Fig. 1.25 Wye-connected a
generator and load

1.12 Analysis for Wye Connection

A three-phase wye-connected AC generator shown in Fig. 1.26 is considered for
analysis. Here, V,,, V,,, and V., are the phase voltages, whereas V;,, V., and V,,
are the line voltages. Applying KVL to the circuit to find the line voltage between
lines a and b yields

Var = Ven =V =0 (1.143)
Vab = Van — Vo (1144)

Substituting Egs. (1.138) and (1.139) into Eq. (1.144) yields

Var = Vp [0° — Vp [=120° (1.145)
Var = V3 Vp [30° (1.146)

Applying KVL between lines b and ¢ yields the expression of line voltage as

Vbc' = Vbn - Vcn (1147)

Fig. 1.26 Wye-connected
generator
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Fig. 1.27 Phasor diagram V. =3V |150°
with line and phase voltages “ ?

Vab = \/ng @

Substituting Eqgs. (1.139) and (1.140) into Eq. (1.147) yields

Vie = Vp |=120° — Vp [=240° = /3 Vp | —90° (1.148)
Applying KVL between lines ¢ and a yields the expression of the line voltage as
Vee = Ven — Van (1.149)

Substituting Egs. (1.138) and (1.140) into Eq. (1.149) yields

Vea = Vp [=240° — Vp [0° = V/3 Vp [ 150° (1.150)

Line voltages with angles are drawn as shown in Fig. 1.27. From Egs. (1.146),
(1.148), and (1.150), it is seen that the magnitude of the line voltage is equal to /3
times the magnitude of the phase voltage. The general relationship between the line
voltage and the phase voltage can be written as

Vi=V3Vp (1.151)

From Fig. 1.26, it is also observed that the phase current is equal to the line
current, and it is written as

L=1Ip (1.152)

Alternative approach: A vector diagram with phase voltages is drawn using the
lines a and ¢ as shown in Fig. 1.28. A perpendicular line is drawn from point A,
which divides the line BD equally. From the triangle ABC, the following expression
relation can be written as

BC
30°=— 1.153
cos 1B ( )
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Fig. 1.28 Vector diagram

V3 x
—_— = 1.154
2 |Vnc| ( )
According to Fig. 1.28, the following expression can be written as
BD =2AC (1.155)
Vea = 2x (1.156)
Substituting Eq. (1.154) into Eq. (1.156) yields
3
VCG:ZX\/T_|VM| (1.157)
Vea = V3V, (1.158)

In general, the following equation can be written as

VL =V3V,

Example 1.9
The phase voltage is given by V,, = 230 [10° V. For abc phase sequence, deter-
mine Vp, and V,,.

Solution
The phase voltage for line a is calculated as

Van = 230 |10° V (1.159)
The phase voltage for line b is calculated as

Vin = 230 [10° — 120° =230 [=110° V (1.160)
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Fig. 1.29 Circuit for
Example 1.10

The phase voltage for line c is calculated as

Ven = 230 [10° — 240° = 230 |—230° V (1.161)

Practice Problem 1.9
The phase voltage is given by V,,, = 200 [10° V. For abc phase sequence, calculate
V.. and V,,.

Example 1.10
A wye-connected generator generates a voltage of 180 V rms as shown in
Fig. 1.29. For abc phase sequence, write down the phase and line voltages.

Solution
The phase voltages are

Vin = 180 [0° V (1.162)
Vi = 180 |—120° V (1.163)
Ven = 180 [—240° V (1.164)

The line voltages are calculated as

Vs = V/3 x 180 [30° = 311.77 [30° V (1.165)
Vie = V3 x 180 |—120° +30° = 311.77 |-90° V (1.166)
Vo = V3 x 180 |=240° +30° = 311.77 |-210° V (1.167)

Practice Problem 1.10
A wye-connected generator generates the line-to-line voltage of 200 V rms as
shown in Fig. 1.30. For abc phase sequence, write down the phase voltages.
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Fig. 1.30 Circuit for Practice
Problem 1.10

1.13 Delta Connection

The coils in a delta-connected circuit are arranged in such a way that a looking
structure is formed. The delta connection is formed by the connecting point a, of
aya, coil to the point by of b,b, coil, the point b, of b,b, coil to the point ¢; of ¢;c,
coil, and the point ¢, of c;c, coil to the point a; of a;a, coil. In this connection, the
phase voltage is equal to the line voltage, and line current is equal to /3 times the
phase current. Figure 1.31 shows delta-connected generator and load.

1.14 Analysis for Delta Connection

A three-phase delta-connected load is shown in Fig. 1.32. In this connection, I,
Iy, and 1., are the phase currents and I, I, and I, are the line currents. For abc
phase sequence, the phase currents can be written as

Ly = Ip [0°. (1.168)

I = Ip |=120° (1.169)

i c
Generator c Generator —

Fig. 1.31 Delta-connected generator and load
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Fig. 1.32 Delta-connected a P
load <
/ \’ a
+ p—
1
“ v Vca Vab h I ab
I bc —— I b
c | | .
Vbc - IC

leq = Ip |=240°
Applying KCL at the node a of the circuit in Fig. 1.32 yields
I =l — L
Substituting Egs. (1.168) and (1.170) into Eq. (1.171) yields
Lo =1p [0° —Ip [=120° = V3 Ip | —30°
Applying KCL at the node b of the circuit in Fig. 1.32 yields
Iy =Ipe — Lup
Substituting Egs. (1.168) and (1.169) into Eq. (1.173) yields
Ih=1Ip |2120° ~ 1y [0° = V3 1p | ~150°
Applying KCL at the node ¢ of the circuit in Fig. 1.32 yields
I =lq — Ijc
Substituting Egs. (1.169) and (1.170) into Eq. (1.175) yields

Io=1Ip [=240° —Ip |=120° = V3 Ip | 90°

(1.170)

(1.171)

(1.172)

(1.173)

(1.174)

(1.175)

(1.176)

From Eqgs. (1.172), (1.174), and (1.167), it is found that the magnitude of the line
current is equal to y/3 times the phase current. The general relationship between the

line current and the phase current is

I, =V31Ip

(1.177)
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1, =+/31,|90°

Fig. 1.33 Phasor diagram
using line and phase currents

Iab

1, =+31,|-30°
1, =+31,|-150°

According to Fig. 1.32, it is observed that the phase voltage is equal to the line
voltage i.e.,

V.= Vp (1.178)

The line and phase currents with their phase angles are drawn as shown in
Fig. 1.33, where the phase current 1, is arbitrarily chosen as reference.

1.15 Analysis for Three-Phase Power

Consider a balanced three-phase wye-connected generator that delivers power to the
balanced three-phase wye-connected load as shown in Fig. 1.34. The total power of
the three-phase system is calculated by considering the instantaneous voltages and
currents.

[Au
A > a
+
VAN @ H Z,=7|6Q
N [nN .
Ven -4 _
SR Lo
c B
c Z,=716Q b
[Cc
> IBb

Fig. 1.34 Wye-wye system for power calculation
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The instantaneous voltages are
vay = V,, sin wt
vy = Vi sin(wt — 120°)

ven = Vi sin(wr — 240°)
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(1.179)
(1.180)

(1.181)

The phase currents of the three-phase wye-connected load can be expressed as

van Vi sinot

zAa:Z—y_ 7l = I, sin(wt — 0)

veny Vi sin(wr — 120°)

igp :Z—yf Z0 = I, sin(wt — 6 — 120°)
in(wr — 240°
icc = Yev _ Vin_sin(or 0°) = I, sin(wt — 0 — 240°)
Z, Z0

The instantaneous power for phase a can be expressed as [8, 9]

—

T
=7 / Vaniaq dt
0

Substituting Egs. (1.179) and (1.182) into Eq. (1.185) yields

T
/sm wt x sin(wt — 0)dt
0

Vinlm
2T

pa(t) = 2sinwt x sin(wt — 0) dr

o\'ﬂ

T

‘/mlm

3T / [cos 0 — cos(2mt — 0)] dt
0

Vindm
pa(t) = o % cosO xT—0

Vol
r)= A

cos 0 = Vplpcos 0

where V), and I, are the rms values of phase voltage and phase current.

(1.182)

(1.183)

(1.184)

(1.185)

(1.186)

(1.187)

(1.188)

(1.189)

(1.190)
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Similarly, the expressions of the instantaneous power for the phase b and phase
¢ can be written as

p(t) = Vplpcos (1.191)
pe(t) = Vplpcos 0 (1.192)
Therefore, the average three-phase power P can be calculated as
P = p,(1) +pp(t) +pe(1) (1.193)
Substituting Egs. (1.190), (1.191) and (1.192) into Eq. (1.193) yields
P, =3V, cos (1.194)
Similarly, the expression of three-phase reactive power can be expressed as
0, =3V,l,sin0 (1.195)

Therefore, the per-phase average (Pp,,) and reactive (Qpp) power can be written
as

P,, = Vplpcos 0 (1.196)
Opp = Vplpsin0 (1.197)
The complex power per phase S, is represented as
Spp = Ppp +7Qpp (1.198)
Substituting Eqgs. (1.196) and (1.197) into Eq. (1.198) yields
Spp = VplIpcos 0+ jVplpsin 0 (1.199)
Equation (1.199) can be expressed as
Spp = Vplp [0 (1.200)

From Eq. (1.200), it is seen that the per-phase complex power is equal to the
product of the voltage per phase and the phase current with an angle.
Y-connection: Substituting Eqs. (1.151) and (1.152) into Eq. (1.194) yields

v,
“L %I, x cos0 (1.201)

V3

PtY:3X
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Py = V3 VI cos 0 (1.202)

Substituting Eqgs. (1.151) and (1.152) into Eq. (1.195) yields

Vi .
=3x—x1I; x sin0 1.203
Oy /3 L ( )
Qw = V3 VI sin0 (1.204)

Delta connection: Again, substituting Eqs. (1.177) and (1.178) into Eq. (1.196)
yields

13
Pp=3x—7=xV,x cosl (1.205)
V3
Pia = V3Vl cos 0 (1.206)

Substituting Egs. (1.177) and (1.178) into Eq. (1.197) yields

Vi .
=3x—x1I; X sin0 1.207
QtA \/§ L ( )
Qs = V3 VI sin6 (1.208)

In general, the total real and reactive power can be expressed as
P, = /3 VI cos0 (1.209)
0, = V3Vl sin0 (1.210)
The total complex power can be written as
S; = P, +j0O; (1.211)
Substituting Egs. (1.209) and (1.210) into Eq. (1.211) yields
S, = V3 VI cos 0+j\/3 VI sin0 (1.212)
S, =3V |0 (1.213)

Three-phase system uses less amount of copper wire than the single-phase
system for the same line voltage and same power factor to transmit the same
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Fig. 1.35 Single-phase and three-phase systems with loads

amount of power over a fixed distance. From Fig. 1.35, the real power for a
single-phase two wire system is

Pigow = Viligr cos 0 (1.214)
From Fig. 1.35, the real power for a three-phase three wire system is
P33 = \/E.VLIM)L cos 0 (1.215)

Equations (1.214) and (1.215) will be equal for transmitting or delivering the
same amount of power over a fixed distance. It can be expressed as

Viligrcos 0 = /3 Vilzs cos 0 (1.216)
Iy = V3Tt (1217)
The power loss in the single-phase wire is
Pigowtoss = 2114 Ry (1.218)
P3g3wioss = 3132¢LR3 (1.219)

From Egs. (1.218) and (1.219), the ratio of power loss of a single-phase system
to a three-phase system can be derived as

Pld)Zwloss o 2IIZQSLRI

= (1.220)
P3<b3wloss 3I3¢LR3
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For equal losses (Pigawioss = P3g3wloss)» Eq. (1.220) can be modified as

217, Ry
_ gL
= 3132¢LR3 (1.221)
3, R
oL Ky
2112¢L R (1.222)
Substituting Eq. (1.217) into Eq. (1.222) yields
By R (1.223)
2% 3L, R '
R 1
R_; =3 (1.224)
The following ratio can be written as
Copper for 3¢ system  number of wiresin 3¢ system _ R, (1.225)

Copper for 1¢ system  number of wiresin 1¢ system ~ R3

Substituting Eq. (1.224) and the number of wires for both systems in Eq. (1.225)
yields

Copper for 3¢ system _ 3 " 1 (1.226)
Copper for 1¢psystem 2 2
3
Copper for 3¢ system = e Copper for 1¢ system (1.227)

From Eq. (1.227), it is seen that the copper required for three-phase system is
equal to the three-fourths of the copper required for a single-phase system.

Example 1.11

A balanced three-phase wye-wye system is shown in Fig. 1.36. For ABC phase
sequence, calculate the line current, power supplied to each phase, power absorbed
by each phase, and the total complex power supplied by the source.

Solution
The line currents are calculated as

23015

Ina = = 27.89 [—60.96° 1.228
A 28 60.96° A (1.228)
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[Aa
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Fig. 1.36 Circuit for Example 1.11
Igp = Ina [=120° = 27.89 [—180.96° A (1.229)
Ice = Ipa | +120° =27.89 59.04° A (1.230)

Power supplied to each phase is calculated as

Pp = VI, c080 = Vaylsgcos(0, — 0;) =230 x 27.89 x cos(15+60.96)
= 1556.20W

(1.231)
Per-phase power absorbed by the load is calculated as
Prip = 27.89% x 2 = 1555.70 W (1.232)
The total complex power supplied by the source is calculated as
S; = 3Vanly, = 3 x 230 [15° x 27.89 [60.96° = 4668.60 + j18669.21 VA

(1.233)

Practice Problem 1.11

A balanced three-phase wye-delta system is shown in Fig. 1.37. For ABC phase
sequence, find the line current, power supplied to each phase, power absorbed by
each phase, and the total complex power supplied by the source.
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180]-10°V

Fig. 1.37 Circuit for Practice Problem 1.11

1.16 Basic Measuring Equipment

In laboratory experiments, students usually verify fundamental electrical theories
through the measurement of voltage, current, resistance, and power. The voltmeter,
ammeter, ohmmeter, and wattmeter are used to measure those parameters.
Nowadays, almost every educational laboratory is equipped with digital meters. An
ohmmeter is used to measure resistance within a circuit, check the circuit conti-
nuity, identify short circuit and open circuit, and to identify the specific lead of a
multilead cable. The voltmeter is used to measure the voltage of a circuit, and it
always connects in parallel with a specific element. The voltmeter has high input
impedance. An ammeter is an instrument that is used to measure the current in the
circuit. An ammeter has low input impedance, and it connects in series with an
element of the circuit. Under the energized condition, the ammeter cannot be dis-
connected from the circuit, whereas the voltmeter can be disconnected from the
circuit. A wattmeter has two coils, namely a voltage coil and a current coil. The
voltage coil is connected across the element, and the current coil is connected in
series. The symbols of voltmeter, ammeter, wattmeter, and ohmmeter are shown in
Fig. 1.38.

There are many advanced electrical meters available for use in the practical field
and can be obtained at a low price from hardware stores. Fluke Corporation
introduced different types of digital multimeter as shown in Fig. 1.39, which

Fig. 1.38 Symbols of basic
electrical meters .CWCI__.
vC w
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Fig. 1.39 Digital multimeters courtesy by Fluke Corporation

includes advanced safety features during practical measurements. These meters
have proprietary functions that prevent accidents resulting from breakers that
suddenly trip due to incorrect connections. These meters also have high accuracy,
reliability, extensive additional functionality, and a broad range of measurement
activities.
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Exercise Problems

1.1 The excitation voltage and the impedance of a series circuit are given by
v(t) = 8sin10rV and Z =5 [10° Q, respectively. Calculate the instanta-
neous power.

1.2 The excitation current and the impedance of a series circuit are given by
i(t) = 4sin(100r —20°)A and Z =5 [10° Q, respectively. Determine the
instantaneous power.

1.3 Calculate the average power supplied by the source and the power absorbed
by the resistors as shown in Fig. P1.1.

1.4 Determine the average power supplied by the source and the power absorbed
by the 8Q resistor shown in Fig. P1.2.

1.5 Calculate the average power supplied by the source and the power absorbed
by the 3Q resistor as shown in Fig. P1.3.

1.6 Determine the average power supplied by the source and the power absorbed
by the 2Q resistor shown in Fig. P1.4.

Fig. P1.1 Circuit for I 2Q 8Q
Problem 1.3
4Q §

"1 eov

QO e

N T7Q =
Fig. P1.2 Circuit for 7 4Q 8Q 3Q
Problem 1.4 —A—T M\

59§ 20
60V

+
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Fig. P1.3 Circuit for
Problem 1.5

Fig. P1.4 Circuit for
Problem 1.6

Fig. P1.5 Circuit for
Problem 1.7
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30 20 5Q
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2SEA<> 2Q 3Q
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1.7 Find the total average power absorbed by all the resistors in the circuit shown

in Fig. P1.5.

1.8 An industrial load is connected across an alternating voltage source v(7) =
230sin(3147+20°) V that draws a current of i(r) = 15sin(3147 +45°) A.

Determine the apparent power, circuit resistance and capacitance.

1.9 The rms values of voltage and current are given by V =20 [—15° V, and
I =3 [25° A. Calculate the complex power, real power and reactive power.

1.10 The rms values of voltage is given by V = 34 |25° V, and the impedance is
Z =6|=15° Q. Determine the complex power, real power and reactive

power.
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Fig. P1.6 Circuit for 70
Problem 1.11 AN
7 4Q 8Q 3Q
— \\A—T NN
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Fig. P1.7 Circuit for 70
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Fig. P1.8 Circuit for I
Problem 1.13 >

+ 10 kVA
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1.11 A series-parallel circuit is supplied by a rms source of 60 V as shown in
Fig. P1.6. Find the total complex power.

1.12 Calculate the total complex power of the circuit shown in Fig. P1.7.

1.13 A 10 kVA, 50 Hz, 0.6 lagging power factor load is connected across an rms
voltage source of 220 V as shown in Fig. P1.8. A capacitor is connected
across the load to improve the power factor to 0.85 lagging. Find the value of
the capacitor.
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Fig. P1.10 Circuit for Problem 1.15

1.14 Two loads with different power factor are connected with the source through
a transmission line as shown in Fig. P1.9. Determine the source current and
the source voltage.

1.15 A voltage source delivers power to the three loads shown in Fig. P1.10. Find
the source current and the source voltage.

1.16 The line voltage of a three-phase wye-connected generator is found to be
440 V. For abc phase sequence, calculate the phase voltages.

1.17 The phase voltage of a three-phase wye-connected generator is given by
Van = 100 |=10° V. Determine the voltages V,, and V., for abc phase
sequence.



Chapter 2 ®
Transformer: Principles and Practices ek

2.1 Introduction

There are many devices such as three-phase AC generators, transformers, etc.,
which are used in a power station to generate and supply electrical power to a
power system network. In the power station, the three-phase AC generator gener-
ates a three-phase alternating voltage in the range between 11 and 20 kV. The
magnitude of the generated voltage is increased to 120 kV or more using a power
transformer. This higher magnitude of voltage is then transmitted to the grid sub-
station by three-phase transmission lines. A lower line voltage of 415 V is achieved
by stepping down either from the 11 kV or 33 kV lines by a distribution trans-
former. In these cases, a three-phase transformer is used either to step up or step
down the voltage. Since a transformer plays a vital role in feeding an electrical
network with the required voltage, it becomes an important requirement of a power
system engineer to understand the fundamental details about a transformer along
with its analytical behavior in the circuit domain. This chapter is dedicated to this
goal. On the onset of this discussion, it is worth mentioning that a transformer,
irrespective of its type, contains the following characteristics: (i) it has no moving
parts, (ii) no electrical connection between the primary and secondary windings,
(iii) windings are magnetically coupled, (iv) rugged and durable in construction,
(v) efficiency is very high, i.e., more than 95%, and (vi) frequency is unchanged.

2.2 Working Principle of Transformer

Figure 2.1 shows a schematic diagram of a single-phase transformer. There are two
types of windings in a single-phase transformer. These are called primary and
secondary windings or coils. The primary winding is connected to the alternating
voltage source, and the secondary winding is connected to the load.
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Fig. 2.1 Single-phase transformer

The primary and secondary winding parameters are represented by the suffix p or
1 and s or 2, respectively. A sinusoidal current flows in the primary winding when it
is connected to an alternating voltage source. This current establishes a flux ¢ that
moves from the primary winding to the secondary winding through low reluctance
magnetic core [1].

About 95% of this flux moves from the primary to the secondary through the low
reluctance path of the magnetic core, and this flux is linked by both windings and a
small percent of this flux links to the primary winding. According to Faraday’s laws
of electromagnetic induction, a voltage will be induced across the secondary
winding as well as in the primary winding. Due to this voltage, a current will flow
through the load if it is connected with the secondary winding. Hence, the primary
voltage is transferred to the secondary winding without a change in frequency.

2.3 Flux in a Transformer

The current in the primary winding establishes a flux. The flux that moves from
primary to secondary and links both the windings is called the mutual flux, and its
maximum value is represented by ¢,,. Flux which links only the primary winding
and completes the magnetic path through the surrounding air is known as primary
leakage flux. The primary leakage flux is denoted by ¢,;. Similarly, secondary
leakage flux is that flux which links only the secondary winding and completes the
magnetic path through the surrounding air. The secondary leakage flux is denoted
by ¢,,. Mutual and leakage fluxes are shown in Fig. 2.2.
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Fig. 2.2 Mutual and leakage fluxes

2.4 Ideal Transformer

An ideal transformer is one that does not supply any energy to the load, i.e., the
secondary winding is open circuited. The main points of an ideal transformer are
(i) no winding resistance, (ii) no leakage flux and leakage inductance,
(iii) self-inductance and mutual inductance are zero, (iv) no losses due to resistance,
inductance, hysteresis, or eddy current, and (v) coefficient of coupling is unity [2].

Figure 2.3a shows an ideal transformer where the secondary winding is left
open. A small magnetizing current 7, will flow in the primary winding when it is
connected to the alternating voltage source, Vi. This magnetizing current lags
behind the supply voltage, V; by 90° and produces the flux ¢, which induces the
primary and secondary emfs. These emfs lag behind the flux, ¢ by 90°. The
magnitude of primary induced emf E; and the supply voltage V; is the same, but are
180° out of phase as shown in Fig. 2.3b.

@) r————=%——">"7
I I I
+ > a i E_I_) +
4 N, _:_) E, E, ) N, v,
- G oL -
| T
I I

Fig. 2.3 Ideal transformer and phasor diagram
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2.5 EMF Equation of Transformer

The primary winding draws a current when it is connected to an alternating voltage
source. This primary sinusoidal current produces a sinusoidal flux ¢ that can be
expressed as [2],

¢ = ¢, sinwr (2.1)
Instantaneous emf induced in the primary winding is,

d
ey = 7N17(f (22)

Similarly, instantaneous emf induced in the secondary winding is,

e = sz% (2.3)
Substituting Eq. (2.1) into the Eq. (2.2) yields,
e =—N; d (¢,, sin wt) (2.4)
dt
ey = —Nyw¢,, cos ot (2.5)
e1 = Nywa,, sin(wt — 90°) (2.6)
The maximum value of e; is,
E,1 = Nyod,, (2.7)
The rms value of the primary emf is,
E = E—\g (2.8)
Substituting Eq. (2.7) into Eq. (2.8) yields,
E - Ni2nfo,, (2.9)
V2
E, =4.44f¢,N (2.10)

Similarly, the expression of the secondary emf is,
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E, = 4.44f¢,,N» (2.11)

The primary and secondary voltages can be determined from equations
Egs. (2.10) and (2.11) if other parameters are known.

2.6 Turns Ratio of Transformer

Turns ratio is an important parameter for drawing an equivalent circuit of a
transformer. The turns ratio is used to identify step-up and step-down transformers.
According to Faraday’s laws, the induced emfs in the primary (e;) and the sec-
ondary (e;) windings are,

d¢o
= —N;— 2.12
er=-Ni— (2.12)
d¢
= —N,— 2.13
e 2 (2.13)

Dividing Eq. (2.12) by Eq. (2.13) yields,

er N

= 2.14
A (2.14)
N
a_M_, (2.15)
e M
Similarly, dividing Eq. (2.10) by (2.11) yields,
E, N
LIS 2.16
BN ¢ (2.16)

where a is the turns ratio of a transformer. In case of N, > N, the transformer is
called a step-up transformer. Whereas for Ny > N,, the transformer is called a
step-down transformer. The losses are zero in an ideal transformer. In this case, the
input power of the transformer is equal to its output power and this yield,

il = VI, (2.17)
Equation (2.17) can be rearranged as,

Vi L

— 2 2.18
v, (2.18)
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The ratio of primary current to the secondary current is,

L 1
—=- 2.19
L= a (2.19)

Again, the magnetomotive force produced by the primary current will be equal
to the magnetomotive force produced by the secondary current and it can be
expressed as,

=81 -3,=0 (2.20)
NI} = NaIy (2.21)
I, Ny 1
h_M_ 2 (2.22)
12 N1 a

From Eq. (2.22), it is concluded that the ratio of primary to secondary current is
inversely proportional to the turns ratio of the transformer.
The input and output powers of an ideal transformer are,

Py, = Vil cos ¢, (2.23)
Pou = Valp cos ¢, (2.24)

For an ideal condition, the angle ¢, is equal to the angle ¢, and the output
power can be rearranged as,

V
Py = —lall cos ¢ (2.25)
a

Pout = Vily cos ¢ = Piy (2.26)

From Eq. (2.26), it is seen that the input and the output powers are the same in
case of an ideal transformer. Similarly, the input and output reactive powers are,

Qout = Vol sin ¢2 = Vil sin ¢1 = O (227)

From Egs. (2.26) and (2.27), the input and output power and reactive power can
be calculated if other parameters are given.

Example 2.1
The number of turns in the secondary coil of a 22 kVA, 2200 V/220 V
single-phase transformer is 50. Find the number of primary turns, primary full
load current, and secondary full load current. Neglect all kinds of losses in the
transformer.
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Solution
The value of the turns ratio is,

Vi 2200

_ N 2200, 2.28
=V, T 220 (2.28)

The value of the primary turns can be determined as,
N; =aN,; =10 x 50 = 500 (2.29)
The value of the primary full load current is,

22 x 103
L =" _—_10A 2.
: 2200 0 (2.30)

The value of the secondary full load current is,

22 x 103
I —

2 =" = 100A (2.31)

Example 2.2

A 25 kVA single-phase transformer has the primary and secondary number of turns
of 200 and 400, respectively. The transformer is connected to a 220 V, 50 Hz
source. Calculate the turns ratio and mutual flux in the core.

Solution

The turns ratio is,
Ny 200
== 0.5 2.32
“TN, T 200 (2.32)

The value of the mutual flux can be calculated as,

Vi 220

P = 4.44fN,  4.44 x 50 x 200

= 4.95mWb (2.33)

Practice Problem 2.1

The primary voltage of an iron core single-phase transformer is 220 V. The number
of primary and secondary turns of the transformer is 200 and 50, respectively.
Calculate the voltage of the secondary coil.

Practice Problem 2.2

The number of primary turns of a 30 kVA, 2200 V/220 V, 50 Hz single-phase
transformer is 100. Find the turns ratio, the mutual flux in the core, and full load
primary, and secondary currents.
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2.7 Rules for Referring Impedance

For developing an equivalent circuit of a transformer, it is necessary to refer the
parameters from the primary to the secondary or the secondary to the primary.
These parameters are resistance, reactance, impedance, current, and voltage. The
ratio of primary voltage to secondary voltage is,

Vi

= 2.34

p=a (234)
The ratio of primary current to secondary current is,

I 1

—=- 2.35

L= a (2.35)
Dividing Eq. (2.34) by Eq. (2.35) yields,

Vi

Va_

L

b4}

(2.36)

Q=

Vi

1

712 =d (2.37)

L

V4

g (2.38)

Z

Alternative approach: The impedances in the primary and secondary windings

are,

v
Zy =+ (2.39)
I
Z, = L] (2.40)
L
Dividing Eq. (2.39) by Eq. (2.40) yields,
Vi
Zr L
a1 2.41
o= (2.41)

14}
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a2 (2.42)
Z, Vo I
z
_uxa (2.43)
VZ)
z
L (2.44)
Z;

From Eq. (2.44), it can be concluded that the impedance ratio is equal to the
square of the turns ratio. The important points for transferring parameters are (i) R,
in the primary becomes 5—2‘ when referred to the secondary, (ii) R, in the secondary
becomes a’R, when referred to the primary, (iii) X; in the primary becomes )a(—Z‘ when

referred to the secondary, and (iv) X, in the secondary becomes a*X, when referred
to the primary.

Example 2.3

The number of primary and secondary turns of a single-phase transformer is 300
and 30, respectively. The secondary coil is connected with a load impedance of 4 Q.
Calculate the turns ratio, load impedance referred to the primary, and primary
current if the primary coil voltage is 220 V.

Solution
The value of the turns ratio is,

Ny 300
2o 2.45
=N, T30 (2:45)

The value of the load impedance referred to the primary is,
Z, = a*Zp = 10> x 4 = 400Q (2.46)
The value of the primary current is,

Vi 220
"7, 400 (2:47)
Practice Problem 2.3
A load impedance of 8§Q is connected to the secondary coil of 400/200 turns
single-phase transformer. Determine the turns ratio, load impedance referred to
primary and primary current if the primary coil voltage is 120 V.
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2.8 Equivalent Circuit of a Transformer

Windings of a transformer are not connected electrically and are magnetically
coupled with each other. In this case, it is tedious to do a proper analysis. Therefore,
for easy computation and visualization, the practical transformer needs to be con-
verted into an equivalent circuit by maintaining the same properties of the main
transformer [3]. In the equivalent circuit, the related parameters need to be trans-
ferred either from the primary to the secondary or vice versa. A two windings ideal
transformer is shown in Fig. 2.4.

2.8.1 Exact Equivalent Circuit

Figure 2.5 shows an exact equivalent circuit referred to the primary where all the
parameters are transferred from the secondary to the primary and these parameters
are,

R, = d’R, (2.48)
X, = a’X, (2.49)
7, =d*7;, (2.50)
L
== 2.51
2= (2.51)
Vh=aV, (2.52)

Figure 2.6 shows the exact equivalent circuit referred to the secondary where all
the parameters are transferred from the primary to the secondary.

Fig. 2.4 Two windings transformer
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11 RI Xl RZ' XZ’ 12'
—AMAN—Y YN A —Y
VI()
+ Iw +

Fig. 2.5 Exact equivalent circuit referred to the primary

11' RI' XI' R2 X2 12
—AN—Y YN AMN— Yy
VI()v
+ L *

Fig. 2.6 Exact equivalent circuit referred to as the secondary

These parameters are,

Ry

R == (2.53)
Xy

X = (2.54)

I =al (2.55)
Vi

I =al, (2.57)
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I =al, (2.58)
I, = aly (2.59)

2.8.2 Approximate Equivalent Circuit

The no-load current is very small as compared to the rated primary current.
Therefore, there is a negligible voltage drop due to R; and X;. In this condition, it
can be assumed that the voltage drop across the no-load circuit is the same as the
applied voltage without any significant error. The approximate equivalent circuit
can be drawn by shifting the no-load circuit across the supply voltage, V.
Figure 2.7 shows an approximate equivalent circuit referred to the primary. The
total resistance, reactance, and impedance referred to the primary are,

R01 = R1 +Rl2 == Rl —|—a2R2 (260)
XOl =X1—|—X£ :X1+02X2 (261)
Zo1 = Ro1 +jXo1 (2.62)

The no-load circuit resistance and reactance are,

1%
Ry=— (2.63)
I,
1%
Xp=— (2.64)
L
11 12' ROI XOI
> > /vv\, Y'Y Y
1()
" N 1 ., zZ,'
" Ry X, i " £ -

Fig. 2.7 Approximate equivalent circuit referred to primary
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I I, Ry Xop
> —AMA— Y

+

IW'
! Z

Fig. 2.8 Approximate equivalent circuit referred to secondary

Figure 2.8 shows an approximate equivalent circuit referred to the secondary.
The total resistance, reactance, and impedance referred to the secondary are,

R
Ry =R +Rll =R, + a—21 (265)
/ X
Xop=X+X, =X+ P (2.66)
Zy2 = Roz +jXo2 (2.67)

The no-load circuit resistance and reactance referred to the secondary are,

Wi

Ry=—+ (2.68)
Wi
Xy =5 (2.69)

Example 2.4

A 2.5 kVA, 200 V/40 V single-phase transformer has the primary resistance and
reactance of 3 Q and 12 Q, respectively. On the secondary side, these values are
0.3 Q and 0.1 Q, respectively. Find the equivalent impedance referred to the pri-
mary and the secondary.



58 2 Transformer: Principles and Practices

Solution
The value of the turns ratio is,

V200

A 2.70
TV, T a0 (2.70)

The total resistance, reactance, and impedance referred to the primary can be
determined as,

Ryy =R, +d*Ry =3+25%x03=105Q (2.71)
Xo1 = X1 +a’X, = 124+25 x 0.1 = 14.5Q (2.72)

Zot = V10.52 £ 14.52 = 17.9Q (2.73)

The total resistance, reactance, and impedance referred to the secondary are
calculated as,

R, 3
Ry =Ryt — =03+ 22 =042 (2.74)
X 12
X =X+ —=0.1+--—==0.58Q 2.
02 2+a2 0 +25 0.58 (2.73)

Zoi = /042240582 = 0.72Q (2.76)

Practice Problem 2.4

A 1.5 kVA, 220 V/110 V single-phase transformer has the primary resistance and
reactance of 6 Q and 18 Q, respectively. The resistance and reactance at the sec-
ondary side are 0.6 Q and 0.5 Q, respectively. Calculate the equivalent impedance
referred to as the primary and the secondary.

2.9 Polarity of a Transformer

The relative directions of induced voltages between the high voltage and low
voltage terminals are known as the polarity of a transformer. The polarity of a
transformer is very important to construct a three-phase transformer bank, the
parallel connection of transformer, the connection of the current transformer (CT),
and potential transformer (PT) power with the metering device. Two polarities,
namely additive and subtractive, are used in the transformer [4].

The polarity of a transformer is said to be an additive if the measured voltage
between the high voltage and the low voltage terminals is greater than the supply
voltage at the high voltage terminals. The additive polarity of a transformer is
marked by the orientation of dots as shown in Fig. 2.9. Whereas, a polarity is said
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Fig. 2.9 Additive polarity

Fig. 2.10 Subtractive
polarity

to be subtractive if the measured voltage between the high voltage and the low
voltage terminals is lower than the supply voltage at the high voltage terminals. The
subtractive polarity of a transformer is marked by the orientation of dots as shown
in Fig. 2.10. Consider a 220 V/110 V single-phase transformer with the high
voltage and the low voltage terminals for testing polarities. The high voltage ter-
minal H; is connected to the low voltage terminal X; by a cable. The voltmeter is
connected between H, and X, In this case, the turns ratio of the transformer is,

Vi 220

N 220 277
TV, T 110 (2.77)

For safety, a lower voltage needs to be applied to the primary side, i.e., high
voltage terminals. Suppose, a voltage of 110 V is applied to the primary side.

In this case, a voltage of 55 V (110/2) will appear at the secondary terminals. If
the meter reads out the voltage of 165 V (110 + 55), then the transformer is said to
be in additive polarity. This connection is shown in Fig. 2.11.

Whereas, if the voltmeter reads the voltage of 55V (110 — 55), then the
transformer is said to be in subtractive polarity as shown in Fig. 2.12.
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Fig. 2.11 Testing of additive
polarity

Fig. 2.12 Testing of
subtractive polarity

2.10 Three-Phase Transformer

A three-phase power transformer is used at the power generating station to step up
the voltage from 11 to 120 kV. Whereas in the power distribution substation, the
three-phase voltage is again stepped down to 11 kV voltage through a three-phase
distribution transformer.

Therefore, a three-phase transformer can be made either by three windings
wound on a common core or by three single-phase transformers connected together
in a three-phase bank. The first approach is a cheaper one that results in a trans-
former with a smaller size and less weight. The main disadvantage of the first
approach is that if one phase becomes defective, then the whole transformer needs
to be replaced. Whereas in the second approach, if one of the transformers becomes
defective, then the system can be given power by an open delta at a reduced
capacity. In this case, the defective transformer is normally replaced by a new one.
A three-phase transformer with a wye-delta connection is shown in Fig. 2.13 and
the three single-phase transformers are shown in Fig. 2.14.
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Fig. 2.13 Three windings on a common core and wye-delta connection
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Fig. 2.14 Three single-phase transformers
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2.11 Transformer Vector Group

The most common configurations of three-phase transformers are the delta and star
configurations used in the power utility companies. The primary and secondary
windings of a three-phase transformer are connected either in the same (delta-delta
or star—star) or different (delta—star or star—delta) configuration pair. The secondary
voltage waveforms of a three-phase transformer are in phase with the primary
waveforms when the primary and secondary windings are connected in the same
configuration. This condition is known as “no phase shift” condition. If the primary
and secondary windings are connected in different configuration pairs, then the
secondary voltage waveforms will differ from the corresponding primary voltage
waveforms by 30 electrical degrees. This condition is called a “30-degree phase
shift” condition. The windings and their position to each other are usually marked
by a vector group. The vector group is used to identify the phase shift between the
primary and secondary windings. In the vector group, the secondary voltage may
have the phase shift of 30° lagging or leading, 0° (no phase shift) or 180° reversal
with respect to the primary voltage. The transformer vector group is labeled by
capital and small letters plus numbers from 1 to 12 in a typical clock-like diagram.
The capital letter indicates the primary winding and the small letter represents
secondary winding.

In the clock diagram, the minute hand represents the primary line to neutral line
voltage, and its place is always in the 12. The hour hand represents the secondary
line to neutral voltage and its position in the clock changes based on the phase shift
as shown in Fig. 2.15. There are four vector groups used in the three-phase
transformer connection. These vector groups are (i) Group I: 0 o’clock, zero phase
displacement (Yy0, DdO, Dz0), (ii) Group II: 6 o’clock, 180° phase displacement
(Yy6, Dd6, Dz6), (iii) Group III: 1 o’clock, —30° lag phase displacement (Dyl,
Ydl, Yzl), and (iv) Group IV: 11 o’clock, 30° lead phase displacement (Dyl1,
Ydl11, Yz11). Here, Y represents wye connection, D represents delta connection,
and z represents the zigzag connection. The connection diagrams for different
combinations are shown in Figs. 2.16, 2.17, 2.18, 2.19, 2.20, 2.21, 2.22, 2.23, 2.24,
2.25, 2.26, 2.27.

2.12 Voltage Regulation of a Transformer

Different types of loads, such as domestic, commercial, and industrial, are usually
connected with the secondary winding of a transformer. All these loads are operated
with a constant magnitude of the voltage. The secondary voltage of a transformer
changes under operation due to the voltage drop across the internal impedance and
the load. The voltage regulation of a transformer is used to identify the charac-
teristics of the secondary side voltage changes under different loading conditions.
The voltage regulation of a transformer is defined as the difference between the
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Fig. 2.15 Representation of vector groups with the clock

Fig. 2.16 Connection of Y-y-0
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Fig. 2.17 Connection of D-d-0

no-load terminal voltage (Vonp) to full load terminal voltage (Vor.) and is
expressed as a percentage of full load terminal voltage. It is, therefore, can be
expressed as,

Vone — V- E, -V
Voltage regulation = M x 100% = =2

2FL 2

x 100% (2.78)

Figure 2.28 shows an approximate equivalent circuit referred to as the secondary
without a no-load circuit to find the voltage regulation for different power factors.
Phasor diagrams for different power factors are shown in Fig. 2.29 where the
secondary voltage V, is considered as the reference phasor.

The phasor diagram with a unity power factor is shown in Fig. 2.29a and the
phasor form of the secondary induced voltage for a unity power factor can be
written as,

E, = Vo +L(Ry +jX02) (2.79)

Figure 2.29b shows the phasor diagram for a lagging power factor, and from this
diagram, the following expressions can be written as,

AC =V, cos ¢, (2.80)



2.12  Voltage Regulation of a Transformer 65
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Fig. 2.18 Connection of D-z-0

BC = DE = V,sin ¢, (2.81)
CD = BE = LRy, (2.82)
EF = LXo (2.83)

From the right-angle triangle-ADF, the expression of E, can be derived as,
AF? = AD* + DF? (2.84)

AF? = (AC+ CD)* + (DE + EF)* (2.86)
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Fig. 2.19 Connection of Y-d-1
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Fig. 2.20 Connection of D-y-1
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OC

Fig. 2.21 Connection of Y-z-1

Substituting equations from (2.80) to (2.83) into Eq. (2.86) yields,

E, = \/(V2 cos (]52 +12R02)2 + (V2 sin (]52 +12X02)2 (2.87)
In phasor form, Eq. (2.87) can be written as,
E, = (Vz cosS ¢2 + IzRoz) —|—](V2 sin ¢2 + IzX()z) (288)

Figure 2.29c shows the phasor diagram for a leading power factor and from this
diagram, the following expressions can be written,

MR =V, cos ¢, (2.89)
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D/y/11

Fig. 2.22 Connection of D-y-11

RN = 0Q = V;sin ¢, (2.90)
RQ = NO = LRy, (2.91)
PO = LXy, (2.92)

The expression of E, from the right-angle triangle MQP can be derived as,
MP?* = MQ? + QP? (2.93)
MP? = (MR +RQ)’ + (0Q — PO)* (2.94)

Substituting equations from (2.89) to (2.92) into Eq. (2.94) yields,

E, = \/(VZ cos ¢2 —|-12R02)2 + (V2 sin q52 — 12X02)2 (295)



2.12  Voltage Regulation of a Transformer 69

Y/d/11

Fig. 2.23 Connection of Y-d-11

In phasor form, Eq. (2.95) can be written as,

E, = (V2 cos ¢2 =+ IzRoz) +](V2 sin ¢2 — IZXOZ) (296)

Example 2.5

The primary coil resistance and reactance of a 200 V/400 V single-phase trans-
former are 0.3 Q and 0.6 Q, respectively. The secondary coil resistance and reac-
tance are 0.8Q and 1.6€, respectively. Calculate the voltage regulation if the
secondary current of the transformer is 10 A at a 0.8 pf lagging.

Solution
The value of the turns ratio is,

v, 200
2P 05 2.97
4=V, T a00 (2.97)

The value of the total resistance referred to the secondary is,
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C, Y/z/11

Fig. 2.24 Connection of Y-z-11

R 0.3
- 08+ =20 2.98
Rp =Ry + 2 0.8+ 05 (2.98)

The total reactance referred to the primary is,

X .
L6420 _4q (2.99)

Xoo =X+ 75 025

The no-load voltage is,

E2 = (V2 COS ¢2 +[2R()2) +](V2 sin ¢2 +[2X()2) = (400 x 0.8 410 x 2) +](400 X O6+40)
=440.5|39.5°.V
(2.100)
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Fig. 2.26 Connection of D-d-6
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Fig. 2.27 Connection of D-y-6

Fig. 2.28 Approximate
equivalent circuit referred to

secondary VVV I
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Fig. 2.29 Phasor diagram for different power factors

The voltage regulation can be determined as,

Voltage regulation = B2 Vo009 = 2402 =390 009 — 10% (2.101)
Va 400
Practice Problem 2.5
A 110 V/220 V single-phase transformer has the resistance of 0.2 Q and reactance
of 0.8Q in the primary winding. The resistance and reactance in the secondary
winding are 0.9 Q and 1.8 Q, respectively. Calculate the voltage regulation, when
the secondary current is 6 A at a 0.85 power factor leading.

2.13 Efficiency of a Transformer

Efficiency is an important parameter to identify the characteristics of any machine.
The efficiency #, of any machine, can be defined as the ratio of its output to the
input. Mathematically, it can be expressed as,

_ cfutput _ inpr — losses 1— l'osses (2.102)
input input mnput
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Let us consider the following:
Pout is the output power, in W,

P; is the input power, in W,
Piosses 1S the total losses, in W.

Equation (2.102) can be modified as,

Poul Plosses
= =1-— 2.103
L Pin Pin ( )

It is worth noting that the efficiency of a transformer is generally higher than
other electrical machines because it has no moving parts.

2.14 Iron and Copper Losses

The iron loss of a transformer is often called a core loss, which is a result of an
alternating flux in the core of the transformer. The iron loss consists of the eddy
current loss and the hysteresis loss. In the transformer, most of the flux is trans-
ferred from the primary coil to the secondary coil through a low reluctance iron
path. A few portions of that alternating flux links with the iron parts of the trans-
former and as a result, an emf is induced in the transformer core. A current will flow
in that parts of the transformer. This current does not contribute to the output of the
transformer but dissipated as heat. This current is known as eddy current and the
power loss due to this current is known as eddy current loss. The eddy current loss
(P,) is directly proportional to the square of the frequency (f) times the maximum
magnetic flux density (B,,) and the eddy current loss can be expressed as,

P, = kf’B;, (2.104)

where
k. is the proportionality constant

Steel is a very good ferromagnetic material that is used for the core of a
transformer. This ferromagnetic material contains a number of domains in the
structure and magnetized easily. These domains are like small magnets located
randomly in the structure. When an mmf is applied to the core, then those domains
change their position. After removing mmf, most of the domains come back to their
original position and the remaining will be as it is. As a result, the substance is
slightly permanently magnetized. An additional mmf is required to change the
position of the remaining domains. Therefore, hysteresis loss is defined as the
additional energy that is required to realign the domains in the ferromagnetic
material. The hysteresis loss (Py,) is directly proportional to the frequency (f) and
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2.6th power of the maximum magnetic flux density (B,) and the expression of
hysteresis loss is,

Py = kyfB2° (2.105)

where k, is the proportionality constant.
Now that the magnetic flux density is usually constant, Eqs. (2.104) and (2.105)
can be modified as,

P, x f? (2.106)
Py, o f (2.107)

Practically, hysteresis loss depends on the voltage and the eddy current loss
depends on the current. Therefore, the total losses of the transformer depending on
the voltage and the current but not on the power factor. That is why the transformer
rating is always represented in kVA instead of kW.

In the transformer, copper losses occur due to the primary and the secondary
resistances. The full load copper losses can be determined as,

Peuloss = Ille +122R2 (2108)

Peuoss = ITRo1 = Roy (2.109)

2.15 Condition for Maximum Efficiency

The expression of the output power of a transformer is written as,
Pow = VoI cos ¢, (2.110)
The expression of the copper loss is written as,
Poy = Ry (2.111)
The expression of an iron loss is written as,
Piron = Peady + Phys (2.112)
According to Eq. (2.103), the efficiency can be expressed as,

__output output

g = (2.113)
mput output + losses
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Substituting Egs. (2.110), (2.111) and (2.112) into Eq. (2.113) yields,

VoI, cos ¢,

= 2.114
1 VZIZ Ccos ¢2 + Piron + Pcu ( )
- Vacos ¢ (2.115)
= . .
V, cos ¢, + P%z"" + lzioz

The terminal voltage at the secondary side is considered to be constant in case of
a normal transformer. For a given power factor, the secondary current is varied with
the variation of load. Therefore, the transformer efficiency will be maximum, if the
denominator of Eq. (2.115) is minimum. The denominator of Eq. (2.115) will be
minimum for the following condition.

d Piron I§R02
— |V =0 2.116
i ( 5 COS ¢y + . + 5 ( )
Pimn
— 0 4 Ry =0 (2.117)
12
Piron = I§R02 (2118)

From Eq. (2.118), it is concluded that the efficiency of a transformer will be
maximum, when the iron loss is equal to the copper loss. From Eq. (2.118), the
expression of secondary current can be written as,

P iron

L, =
Rz

(2.119)

For maximum efficiency, the load current can be expressed as,

Piron
by =4/ R (2.120)

Equation (2.120) can be rearranged as,

P iron

=1 IRy

(2.121)

Multiplying both sides of Eq. (2.121) by the secondary rated voltage V, yields,

Piron
Voly, = Vhl \/ 2.122
242y 2142 I§R02 ( )
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iron loss

VInax efficiency = VIatea X \/ (2123)

full load copper loss

Example 2.6

A 30 kVA transformer has the iron loss and full load copper loss of 350 W and
650 W, respectively. Determine the full load efficiency, output kVA corresponding
to maximum efficiency, and maximum efficiency. Consider that the power factor of
the load is 0.6 lagging.

Solution
The total value of full load loss is calculated as,

Poss = 350+ 650 = 1000 W = 1kW (2.124)
The output power at full load is calculated as,
Pout =30 x 0.6 = 18kW (2.125)
The input power at full load is calculated as,
Py, =184+1=19kW (2.126)
The efficiency at full load is calculated as,

1
n— % % 100 = 94.74% (2.127)

The output kVA corresponding to maximum efficiency is calculated as,

Iron loss 350
— KVAuy X 1| ronloss 22— 22kVA 2.12
*VAwea X \[ G oss at fallToad — 20~ V650 (2.128)

The output power is calculated as,
Pyy =22 x 0.6 =13.2kW (2.129)

For maximum efficiency, iron loss is equal to copper loss.
The total value of the loss is calculated as,

Pyoss_1 =2 x 350 = 700 W (2.130)

The value of the input power is calculated as,
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Py = 13.240.7 = 13.9kW (2.131)
The efficiency is calculated as,

13.2
=——x 100 = 94.96 2.132
=139 % (2.132)
Practice Problem 2.6
A 200 kVA transformer is having an iron loss of 1.5 kW and a copper loss of 5 kW
at full load condition. Find the kVA rating at which the efficiency is maximum.
Also, find the efficiency at a unity power factor.

2.16 Transformer Tests

Equivalent circuit parameters are very important to characterize the performance of
the transformer. The parameters of a transformer equivalent circuit can be deter-
mined by the open circuit and the short circuit tests.

2.16.1 Open Circuit Test

The main objectives of open circuit tests are to determine the no-load current and
iron loss. The components of the no-load current are used to determine the no-load
circuit resistance and reactance.

In an open circuit test, the secondary side is considered to be an open circuit, and
the primary coil is connected to the source as shown in Fig. 2.30a, where all
measuring instruments are connected on the primary side. A specific alternating
voltage is applied to the primary winding. Then the wattmeter will measure the iron
loss and small amount of copper loss. The ammeter and voltmeter will measure the
no-load current and the voltage, respectively. Since the no-load current is very

(a) (b)

(OO

Fig. 2.30 Connection diagrams for open circuit test and no-load circuit
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small, the copper losses can be neglected. Then the wattmeter reading can be
expressed as,

Po = V110 COS (]50 (2132)
From Eq. (2.132), the no-load power factor can be determined as,

Py

—0 2.133
Vil (2.133)

cos ¢y =

The working and magnetizing components of the current can be determined as,
I, = Iy cos ¢, (2.134)
L, = Iy sin ¢ (2.135)

Then the no-load circuit resistance and reactance can be determined as,

1%

Ry = Tl (2.136)
1%

Xo = 1_1 (2.137)

Example 2.7
A 200 V/400 V, 50 Hz single-phase transformer has the no-load test data of 200 V,
0.6 A, 80 W. Calculate the no-load circuit resistance and reactance.

Solution
The power factor can be determined as,

P, 80
— 0% 67 2.138
€08 b0 = ¥ = 300 x 0.6 (2.138)
sin ¢ = 0.74 (2.139)

The values of the working and magnetizing components of the no-load current
are,

I, = Iycos py = 0.6 x 0.67 = 0.4 A (2.140)
Iy =Ipsinpy = 0.6 x 0.74 = 0.44 A (2.141)

The no-load circuit parameters can be determined as,
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vV, 200
Ro _E_M_SOOQ (2.142)
Vi 200
Xo= = —4545Q 2.14
0T, 0.44 3 (2.143)

2.16.2 Short Circuit Test

The main objectives of short circuit tests are to determine the equivalent resistance,
reactance, impedance, and full load copper loss. In this test, the supply voltage and
the measuring instruments (e.g., wattmeter, ammeter) are connected to the primary
side, and the secondary winding is shorted out by wire or connected with an
ammeter as shown in Fig. 2.31.

The primary voltage is adjusted until the current in the short-circuited winding is
equal to the rated primary current. Under this condition, the wattmeter will measure
the full load copper loss and it can be written as,

Py = I Vi cos ¢sc (2144)
From Eq. (2.144), the short circuit power factor can be calculated as,

PSC

COS g = 2.145
(l’)sc ISC ‘/SC ( )
The equivalent impedance can be calculated as,
14
Zoy = Zeg = (2.146)
ISC

In addition, the equivalent resistance and reactance can be calculated as,

0 O

Fig. 2.31 Connection diagram for short circuit test



2.16 Transformer Tests 81

Ro1 = Zo) cos ¢, (2.147)

X()l = Z()1 sin (rbsc (2148)

Example 2.8

A 25 kVA, 2200 V/220 V, 50 Hz single-phase transformer’s low voltage side is
short-circuited and the test data recorded from the high voltage side are P = 150 W,
I} =5A, and V; =40V. Determine the equivalent resistance, reactance, and
impedance referred to primary, equivalent resistance, reactance, and impedance
referred to secondary, and voltage regulation at unity power factor.

Solution
The parameters referred to primary are,

Vi 40
Zoy=—=—=28Q 2.149
o= =5 (2149)

P 150
Ry=-=—=6Q 2.150
01 112 25 ( )

—1 6 o
¢ = cos 3 =41.4 (2.151)
X01 = ZOI sin (]5 = 8sin41.4°=52Q (2152)
The turns ratio is calculated as,

Vi 2200
——=2"""_10 2.153
TV, T 220 (2.153)

The parameters referred to secondary are calculated as,

Zy 8

Zyy = 2 100" 0.08 Q (2.154)
R :%:%:0.069 (2.155)
Xop = % = % =0.052Q (2.156)
The secondary side current is calculated as,
L :@: 113.6 A (2.157)

220
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The secondary induced voltage is calculated as,
E, =V, +15LZyp =220+ 113.6 X 0.08 =229V (2.158)
The voltage regulation is calculated as,

E,—V, 229220

VR =
Va 220

= 4% (2.159)

Practice Problem 2.7
The no-load test data of a 220 V/2200 V, 50 Hz single-phase transformer are
220 V, 0.4 A, 75 W. Calculate the no-load circuit resistance and reactance.

Practice Problem 2.8

A 30 kVA, 2200 V/220 V, 50 Hz single-phase transformer’s low voltage side is
short-circuited by a thick wire. The test data recorded from the high voltage side are
P=400W, I} =8.5A, and V; = 65V. Find the equivalent resistance, reactance,
and impedance referred to a primary and equivalent resistance, reactance, and
impedance referred to secondary, and voltage regulation at a 0.6 lagging power
factor.

2.17 Autotransformer

A small rating transformer with a variable voltage output is usually used in the
academic laboratory as well as in testing laboratories. This type of small rating
transformer with variable output is known as an autotransformer. An autotrans-
former has one continuous winding that is common to both the primary and the
secondary. Therefore, in an autotransformer, the primary and secondary windings
are connected electrically. The advantages of an autotransformer over a two-winding
transformer include lower initial investment, lower leakage reactance, lower losses
compared to the conventional transformer, and lower excitation current.

An autotransformer with primary and secondary windings is shown in Fig. 2.32.
In this connection, the suffix ¢ indicates the common winding and the suffix
s indicates the series winding. From Fig. 2.32, the following equations can be
written as,

I

V, N,
Sy (2.161)
V. N,
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Fig. 2.32 Connection
diagram for an

autotransformer
+ Ny
4
_ N,
The total voltage in the primary side is,
Vs
Vi=Vi+ V.=V, 1—&—7 (2.162)
Substituting Eq. (2.161) into Eq. (2.162) yields,
V
Vi = (1+a) (2.163)
Vi 1
R 2.164
Vi l14+a ( )

where the voltage at the load is equal to the voltage at the common terminals, i.e.,
VL =V..
The expression of the load current can be written as,

I =1+1.=al,+ I (2.165)
I = (1+a)l, (2.166)
I
7= (1+a) (2.167)

s

Example 2.9

Figure 2.33 shows a single-phase 120 kVA, 2200 V/220 V, 50 Hz transformer
which is connected as an autotransformer. The voltages of the upper and lower parts
of the coil are 220 V and 2200 V, respectively. Calculate the kVA rating of the
autotransformer.
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Fig. 2.33 An autotransformer for p
Example 2.9
L *
I 2420V
>
+
2200V ¢ )
I
- r &
Solution
The current ratings of the respective windings are,
120,000
” 220 545.5 (2.168)
120, 000
"= "5000 545A (2.169)
The current in the primary side is calculated as,
I} =545.5+54.5 =600 A (2.170)
The voltage across the secondary side is calculated as,
V, = 2200+ 220 = 2420V (2.171)

Therefore, the kVA ratings of an autotransformer are calculated as,

2
kva, = 0022200500 1va (2.172)
1000
545.5 x 2420
kVA, = 2222 1320kVA (2.173)

Practice Problem 2.9

A single-phase 100 kVA, 1100 V/220 V, 50 Hz transformer is connected as an
autotransformer as shown in Fig. 2.34. The voltages of the upper and lower parts of
the coil are 220 V and 1100 V, respectively. Determine the kVA rating of the
autotransformer.
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Fig. 2.34 An p
autotransformer for Practice
Problem 2.9 1 qu n
I 1
> q 1320V
+
1100V ¢ -
1

qr

2.18 Parallel Operation of a Single-Phase Transformer

Nowadays, the demand of load is increasing with the increase in population and
industrial sector. Sometimes, it is difficult to meet the excess demand for power by
the existing single unit transformer. Therefore, an additional transformer is required
to connect in parallel with the existing one. The following points should be con-
sidered for making parallel connections of transformers:

e The terminal voltage of both transformers must be the same.

e Polarity must be the same for both transformers.

e For both transformers, the percentage of impedances should be equal in
magnitude.
The ratio of R to X must be the same for both transformers.

e Phase sequences and phase shifts must be the same (for a three-phase
transformer).

2.19 Three-Phase Transformer Connections

The primary and secondary windings of the transformer may be connected in either
wye (Y) or delta (A). Three-phase transformer connections are classified into four
possible types, namely Y-Y (wye-wye),Y-A (wye-delta), A-Y (delta-wye), and A-A
(delta-delta).

2.19.1 Wye-Wye Connection

Figure 2.35 shows the Y-Y connection diagram. This type of connection of a
three-phase transformer is rarely used for a large amount of power transmission.
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Primary
B A

B N

NN
N vet LSV -
e

Fig. 2.35 Y-Y connection diagram

Neutral point is necessary for both primary and secondary sides in some cases. In
balanced loads, this type of connection works satisfactorily and provides neutral to
each side for grounding. At the primary side, the phase voltage can be written as,

1%
Vp = % (2.174)

The secondary phase voltage can be written as,

14
Vpy = % (2.175)

The ratio of the primary line voltage to the secondary line voltage of this
connection is,

v
a=-1 (2.176)
Via
3Ve V.
_V3Vn _Vn (2.177)

a= =
V3Vp Ve

2.19.2 Wye-Delta Connection

The wye-delta connection is mainly used at the substation where the voltage is
stepped down. In this connection, the current in the secondary coil is 57.7% of the
load current. At the primary side of this connection, a copper wire is used to ground
the neutral point. Figure 2.36 shows the connection diagram of the wye-delta
transformer. In this connection, the expression of the primary line voltage is,
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B A

Primary |\ |\
’ o T T

b

VAN

Secondary a

w
@

N

Fig. 2.36  Wye-delta connection diagram

Vi = V3V
At the secondary side, the line voltage is,
Vio= Vp
The ratio of primary phase voltage to secondary phase voltage is,

Vp1
a=—
Ve2

The ratio of primary line voltage to secondary line voltage is,

Vi _ V3 Vp — f3a
Vi2 Vi

The primary phase current is,

Ipy =11
In this case, the turns ratio is,
Ip>
a=-—=
Ipy

The expression of the secondary phase current is,

Ipy = alp

87

(2.178)

(2.179)

(2.180)

(2.181)

(2.182)

(2.183)

(2.184)
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The secondary line current is,

Iy =V31Ip, = \3alp (2.185)

2.19.3 Delta-Wye Connection

The delta-wye connection is generally used at the power generating station to step
up the voltage. Figure 2.37 shows the connection diagram of a delta-wye trans-
former. In this connection, the expression of the primary line voltage is,

Vi = Ve (2.186)
The line voltage at the secondary side is,
Via = V3 Vi (2.187)
The ratio of primary line voltage to secondary line voltage is,

Ve Ve a

M = 2.188
Vi V3V V3 (2.188)
The phase current at the primary side is,
Ip = LI (2.189)
P1 e L1 .

Primary
b

Fig. 2.37 Delta-wye connection diagram
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In this connection, the turns ratio is expressed as,

I
a=2>2 (2.190)
Ip

In this case, the secondary phase current can be written as,
Ip2 = alpl (2191)
The secondary line current is expressed as,

Iy = Ipy = alp (2.192)

2.19.4 Delta-Delta Connection

The delta-delta connection is generally used for both high voltage and low voltage
rating transformers where insulation is not an important issue. The connection
diagram for delta-delta transformer is shown in Fig. 2.38.

In this case, the primary line voltage can be written as,

Vi = Vp (2.193)
The secondary line voltage is expressed as,

Vo = Vi (2.194)

Secondary

L

a

Fig. 2.38 Delta-delta connection diagram
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The ratio of line-to-line voltage of this connection is,

Vi V
TPy (2.195)
Vi Ve
The secondary line current is expressed as,
Iy = V31Ipm (2.196)
The output capacity in delta-delta connection can be expressed as,
Poa_a = V3 Vialp (2.197)
Substituting Eq. (2.241) into Eq. (2.242) yields,
Poa-a = V3 Vi x V31Ipy = 3Vialp (2.198)

The remaining two transformers are able to supply three-phase power to the load
terminal if one of the transformers is removed from the connection. This type of
three-phase power supply by two transformers is known as open delta or V-V
connection. This open delta connection is able to supply three-phase power at a
reduced rate of 57.7%. The connection diagram for an open delta connection is
shown in Fig. 2.39.

In the V=V connection, the secondary line current is,

I =1Ip (2.199)

The output capacity in V=V connection is expressed as,

Pov_y = V3 Vialp (2.200)
Fig. 2.39 Open delta or V-V B
connection diagram A C
A L
C

Secondary
a

Nl
Lo
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The ratio of delta-delta output capacity to the V-V output capacity is,

Poy_ 3Vl
wov _V3Viln 0 (2.201)
Poa-a  3Vialp

Example 2.10

A three-phase transformer is connected to an 11 kV supply and draws 6 A current.
Determine line voltage at the secondary side and the line current in the secondary
coil. Consider the turns ratio of the transformer is 11. Consider delta-wye and
wye-delta connections.

Solution
Delta-wye connection:
The phase voltage at the primary side is,

Vpr = Vi = 11kV (2.202)
The phase voltage at the secondary side is calculated as,

Vp 11000
Vpy = 7”1 =~ = looov (2.203)

The line voltage at the secondary is determined as,

Via = V3 Ve = V3 x 1000 = 1732V (2.204)
The phase current in the primary is calculated as,

Iy 11
Ipp =2 ="2=635A 2.205
n= 35 (2.205)

The line current in the secondary is calculated as,

IL2 = Ipz = alpl =11 x6.35=69.85A (2206)

Wye-delta connection:
The line voltage at the primary side is,

Vi = 11kV (2.207)
The phase voltage at the primary side is calculated as,

Vi 11000
Vpl = — =~ = 6350.85V (2.208)

V3

P
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The phase voltage at the secondary side is determined as,

Vpr  6350.85
p=—=
a 11

=577.35V (2.209)

The line voltage at the secondary is,
Vip = Vpy =577.35V (2.210)
The phase current in the secondary is calculated as,
Ipy = alpy =11 x 6 =66 A (2.211)
The line current in the secondary is calculated as,

In =V31Ip =3 x 66 =11432A (2.212)

Practice Problem 2.10

A three-phase transformer is connected to the 33 kV supply and draws 15 A
current. Calculate the line voltage at the secondary side and the line current in the
secondary winding. Consider the turns ratio of the transformer is 8 and wye-delta
connection.

2.20 Instrument Transformers

The magnitude of voltage and the current is normally high in the power system
networks. To reduce the magnitude of voltage and current, instrument transformers
are used. There are two types of instrument transformers, a current transformer
(CT) and potential transformer (PT). If a power system carries an alternating current
greater than 100 A, then it is difficult to connect measuring instruments like low
range ammeter, wattmeter, energy meter, and relay.

The current transformer is then connected in series with the line to step down the
high magnitude of the current to a rated value of about 5 A for the ammeter and the
current coil of the wattmeter. The diagram of a current transformer is shown in
Fig. 2.40. If the system voltage exceeds 500 V, then it is difficult to connect

Fig. 2.40 Connection I
diagram of the current
transformer

To load

;

(2)
&
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Fig. 2.41 Connection
diagram of the potential
transformer

measuring instruments directly to the high voltage terminals. The potential trans-
former is then used to step down to a suitable value of the voltage at the secondary
for supplying to the voltmeter and the voltage coil of the wattmeter. The secondary
of the instrument transformer is normally grounded for safety. The connection
diagram of a potential transformer is shown in Fig. 2.41.

2.21 Transformer Qil Testing

Power transformer and distribution transformer are identified as the most important
and critical component in the power utility companies in terms of price and relia-
bility of service. Hydrotreated light naphthenic distillate chemical oil in different
names such as “TRANSOL, POWER OIL, SAVITHA, APAR.” is used as an
insulating for inter-winding of a three-phase transformer. Due to age, transformer
oil needs to be tested according to different standards such as IEEE Std 62-1995,
IEC 60156, ASTM D1816, etc. The percentage saturation of water in oil is shown
in Table 2.1. There are several apparatus available in the market to test the
dielectric strength of insulating oils. This equipment automatically tests the
dielectric strength of the insulating oil. In addition to that, it has a high precision oil
breakdown voltage test (0-75 kV £ 1 kV) with a very accurate measurement
principle performed directly on the HV unit as well as monitor the voltage slew (0.5
kV-10 kV/s) or real breakdown monitoring (RBM) as shown in Fig. 2.42. The
equipment provides excellent short switch-off time (<10 ps) after a breakdown
counteracts the contamination of the oil sample, thus ensuring the reliable repro-
ducibility of the measurement results. Most of the available equipment complies
with all types of standards, and its internal temperature recording of the oil sample
varies from 0 to 99 °C.

Table 2'1 Representation of  yqy1ation condition Saturation of water in oil (%)
insulation levels - -

Dry insulation 0-5

Moderate-wet 6-20

Wet insulation 21-30

Extremely wet insulation >30
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Fig. 2.42 A sample of oil
tester equipment
/Cover/
Place for oil

-
d sample

Control knobs
|~

Re/sult output
=

display

.

2.22 Standard Symbols and Reactance Diagram

Standard symbols are used to represent the components of a typical power system
as shown in Fig. 2.43. Generator, transformer, transmission line, and load are the
basic components of a power system. These basic components or symbols are used
to form the one-line or single-line diagram of a typical power system. A single-line
diagram of a typical power system is shown in Fig. 2.44. This typical power system
consists of a synchronous machine, load, two transformers, four buses, and a
transmission line. Circuit breakers are generally used here to protect the power
system components. Initially, a single-line diagram is considered to derive the
impedance and reactance diagrams. Additional information such as ratings of
synchronous machines and transformers can be obtained from the single-line dia-
gram. Power consumed or delivered in the system and impedances of the com-
ponents can be calculated from the single-line diagram. The details of a single-line
diagram along with the simulation of a power system will be discussed in the other
chapters. The following points are considered to derive the impedance diagram:

e The generator is represented by a voltage source in series with reactance,

e The motor is represented by a voltage source in series with resistance and
reactance,
The transformer is represented by resistance and reactance,
The load is represented by resistance and reactance,

e The transmission line is represented by resistance and reactance.

The impedance diagram is shown in Fig. 2.45. The reactance diagram is normally
drawn by neglecting the resistances and line capacitance from the impedance dia-
gram shown in Fig. 2.46.
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G M
Motor or Generator

Transformer %AC%: @

Bus Horizontal .
—_— Vertical
Load >
Air circuit breaker _A_
Oil circuit breaker ——{_}—
Line
Wye connection \( \ﬁL
Delta connection
Fig. 2.43 Standard symbols of a power system
Bus 1 S Bus 2 Bus 3 2N Bus4

Line

Load

= G Tl

Fig. 2.44 Single-line diagram of a typical power system



96 2 Transformer: Principles and Practices

Z line
—
V4 V4

EG T1 T2

—_— Z load
X G

Fig. 2.45 Impedance diagram
X line

Fig. 2.46 Reactance diagram

2.23 Per Unit System

In a power system, per unit values of voltage, current, power, and impedance are
used for analyzing and interpreting data. These per unit values are normalized on a
selected base voltage in kV and base apparent power in MVA. This normalization is
known as the per unit analysis. There are many advantages to use the per unit
values in a power system and these advantages are as follows:

e It gives a clear idea about voltage, current, and impedance.

e The per unit values of voltage, current, and impedance of a transformer is the
same, whether referred to as primary or secondary.

e The per unit values are ideal for computer simulation and calculation.

e The per unit impedance of any electrical equipment lies within the narrow
numerical range when the equipment ratings are used as base values.

e Manufacturers normally include the necessary information in the nameplate as
per unit values.
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The per unit value is defined as the ratio of the actual value of the quantity to the
base value of the same quantity and it can be expressed as,

tual val
Per unit value = e VAU (2.213)
base value

The base value is arbitrarily chosen within the range of voltage and apparent
power. The base value is always a real number and per unit value is dimensionless.

2.23.1 Single-Phase System

Consider the base voltage and base power of a single-phase system V;, (1¢) and S,
(1¢), respectively. The expression of base current (I;,) is expressed as [3],

S
1, = 2219 (2.214)

"~ Viaw

The expression of base impedance (Z;,) is expressed as,

V
Z, = ) (2.215)
I
Substituting Eq. (2.214) into the Eq. (2.215) yields,
%)
Zy = Swio (2.216)
Vi)
V2
7, = 2V (2.217)
Sh(19)
2.23.2 Three-Phase System
In a three-phase system, the base current can be calculated as,
Sb(39)
I = —— (2.218)
V3V

The base impedance can be expressed as,
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Vi

Zy =

;@

Substituting Eq. (2.218) into Eq. (2.219) yields,

V(i)
_ V3
Zy = Sh(3)
V3 )
2
Vi
Zy =
Sh(34)

According to Ohm’s law, the expression of impedance is,

Z=-
i

Dividing Eq. (2.222) by Eq. (2.215) yields,

\%4 v
Z_1_Ww
T Wb
Zp I, 1
Z _ Vo

Pu_l
pu

where the put unit voltage and current are expressed as,

\%
Viu = —
p v,
Ly =—
LA

(2.219)

(2.220)

(2.221)

(2.222)

(2.223)

(2.224)

(2.225)

(2.226)

In an alternative way, the expression of per unit impedance can be expressed as,

Z
Zpu :Z_b

Substituting Eq. (2.217) into Eq. (2.227) yields,

z

V2
Vi
Sp

Zow =

(2.227)

(2.228)
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S
Zo =273 (2.229)
Vi
According to Eq. (2.229), the per unit impedance for new and old systems can
be expressed as,

S
Zowo = ZV—";’ (2.230)
bo
S
Zoun = ZV—"; (2.231)
bn
Dividing Eq. (2.230) by Eq. (2.231) yields,
Sbn
Zow ZVE
ZP - ZZ:: (2.232)
puo V—So
Zpun __ Son (Vb°)2 (2.233)
Zpuo Sbo Vbn .
Lo = Zong o (Vb")2 (2.234)
pun puo Sbo Vbn .

where

Zyun  1s the per unit impedance of the new system,

Zpo 18 the per unit impedance of the old system,

Von  is the base voltage of the new system,

Stn 1s the base value of the apparent power of the new system,
Vho  is the base voltage of the old system,

Sbo 1s the base value of the apparent power of the old system.

Example 2.11

An impedance of 4 4 j8 € is connected in series with a voltage source of 220 V,
50 Hz source. Calculate the per unit values of resistance, reactance, and impedance
by considering the base values of 100 V and 100 VA.

Solution
The base value of the current is calculated as,

100

I = =
T

1A (2.235)
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The base value of the impedance is calculated as,

Vi 100

Z,=-2==""=100Q (2.236)
L, 1

In an alternative way, the base impedance can be calculated as,

V2 1007
=t - —100Q (2.237)

b7, 100

Per unit value of the resistance is calculated as,

R 4
R =~ = — —0.04 22
"= 7= 100 0.0 (2.238)

Per unit value of the inductance is calculated as,

X, 8
Xioy = =" =008 2.239
bv =77 100 ( )

Per unit impedance is calculated as,

Zpw = Rpu +jX1pu = 0.04 +j0.08 = 0.089 [63.43° . (2.240)

Practice Problem 2.11

The reactance referred to the primary side of a 40 MVA, 11 kV/66 kV transformer
is 0.45 Q. Calculate the per unit reactance referred to as the primary and the
secondary sides. Consider the base values as 100 kV and 100 MVA.

Example 2.12
A single-line diagram of a typical power system is shown in Fig. 2.47. The ratings
of the components are mentioned below.

Transformer 7; 100 MVA, 132 kV/66 kV, X = 0.02 pu,
Transformer 7, 40 MVA, 66 kV/11 kV, X = 0.01 pu,
Load 50 MW, 10 Mvar

Line X=3Q.

Three-phase load absorbs power at a lagging power factor of 0.85 from the
transmission line. Draw a reactance diagram with per unit values and find the grid
to bus voltage.

Fig. 2.47 Single-line AN
diagram for Example 2.12 Bus 1 \]L[?Bus 2 Bus 3 \]L‘: \L\?Bus 4

gb Line

Load
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Solution
Let the base power and base voltage are,

S, = 100MVA (2.241)
V, = 100kV (2.242)

The turns ratio for the first transformer is calculated as,

Vi 132
MY, T 66 (2243)
The base voltage of the line is calculated as,
\% 100
Vitine = Vip = Vg = — = = =50kV (2.244)
a
The base impedance of the line is calculated as,
VZ . 507
Zptine = =16 =~ — 250 2.245
b—line Sb 100 ( )
The per unit reactance of the line is calculated as,
Xou—ii —3—012 (2.246)
pu—line — 25 — Y. .
For the first (grid) transformer, the per unit reactance is calculated as,
132\* /100
Xou—71 = 0.02 — — | =0.034 2.247
pu-T1 x (100) 8 (100) (2.247)
The base voltage at the load side is calculated as,
V 11
Viotowd = Vi = —2 = — x 50 = 8.33kV (2.248)
an 66
For the second (load) transformer, the per unit reactance is,
X =0.01 x 1 2><100*004 (2.249)
purtz 833) " 40 '

The base current at the load can be calculated as,
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S, 100 x 10°
V3V, V3 x833x 103

I, = 693.09A (2.250)

The actual current in the load is calculated as,

L S0x10°
ETAx11x10° x 06

= 3087.43 A (2.251)

Per unit value of the load current is,

693.09

L= 2.252
Lt ™ 3087.43 ( )

Per unit value of the voltage at the load terminal (bus 4) is,

8.33
Vo=V, = To0 — 0.083 pu (2.253)

The equivalent circuit is shown in Fig. 2.48 and the grid to bus voltage can be
calculated as,

Vg = 0.22 |[cos —1(0.85)° . x j(0.03+0.04 +0.12) +0.083 = 0.07 [30.22° . pu
(2.254)

The actual value of the grid to the bus voltage is calculated as

Ve = 0.07 x 100 = 7kV (2.255)

Practice Problem 2.12

The primary side reactance of a 100 kVA, 600 V/300 V transformer is 5 Q.
Calculate the per unit value of reactance referred to as the primary side, and to the
secondary side. Consider the base quantities are 100 kVA and 100 V.

Fig. 2.48 Reactance diagram B X. =012
for Example 2.12 X =0.03 line
oy [1] W
XTZ = 004 ILpu
* +
ng v,
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Exercise Problems
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2.2

23

24

25

2.6

2.7

2.8

2.9

2.10

A single-phase transformer is having the primary voltage of 240 V. The
numbers of turns at the primary and secondary coils are 250 and 50,
respectively. Determine the secondary voltage.

A single-phase transformer is having a secondary voltage of 100 V. The
number of turns at the primary and secondary windings is 500 and 50,
respectively. Calculate the primary voltage.

The 100 A current flows in the primary coil of a single-phase transformer.
Calculate the secondary current with a turns ratio of 0.05.

The number of turns at the primary and secondary windings of a single-phase
transformer is 500 and 100, respectively. Find the primary current if the
secondary current is 10 A.

The ratio of the primary current to the secondary current of a single-phase
transformer is 1:10. Find the voltage ratio. Also, calculate the secondary
voltage if the primary voltage is found to 1000 V.

A single-phase transformer has a turns ratio of 1:4. The secondary coil has
5000 turns, and the voltage is found to be 60 V. Determine the voltage ratio,
primary voltage, and a number of turns.

A single-phase transformer has a voltage ratio of 5:1. The voltage and
number of turns at the primary coil are found to be 1100 V and 500,
respectively. Calculate the voltage and a secondary number of turns at the
secondary coil.

A single-phase transformer is connected to the 120 V source and draws 4 A
current. Calculate the current in the secondary coil when the transformer
steps up the voltage to 500 V.

The number of turns at the primary and secondary coils of a single-phase
transformer is found to be 480 and 60, respectively. The transformer draws a
current of 0.6 A when connected to 120 V supply. Determine the current and
the voltage at the secondary coil.

The turns ratio of a 5 kVA single-phase transformer is found to be 2. The
transformer is connected to a 230 V, 50 Hz supply. If the secondary current
of a transformer is 6 A, find the primary current and secondary voltage.
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2.11

2.12

2.13

2.14

2.15

2.16

2.17

2.18

2.19

2.20

2.21

2.22

2.23
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The secondary number of turns of a 30 kVA, 4400 V/440 V single-phase
transformer is found to be 100. Find the number of primary turns, full load
primary and secondary currents.

A single-phase transformer of 5 kVA, 1100 V/230 V, 50 Hz is installed near
the domestic area of a country. Find the turns ratio, primary and secondary
full load currents.

The number of turns of the primary winding of a single-phase 50 Hz
transformer is found to be 50. Find the value of the core flux, if the induced
voltage at this winding is 220 V.

The number of primary turns of a 60 Hz single-phase transformer is found to
be 50. Calculate the induced voltage in this winding, if the value of the core
flux is 0.05 Whb.

A 3300 V/330 V, 50 Hz step-down single-phase transformer has a maxi-
mum flux of 0.45 Wb. Calculate the number of primary and secondary turns.
A 5 kVA, 2200 V/220 V, 50 Hz single-phase step-down transformer has the
cross-sectional area is 25 cm?, and a maximum flux density is 4 Wb/m*
Calculate the primary and secondary turns.

The number of turns at the primary and secondary of an ideal single-phase
transformer is found to be 500 and 250, respectively. The primary of the
transformer is connected to a 220 V, 50 Hz source and the secondary coil
supplies a current of 5 A to the load. Find the turns ratio, current in the
primary, and maximum flux in the core.

A 4 kVA, 1100 V/230 V, 50 Hz single-phase transformer has the primary
number of turns of 500. The cross-sectional area of the transformer core is
85 cm?. Find the turns ratio, number of turns in the secondary, and maximum
flux density in the core.

A single-phase transformer has the primary and secondary turns of 50 and
500, respectively. The primary winding is connected to a 220 V, 50 Hz
supply. Calculate the flux density in the core if the cross-sectional area is
250 cm? and induced voltage at the secondary winding.

The primary coil number of turns of a single-phase 2200 V/220 V, 50 Hz
transformer is found to be 1000. Find the area of the core if the maximum
flux density of the core is 1.5 Wb/m?.

The maximum flux of a single-phase 1100 V/220 V, 50 Hz transformer is
found to be 5 mWb. The number of turns and the voltage at the primary
winding is found to be 900 and 1100 V, respectively. Determine the fre-
quency of the supply system.

A 6 kVA, 2200 V/220 V, 50 Hz single-phase transformer has the maximum
flux density of 0.6 Wb/m? and the induced voltage per turn of the trans-
former is 10 V. Calculate the primary number of turns, secondary number of
turns, and cross-sectional area of the core.

A single-phase transformer is having the primary voltage per turn is 20 V.
Find the magnetic flux density if the cross-sectional area of the core is
0.05 m>.
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2.24

2.25

2.26

2.27

2.28

2.29

2.30

2.31

2.32

2.33

2.34

A 1100 V/230 V single-phase transformer has a no-load primary current of
0.5 A and absorbs the power of 350 W from the circuit. Calculate the iron
loss and magnetizing components of the no-load current.

A 3300 V/230 V single-phase transformer draws a no-load current of 0.5 A
at a power factor of 0.4 in an open circuit test. Determine the working and
magnetizing components of the no-load current.

A single-phase transformer draws a no-load current of 1.4 A from the 120 V
source and absorbs the power of 80 W. The primary winding resistance and
leakage reactance are found to be 0.25Q and 1.2 Q, respectively. Find the
no-load circuit resistance and reactance.

Under the no-load condition, a single-phase transformer is connected to a
240 V, 50 Hz supply and draws a current of 0.3 A at a 0.5 power factor. The
number of turns on the primary winding is found to be 600. Calculate the
maximum value of the flux in the core, magnetizing and working compo-
nents of the no-load current, and iron loss.

The no-load current of a 440 V/110 V single-phase transformer is measured
0.8 A and absorbs the power of 255 W. Calculate the working and mag-
netizing components of the no-load current, copper loss in the primary
winding if the primary winding resistance is 1.1, and core loss.

A single-phase 1000 V/200 V transformer draws a no-load current of 0.7 A
at 0.4 power factor lagging and the secondary winding supplies a current of
85 A at 0.85 power factor lagging. Find the primary current.

A single-phase 600 V/200 V transformer supplies a no-load current of 45 A
at 0.6 power factor lagging to the load, and the transformer draws a no-load
current of 3 A at 0.4 power factor lagging. Calculate the primary current and
its power factor.

The primary winding resistance and reactance of a 300 kVA, 2200 V/220 V
single-phase transformer are 2 Q and 9 Q, respectively. The secondary
winding resistance and reactance are found to be 0.02 Q and 0.1 Q,
respectively. Determine the equivalent impedance referred to as the primary
and the secondary.

The primary winding resistance and reactance of a 200 kVA, 3300 V/220 V
single-phase transformer are found to be 5 Q and 12 Q, respectively. The
same parameters in the secondary winding are found to 0.02 Q and 0.05 Q,
respectively. Find the equivalent impedance referred to as the primary and
the secondary. Also, determine the full load copper loss.

A 1100 V/400 V single-phase transformer having the resistance of 5 and
the reactance of 9 Q in the primary winding. The secondary winding resis-
tance and reactance are found to be 0.6 Q and 1.1 Q, respectively. Find the
voltage regulation when the secondary delivers a current of 5 A at a 0.9
lagging power factor.

A 2200 V/220 V single-phase transformer having the resistance of 6 Q and
the reactance of 16 Q in the primary coil. The resistance and the reactance in
secondary winding are found to be 0.07 Q and 0.15 Q, respectively. Find the
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voltage regulation when the secondary supplies a current of 6 A at a 0.86
power factor leading.

A 40 kVA single-phase transformer has the iron loss, and full load copper
loss is 450 W and 750 W, respectively. Calculate the full load efficiency,
output kVA corresponding to maximum efficiency, and maximum efficiency.
Consider the power factor of the load is 0.95 lagging.

A 40 kVA single-phase transformer has an iron loss of 50% of the full load
copper loss. The full load copper loss is found to be 850 W. Find the full
load efficiency, output kVA corresponding to maximum efficiency and
maximum efficiency. Assume the power factor of the load is 0.9 lagging.
A 25 kVA single-phase transformer has an iron loss and full load copper loss
of 300 W and 550 W, respectively. Find the full load efficiency, output kVA
corresponding to maximum efficiency, and maximum efficiency. Assume the
power factor of the load is 0.6 lagging.

A 100 kVA, 2200 V/220 V single-phase transformer has the primary and
secondary windings parameters of Ry = 0.6Q, X; =0.9Q, R, = 0.007 Q,
X, = 0.008 Q. The transformer is operating at a maximum efficiency of 75%
of its rated load with 0.9 lagging power factor. Calculate the efficiency of the
transformer at full load, and maximum efficiency, if the iron loss is 350 W.
A 200 kVA, 2400 V/240 V single-phase transformer has the primary and
windings parameters Ry =20Q, X; =27Q, R, =0.18Q, X, = 0.26 Q. The
transformer is operating at a maximum efficiency of 80% of its rated load
with 0.8 pf lagging. Find the efficiency of the transformer at full load, and
maximum efficiency if the iron loss is 400 W.

The low voltage side of a 30 kVA, 2400 V/220 V, 50 Hz single-phase
transformer is short-circuited. The test data recorded from the high voltage
side are 200 W, 6 A, and 45 V. Find the equivalent resistance, reactance,
and impedance referred to the primary, equivalent resistance, reactance, and
impedance referred to the secondary, and voltage regulation at 0.6 power
factor lagging.

The low voltage winding of a 25 kVA, 1100 V/220 V, 50 Hz single-phase
transformer is short-circuited, and the test data recorded from the high
voltage side are 156 W, 4 A and 50 V. Calculate the equivalent resistance,
reactance, and impedance referred to the primary, equivalent resistance,
reactance, and impedance referred to the secondary, and voltage regulation at
0.85 power factor leading.

The test data of a 10 kVA, 440 V/220 V, 50 Hz single-phase transformer are
as follows:

Open circuit test: 220 V, 1.4 A, 155 W;

Short circuit test: 20.5 V, 15 A, 145 W;

Calculate the approximate equivalent circuit parameters.
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The open circuit test data of a single-phase transformer are recorded as the
220 V, 1.2 A, and 145 W. Find the no-load circuit parameters.

A single-phase 100 kVA, 1100 V/220 V transformer is connected as an
autotransformer, which is shown in Fig. P2.1. The voltage of the upper
portion and the lower portion of the coil are found to be 220 V and 1100 V,
respectively. Calculate the kVA rating of the autotransformer.

A 200 kVA three-phase, 50 Hz core-type transformer is connected as delta—
wye and has a line voltage ratio of 1100 V/440 V. The core area and the
maximum flux density of the transformer are found to be 0.04 m® and
2.3 Wb/m?, respectively. Calculate the number of turns per phase of the
primary and secondary coils.

The number of turns in the primary and secondary coils is found to be 600
and 150, respectively. The transformer is connected to 11 kV, 50 Hz supply.
Find the secondary line voltage when the windings are connected as
(a) delta-wye and (b) wye-delta.

A single-phase load absorbs 120 kVA power from 22 kV busbar. Calculate
the base current and base impedance by considering base values at rated
MVA and kV.

A three-phase load absorbs 60 MVA at a 0.8 power factor lagging from
66 kV busbar. Calculate the base current and base impedance. Consider the
base values at rated MVA and kV.

The per phase reactance of a three-phase, 5 kVA, 220 V, Y-connected
synchronous generator is found to 12 Q. Find the per unit reactance by
considering the base values at rated MVA and kV.

The base values of a system are considered 200 kVA and 22 kV. The per
unit impedance of that system is 0.05. Determine the actual value of the
impedance.

A 11 kV/66 kV 10 MVA single-phase transformer has the secondary reac-
tance of 6 Q. Calculate the per unit reactance referred to as primary and
secondary.

The per phase impedance of a three-phase 11 kV transmission line is
0.02 +;0O.1 pu. The transmission line delivers a power of 8 MVA to the load.
Find the voltage drop across the line. Consider the base values at rated MVA
and kV.



108 2 Transformer: Principles and Practices

Bus 1 ATﬁBuSZ Bus 3\41_ \]él_Bus4
'— Line .
o0

Fig. P2.2 A single-line diagram for Problem 2.53

Load

2.53 Fig. P2.2 shows a single-line diagram of a power system. The related data for
generator, transformers, and line are given below:

Generator G 65 MVA, 11 kV, X =0.15,
Transformer 7, 25 MVA, 11 kV/220 kV, X = 0.12,
Transformer 7, 35 MVA, 220 kV/11 kV, X = 0.0.06,
Line X=12Q.

A three-phase load absorbs 25 MVA power at a 0.8 power factor lagging
from the busbar 4 at a line voltage of 11 kV. Draw an impedance diagram
with all in per unit values. Also, find the generator voltage. Consider base
values at rated 80 MVA and 11 kV.

2.54 A single-line diagram of a power system is shown in Fig. P2.3. The related
data for generator, transformers, and lines are given below:

Generator G 70 MVA, 11 kV, X =0.13,

Transformer 77, 25 MVA, 11 kV/220 kV, X = 0.11,
Transformer 7, 25 MVA, 11 kV/220 kV, X = 0.11,
Transformer 75 25 MVA, 11 kV/110 kV, X = 0.10,
Transformer T, 25 MVA, 11 kV/110 kV, X = 0.08.

The series reactance of the lines 1 and 2 are 35 Q and 40 Q, respectively.

A three-phase load absorbs 20 MVA at a power factor of 0.85 lagging from
the bus 4. Draw an impedance diagram with per unit values.

Bus 1 Bus 2 Bus 3 Bus 4
T

d >
Line 1 Y
 Of=iE= =
= G
T, Bus5 Bus 6 7,
E Line 1 g

Fig. P2.3 A single-line diagram for Problem 2.54
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Bus 1 T Bus 2 Bus 3 Bus 4
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Fig. P2.4 A single-line diagram for Problem 2.55

Bus 1 7 Bus 2 Bus 3 Bus 4

T
: Line 2
= G, ‘ k
Load

Fig. P2.5 A single-line diagram for Problem 2.56

2.55 Figure P2.4 shows a single-line diagram of a power system. The related data
for generator, transformers, and lines are given below:

Generator G 15 MVA, 11 kV, X =0.12,
Generator G, 25 MVA, 11 kV, X =0.14,
Transformer 7, 45 MVA, 11 kV/220 kV, X = 0.10,
Transformer 7, 55 MVA, 11 kV/220 kV, X = 0.08,
Motor M 10 MVA, 11 kV, X = 0.04,

Line X =45 Q.

A three-phase load absorbs 50 MVA power at a 0.85 lagging power factor
from 11 kV supply. Draw an impedance diagram with per unit values.

2.56 A single-line diagram of a power system is shown in Fig. P2.5. The related
data for generator, transformers, and lines are given below:

Generator G, 65 MVA, 11 kV, X =0.12,
Generator G, 70 MVA, 11 kV, X =0.10,
Transformer 7, 45 MVA, 11 kV/132 kV, X = 0.10,
Transformer 7, 55 MVA, 11 kV/132 kV, X = 0.08,
Load M 75 MVA, 11 kV, 0.85 pf lag,

Line X =25Q.

Draw an impedance diagram by considering base values of 100 MVA and
11 kV.
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Power Generation Check for

3.1 Introduction

Natural gas, water, and fuel are being used for a long time for the generation of
electrical power for use in our daily lives. Day by day, the reserve of fossil fuel is
decreasing due to heavy usages in power generation. At the same time, the demand
for electrical energy is increasing due to the increasing population, increased
industrialization, and increasing residential and commercial sectors. Academicians,
researchers, and practicing engineers are working to generate electricity through
renewable sources such as solar, wind, water, biomass, and nuclear. In solar energy,
heat is radiated by the sun and is focused on the solar panel, which in turn generates
DC voltage. There are many solar farms across the world generating DC voltage
which charges the storage battery. Later, the direct current of the storage battery
converts into alternating current through an inverter. Nowadays, wind energy also
plays an important role to generate electricity. Wind with a suitable speed is used to
turn the windmill, which drives the small generator and produces electrical energy.
There is plenty of water available in tropical countries. Water is stored in a suitable
place by making a dam. The water with sufficient potential head brings to the
turbine house through steel pipes, which drives the turbine. This water turbine
drives the three-phase synchronous AC generator, which generates electrical power.
In the biomass energy system, gas is produced by rotting vegetation along with
organic matter. This gas is then used to burn the water and converted it into steam.
Finally, steam is used to generate electrical power.
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3.2 Power Station

A power station or power plant is a plant that generates electricity with a voltage of
11 kV or lower value. This voltage is then stepped up to a higher voltage based on
the national transmission voltage. Depending on the available natural energy, power
stations can be classified as thermal or steam, hydroelectric, diesel or nuclear power
stations.

3.3 Steam Power Station

Steam or thermal power station is an electricity generating station that converts
steam into electrical energy. A modern steam power station is rated between 1 and
500 MW, and its efficiency varies from 40 to 50%. This type of power station is
usually built in a suitable place where the coal, natural gas, and water are readily
available. A simple schematic of a steam power station is shown in Fig. 3.1. In the
boiler, natural gas is used to burn the water, which in turn produces steam. The
steam is then carried out by a steel pipe to the turbine house. The steam is fallen on
the turbine bucket and moves the turbine into the clockwise direction. The turbine
shaft is coupled to the rotor shaft of the generator with a mechanical nut-bolt. When
the turbine rotates in the clockwise direction, the generator rotor rotates in the same
direction as the turbine and produces electricity. Condenser and cooling towers are
used to collect exhaust steam from the turbine. The exhaust is then converted to
water and is then fed back to the boiler by the feedwater pump.

The block diagram of a steam power station is shown in Fig. 3.2. The heat of the
boiler is produced by burning natural gases. The heat input of the boiler is repre-
sented by Qp. The work is accomplished by the feedwater pump when the water is
pumped into the boiler, and it is represented as Wp. The work produced by the
turbine is Wr.

i
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Fig. 3.1 Schematic of a simple steam power station
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Fig. 3.2 Block diagram of a QE\
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The thermal efficiency is expressed as,

Oc

Wr — Wp
N=——="
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3.4 Hydro Power Station

The increasing demand for electricity can be met by using hydropower station.
China increases electric power capacity by 8-9% per year to meet growing demand
from both industry and other consumers. They constructed a dam for hydropower
station on the bank of the Yangtze River which is known as Three Gorges Dam.
The total power generation capacity of this hydropower station is 22,500 MW.
Currently, the Three Gorges dam is the largest hydropower plant in the world.
Hydro Bakun is the largest hydropower station in Malaysia, which is built on the
bank of a Balui River. The total power generation capacity of this Hydro Bakun
power station is 2400 MW. In the Middle East, near the Red Sea, world’s largest
hydropower station will be constructed soon, and the total electric generating
capacity would be around 50,000 MW. There are 13 generators and 2675 MW
generation in a Niagara hydropower station in Canada. A hydropower station is the
one which utilizes the energy of falling water to generate electricity. Hydropower
station is suitable to build where a large amount of water is available all the time.
A dam is constructed across a lake or river to store water as well as to create enough
water head. Water is then taken to the turbine house through steel pipes. A water
turbine converts the kinetic energy of falling water into mechanical energy. This
mechanical energy is used to run the generator, which generates electricity. Two
factors mainly determine the amount of electricity generated by a hydroelectric
power station. The first factor is the height from the turbine to the water surface,
which is known as water head. The second key factor is the volume of water
moving through the turbine.

Three forms of energy are involved when water is moving from one place to
another place. These are kinetic, pressure, and potential energies. Per kg kinetic
energy, pressure energy, and potential energy can be expressed as,
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1
Ep, = zvz Nm/kg (3.2)
E, =2 Nm/k

E,, = gH Nm/kg (3.4)

where

v is the velocity of water flow in m/s,
p is the pressure of water N/mz,

p is the density of water kg/m?>,

H is the height of water in m.

A simple schematic of a hydropower station is shown in Fig. 3.3. The discharge
water from the turbine house is released to the river. The main components of a
hydropower station are dam, turbine, generator, transformer, and transmission lines.
The brief descriptions of those components are given below.

Dam: It is built on the lake or river to store water in a reservoir. It is also known as
the headrace. The dam raises the water level to create the necessary head of the
falling water. Therefore, the dam always controls the flow of water through proper
equipment.

Penstock: Pipes of large diameter that carry water under pressure from the storage
reservoir to the turbines called penstocks. These pipes are usually made of steel or
reinforced concrete.

Turbine: In a turbine, different types of buckets or blades are mounted on a wheel
called a runner. Water is released from the dam and falls on the turbine blade. The
force of falling water pushes the turbine blades, which causes the turbine to rotate.

i
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Fig. 3.3 Schematic of a hydropower station
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Then, the turbine converts the kinetic energy of falling water into mechanical
energy.

Tailrace: A channel that carries water away from the turbine after the water has
worked on the turbines is known as a tailrace or river. The water surface in the
tailrace is also referred to as tailrace.

Generator: The generator is usually attached to the turbine shaft with the related
equipment. The generator field is energized by the DC supply and creates the
magnetic field. The turbine rotates the generator, which converts mechanical energy
from the turbine into electrical energy.

Transformer: In the power station, a power transformer with a rating from 20 to
50 MVA is used to step up the generating voltage to the national transmission
voltage.

Transmission lines: The transmission lines are used to carry out the electrical
power from the power station to the nearest grid substation.

3.5 Gross and Net Heads

There are two types of water heads normally used in the hydropower station. They
are gross head and net head. The vertical difference between the headrace and
tailrace is known as the gross head, and it is represented by H,. The net or effective
head is the actual head available at the inlet of the bucket to work on the turbine.
The net head (H) is expressed as,

H=H,—h (3.5)

where

h; is the total head loss during the transit of water from the headrace to tailrace
which is mainly head loss due to friction.

According to Darcy’s equation, the energy loss due to friction can be written as,

hy=f % (%) X (g) (3.6)

hy is the energy loss due to friction,
L is the length of the flow stream,

D is the diameter of the flow path,

v is the average velocity of flow,

fis the friction factor (dimensionless).

where
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3.6 Efficiency

The efficiency of a hydropower station depends on the input and output. The
efficiency is classified as hydraulic, mechanical, and overall.

Hydraulic efficiency: The ratio of the power developed by the runner of a turbine
to the power supplied at the inlet of a turbine is known as hydraulic efficiency, and
it is represented as 7,. There is a power loss between the striking jet and vane.
According to the definition, the hydraulic can be expressed as,

My = — % 100 (3.7)

where

P is the runner or turbine power,
Py is water power.

Mechanical efficiency: The ratio of the power (Py,) available at the shaft to the
power (Pg) developed by the runner of a turbine is known as mechanical efficiency,
and it is represented as 7,,. This efficiency depends on the related mechanical
devices that will create a loss of energy between the runner in the annular area,
between the nozzle and spear. The mechanical efficiency is expressed as,

P,
N = 7h x 100 (38)
Pg

Overall efficiency: The ratio of the power (Py,) available at the shaft to the power
(Pw) supplied at the inlet of a turbine is known as overall efficiency. The overall
efficiency is represented as 7. This depends on both the hydraulic losses and the
slips. It also depends on other mechanical problems that will create a loss of energy
between the jet power supplied and the power generated at the shaft available for
the coupling of the generator.

PQh
= 3.9
Mo Py (3.9)
Py,  Pr
—h IR 1
Mo PWXPR (3.10)
Pz P
Mo = — x =1 (3.11)
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Substituting Egs. (3.7) and (3.8) into Eq. (3.10) yields,

Mo = My X Mm (312)

3.7 Pelton Wheel

Pelton wheel or turbine, named after an eminent engineer, is an impulse turbine,
wherein the flow is tangential to the runner, and the available energy at the entrance
is completely kinetic energy. Further, it is preferred at a very high head and low
discharges with low specific speeds. The pressure available at the inlet and the
outlet is atmospheric. The main components of a Pelton wheel are shown in
Fig. 3.4.

The main components are penstocks, nozzle, spear, runner, casing, and breaking
jet. Water is brought to the hydroelectric plant through large penstocks. At the end
of penstocks, there is a nozzle, which converts the pressure energy completely into
kinetic energy. The kinetic energy will convert the liquid flow into a high-speed jet,
which strikes the buckets mounted on the runner, which in turn rotates the runner of

Runner

Breaking jet

Needle valve

High pressure
water

Penstock

Wheel
Spear Nozzle jet

Fig. 3.4 Schematic of a Pelton wheel
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the turbine. The amount of water striking is usually controlled by the forward and
backward motion of the spear.

The runner is a circular disk mounted on a shaft on the periphery of which some
buckets are fixed equally spaced. The buckets are made of cast iron, cast steel,
bronze, or stainless steel depending upon the head at the inlet of the turbine. The
water jet strikes the bucket on the splitter of the bucket and gets deflected in a
proper direction.

The casing is made of cast iron or fabricated steel plates. The main function of
the casing is to prevent the splashing of water and to discharge the water into the
tailrace.

The amount of water after striking the buckets is completely stopped; the runner
goes on rotating for a very long time due to inertia. A small nozzle is provided to
stop the runner in a short time, which directs the jet of water on the back of the
bucket with which the rotation of the runner is reversed. This jet is called a breaking
jet.

3.8 Velocity Triangle

The machine that converts mechanical energy into hydraulic energy is known as a
pump, and the machine that converts hydraulic energy into mechanical energy is
known as a turbine. Wave is considered as a bent shape as shown in Fig. 3.5. Here,
the jet is used to deliver fluid at the inlet with a velocity V; with an angle o, at the
direction plate, and its relative velocity V,; makes a blade angle f; with the
horizontal.

Fig. 3.5 Pelton wheel inlet
and outlet triangles
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At the inlet, the wall velocity of the jet in the axial direction is V,,;_ and it can be
expressed as,

V1 = Vi cos oy (3.13)
Flow component of the jet or water at the inlet is Vp and it can be expressed as,

Vf1 = V1 sin o (314)

3.9 Hydraulic Efficiency

Jet strikes the splitter of a bucket and gets split into two halves, and they deviate
with an angle as shown in Fig. 3.6.

Velocity triangles for the jet striking the bucket at the inlet and outlet are shown
in Fig. 3.7. The inlet and outlet parameters are represented with the suffix 1 and 2,
respectively.

In Fig. 3.7, consider the linear velocities of the bucket at the inlet, and the outlet
is u; and u,, respectively. Again, consider the velocity of water at the inlet of the
turbine is V;. The tangential component of V; is V,,;. According to Fig. 3.6, the
following equation can be written as,

Vi = Vi (3.15)
The expression of the relative velocity is,
Vrl = V] — U (316)

From the outlet velocity triangle as shown in Fig. 3.7, the velocity of water or jet
at the outlet of the bucket is V3 The tangential and radial or flow components of V,
are V,,» and Vp, respectively. The deflection angle of the bucket is o, and the exit
angle of the bucket is ¢.

Fig. 3.6 Schematic of a

bucket and deviating parts Vane

Splitter
Jet

Deflection
angle of jet /
o
Side of bucket (
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Deflection
angle of jet

Fig. 3.7 Inlet and outlet triangles of the bucket
According to the impulse-momentum theorem, the force with which the jet
strikes the bucket along the direction of vane (blade) is given by,
F, = water flow rate x change of velocity in x — direction (3.17)
Fy = m (kels) % [V = (=Vio)] (3.18)
The mass flow rate is defined as,
m= p(AVy) (3.19)
Substituting Eq. (3.19) into Eq. (3.18) yields,
Fy = p(AVy) X (Vi1 + Vi2) (3.20)

The work done per second by the jet of water on the vane is given by the product
of force exerted on the vane and the distance moved by the vane in one second.
Mathematically, it can be expressed as,

WD/s = F, X u (3.21)

The work done per second is equal to the runner power, and it can be expressed
as,

Pr=F, xu (3.22)
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Substituting Eq. (3.20) into Eq. (3.22) yields,
Pr = p(AVl) X (le + sz) Xu (323)

The input power from the jet or water power is equal to the energy due to the
velocity, and it can be expressed as,

1
Py =KE = Emvf (3.24)

Substituting Eq. (3.19) into Eq. (3.24) yields,

1
Py = KE:Ep(AVI)VIZ (3.25)
1 3
Pw = KE = 2 pAV; (3.26)

Then, the hydraulic efficiency is defined as,

iPR

= 3.27
M Pw ( )
Substituting Egs. (3.23) and (3.26) into an Eq. (3.27) yields,
p(AVl) X (le + VW2> XU
M, = T 3 (3.28)
2 PAV]
2u Vw + Vw2
My = 2u(Vit + Vi) (3.29)

vi
From the inlet velocity triangle, the following equation can be written as,
Vi = Vi (3.30)

Assuming no shock and ignoring frictional losses through the blade, then the
following equation is expressed as,

V,—l = Vr2 = V1 — Uup (331)

In case of Pelton wheel, the inlet and outlet are located at the same radial
distance from the center of the runner. Therefore, the linear speed of runner is
generalized as,
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Uy =u, =1u (3.32)
Substituting Eq. (3.32) into Eq. (3.31) yields,
Vrl = Vr2 = Vl —u (333)

From the outlet velocity triangle, A EFH, the following equation can be written
as,

cos ¢ = 2+ Via (3.34)
Vr2
uy + Vo = Vyp cos (]5 (335)
Substituting Egs. (3.30) and (3.33) into Eq. (3.33) yields,
Ve = (Vi —u)cosp —u (3.36)
Substituting Egs. (3.30) and (3.36) into Eq. (3.29) yields,
2u[Vi+ (Vi —u)cosp —u
iy = 24Vt lvz) } (3.37)
1
2u(Vy —u)(1+ cos ¢

vi

Differentiate Eq. (3.38) with respect to u and set equal to zero to obtain the
maximum efficiency for a given jet velocity and vane angle.

d [2u(Vy —u)(1+ cos¢)

4 g —0 (3.39)
2(1%?’54’)(%”(‘/1 —u) =0 (3.40)
u0—1)+ (Vi —u) =0 (3.41)
"y % (3.42)

From Eq. (3.42), it is seen that the bucket speed is maintained at half the velocity
of the jet, and the efficiency will be maximum at this speed. Substituting Eq. (3.42)
into Eq. (3.38) yields,
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~ 2u(2u —u)(1+ cos §)
Mhmax = (2”)2 (343)

(1+ cos ¢) (3.44)

| =

Mhmax =

From Eq. (3.44), it is concluded that the hydraulic efficiency will be maximum
when the value of cos ¢ is equal to 1 and the value of the outlet blade angle of the
bucket should be 0°.

3.10 Diesel Power Station

A diesel power station uses the diesel engine as a prime mover to generate elec-
tricity. A diesel engine is connected with the rotor of the generator. Diesel is burnt
inside the engine, which produces mechanical energy. When the diesel engine
starts, it runs the generator, which converts mechanical energy into electrical
energy. A simple block diagram of a diesel power station is shown in Fig. 3.8. The
power rating of a diesel power station is very small, and it is normally installed in
the remote area for supplying electricity. The efficiency of the diesel power station
is less than 25%. This power station is rarely used due to the high price of the oil
and its lower efficiency. It is used as a standby plant, peak load plant, emergency
plant, and mobile plant.

3.11 Nuclear Power Station

Nowadays, the nuclear power station is popular for large capacity electricity gen-
eration. It provides approximately 17% of the world’s electricity. Currently, there
are roughly 400 nuclear power stations in the world. More than 100 nuclear power
stations are in the USA. France generates approximately 75% of its total electrical
energy from nuclear power stations.

The nuclear fuel (uranium) generates a huge amount of nuclear energy through
fission of radioactive material and heat by a controlled chain reaction. This heat is
used to boil the water, which produces steam. This steam is then used to drive the

Fig. 3.8 Block diagram of a
diesel power station Wye D34

Voltage

Delta
Diesel :B%S *Field
engine

+ —




124 3 Power Generation

Control rods Steam flows 3-¢
Voltage
\ Y —

Fay
A ll =|=

uranium

Vessel

Water flows

Three-phase
Moderator voltage

Fig. 3.9 Schematic of a nuclear power station

turbine. Finally, the turbine rotates the generator, which generates electrical energy.
The simple schematic of a nuclear power station is shown in Fig. 3.9. The control
rod is used to control the chain reaction inside the vessel. The chain reaction starts
when the control rods are pushed up from the vessel, and the chain reaction stops
when the control rods are pushed down to the vessel. Six types of reactors such as
Magnox, AGR, BWR, CANDU, and RBMK in the nuclear power station.

3.12 Variable Load and Different Factors

The power demands of the consumers are varied according to their uses of electrical
appliances. Therefore, the load on a power station varies from time to time.

Load Curve: The variation of load on the power station concerning time is known
as the load curve. The load curve is obtained by plotting power in Y-axis and time
in X-axis. It is the graphical representation between the load in kW and times in
hours. When the load curve is plotted for 24 h, then it is known as a daily load
curve, and the load curve for one year is known as the annual load curve.
Figure 3.10 represents the load curve for 24 h.

There are many advantages of the load curve which are mentioned below.

e [t shows the variation of the loads throughout the day.
The load curve helps to estimate the generation cost.
The highest point on the load curve represents the maximum demand on that
day.
It helps to select the capacity and number of generating units.
The area under the load curve represents the exact units generated in the day.
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MW A
t
12 12 2
Mid night noon Mid night

Fig. 3.10 Load curve for 24 h

3.13 Different Terms and Factors of Power Station

There are a few important terms and factors usually used in the power stations.
These are connected load, average load, maximum demand, load factor, demand
factor, diversity factor, capacity factor, and load duration curve [1].

Connected Load: The sum of ratings of all the connected electrical appliances in
the consumer terminals is known as a connected load. If a consumer connected a
smart TV of 60 W, a Sony DVD player of 5000 W and two energy savings bulbs of
each 7 W across a single-phase system. The sum of the connected load (CL) is
calculated as,

CL=60450004+2 x 7 =5074W

Maximum Demand: The maximum demand is the highest amount of load on the
power station during a specific time. Maximum demand can be determined from the
load curve, and it helps us to install generating units. Normally, all the electrical
appliances installed in the consumer terminal are not operated to their fullest
capacity at the same time. Therefore, the maximum demand is not equal to the
connected load. The maximum demand is always less than the connected load.

Average Load: The average load of the power station occurs at a specific time. It
may be daily, monthly, or yearly. Mathematically, these daily, monthly, and yearly
average loads can be expressed as,

No. of kWh generated in a day
24h

Daily average load = (3.45)

No. of kWh generated in a month
30 x 24h

Monthly average load = (3.46)
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No. of kWh generated in a year
8760 h

Monthly average load = (3.47)

Load Factor: The ratio of the average load to the peak or maximum load is known
as the load factor. The load factor is always less than or equal to unity, and it plays
an important role in the cost of power generation. For the same maximum demand,
the higher load factor reduces the per unit generation cost. Mathematically, the load
factor (Fyr) can be expressed as,

__average load

= 3.48
LE peak load ( )

Considering that the power station is operated for 7T hours, then Eq. (3.48) is
modified as,

average load x T
Flp=—- 2 """ "~ - 3.49
L peak load x T ( )
units generated

= 3.50
peak load x T ( )

LF

where T is the time. It may be in days, weeks, months, or years. The annual load
factor is defined as,

__Annual energy generated
~ annual peak load x 8760

Far (3.51)

The load factors for different types of load are different. For residential load, it
varies from 10% to 15%, and for commercial load, it is around 30%. For small,
medium and large industries, it varies as 30% to 50%, 55% to 60%, and 70% to
90%, respectively.

Demand Factor: It is defined as the ratio of the maximum demand to the total
connected load of the system. Mathematically, the demand factor (Fper) can be
expressed as,

maximum demand

Fper

= 3.52
total connected load ( )

The demand factor always changes with hours to hours, and it is less than or
equal to one. Lower demand factor indicates less system capacity required to
deliver the connected loads. It is considered an indicator of the simultaneous
operation of the connected load. The demand factor should be considered for each
type of load, especially induction motor load. For residential load, it varies between
50 and 80%. For industrial (induction motor) load, this factor is 75%, and for
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different types of lighting load, it is equal to one. The relationship between the load
factor and the demand factor can be derived as,

maximum demand
average load

x average load

Fper = 3.53
DeF total connected load ( )

average load
ook = total connected loadgx average load 339

maximum demand
Substituting Eq. (3.48) into Eq. (3.54) yields,

average load
Fper = 3.55
DeF ™ total connected load x Fir ( )

load

Fou X Fip — average loa (3.56)

total connected load

Diversity Factor: The ratio of the sum of the individual maximum demands of the
various subsystems of a system to the maximum demand of the whole system is
known as a diversity factor. Mathematically, it can be expressed as,

sum of individual maximum demands
Fpir = - (3.57)
maximum demand of the whole system

The diversity factor is always greater than or equal to one. This factor is always
greater than one because the sum of individual maximum demands is greater than the
maximum demand of the system. Diversity occurs in an operating system because all
connected loads are not operating simultaneously. The cost of power generation will
be lower for higher diversity factors. In the designing or planning stage, the diversity
factor is considered one. The diversity factor is used for coordination study and
calculation of a load of a particular node of a system. It is also used for determining
the size of the transformer based on the total load. For substation, transmission lines,
and a whole utility system, diversity factors need to be calculated. According to IEC
60439, the diversity factor for different users is shown in Table 3.1.

Table 3.1 Different

. St Circuits function Diversity factor (%)
appliances with diversity ohti
factors Lighting 90
Heating and air conditioning 80
Socket-outlets 70
Lifts and catering hoist
Most powerful motor 100
Second most powerful motor 75

All motors 80
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Capacity Factor: The ratio of the actual amount of energy the plant produced
during a period to the maximum amount of energy that would have been produced
at full capacity. It is often called as the plant factor or the use factor. Capacity
factors vary greatly depending on the type of fuel that is used and the design of the
plant. The capacity factor is always less than one. There are several reasons for the
capacity factor to be less than one. The first reason is that the equipment out of
service or operating at the reduced output due to equipment failures and/or routine
maintenance. The second reason is that the output generation is reduced because the
consumer does not require the electricity or the electricity price is low to make
production cost economical. Mathematically, the capacity factor (Fcp) is expressed
as,

Fop = actual. energy genera.tion (3.58)
maximum plant rating

The annual plant factor (F,cp) is defined as,

actual annual energy generation

Focp = (3.59)

maximum plant rating x 8760

The reserve capacity of the power station is very important for future demand
and forecasting, and it can be determined as,

Reserve capacity = plant capacity — maximum demand (3.60)

Example 3.1

A power station is having the maximum demand and connected load of 30 MW and
60 MW, respectively. The energy generated per annum is found to be
70 x 10° kWh. Calculate the demand factor, average demand, and load factor.

Solution
The value of the demand factor is calculated as,

maximum demand - 30

Fpp = 0.5 (3.61)

connected load 60

The average load can be determined as,

units generated per annum 70 X 109

average demand = = 7990.86 kW

total hours in a year 8760
(3.62)
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Load factor is calculated as,

average load  7990.86
peak load 30 x 1000

Fir=

=027 (3.63)

Example 3.2

A power station supplies power to three different consumers. The power used by the
residential, commercial, and industrial users is 200 kW, 800 kW, and 1200 kW,
respectively. The maximum demand and units generated per annum of this power
station are 2000 kW and 60 x 10> kWh, respectively. Calculate the diversity factor,
average demand, and load factor.

Solution
The value of the diversity factor is,

sum of individual maximum demands _ 200 + 800 + 1200 _

= 1.1
maximum demand of the whole system 2000

Fpir =
(3.64)
The average load is calculated as,

units generated per annum 60 x 10°

average demand = = 684.93kW (3.65)

total hours in a year 8760
Load factor can be determined as,

average load 684.93
FLF = =
peak load 2000

=034 (3.66)

Practice Problem 3.1

A power station is having the maximum demand and connected load of 20 MW and
45 MW, respectively. The energy generated per annum is found to be
30 x 10° kWh. Find the demand factor, average demand, and load factor.

Practice Problem 3.2

A power station supplies power to three consumers. The 300 kW used by the
residential user, 1000 kW used by the commercial user, and 1800 kW used by the
industrial user. The maximum demand and units generated of the power station are
2500 kW and 70 x 10° kWh, respectively. Calculate the diversity factor, average
demand, and load factor.

Load duration curve: In electricity generation, the load duration curve is used to
describe the relationship between power generation and utilization. It is very
important for typical days that indicate the power demands at a specific duration of
time. It is obtained from the load curve by descending the load magnitudes with
respect to time.
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The load duration curve indicates how many hours a certain load has been
allocated for a day. The load duration curve helps to design a baseload power plant
and the peak load power plant. Hydro and diesel power stations are usually used
during the peak demand. These power stations are usually used to reduce the
generation cost of electricity. Figures 3.11 and 3.12 show a typical load curve and
load duration curve for 24 h.

60

50

Load 30

(MW)
20

12 4 8 12 16 20 24

———» Time (1)

Fig. 3.11 A typical load curve
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Fig. 3.12 A typical load duration curve
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Fig. 3.13 A typical load curve for Example 3.3

Example 3.3
A daily load cycle of a power station is described below.

Time (H): 0-8 8-12 12-16 16-20 20-24
Load (MW): 30 40 30 60 40

Draw the load curve and calculate the maximum demand, units generated per
day, average load, and load factor.

Solution
From the given data, the load curve is drawn as shown in Fig. 3.13. From the load
duration curve, the following parameters can be determined as,

The maximum demand (MD) of the power station is,

MD = 60 MW (3.67)
Units generated per day (UGgyy) is,
UGgay =30 x 8+40 x 4430 x 4460 x 4 +40 x 4 = 920 MWh (3.68)

Per day average load (AVLg,y) is,

920
AVLgyy = 5= 38.33MW (3.69)

Load factor can be determined as,
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AVLgy 3833
- =222 0.64 3.70
MD 60 (3.70)

Fir

Practice Problem 3.3
The daily power consumption versus time of a power station is mentioned below.

Time (H): 04 4-8 8-16 16-20 20-24
Load (MW): 20 30 60 30 10

Plot the load curve and find the maximum demand, units generated per day,
average load, and load factor.

3.14 AC Power Supply System

Electricity is generated at the power station. It is then transferred to the consumers’
terminals (load) by the transmission and distribution networks. A very large net-
work that connects power stations to loads is known as an electric power system or
electric grid. The electrical lines are used to transfer electrical power from the power
station to the loads. The transmission and distribution networks between generating
stations and the consumer terminals are classified into transmission and distribution
systems. The single-line diagram of a typical AC power system along with step-up
and step-down transformers is shown in Fig. 3.14. The vertical black lines represent
the busbars. The voltage at the busbar is always constant.

Generating station: A generating station is often known as the power station,
power plant, or powerhouse. Most of the power station contains one or more
three-phase synchronous generators. Three-phase AC voltage with a magnitude of
11 kV or 13.8 kV is usually generated in the power station by a three-phase syn-
chronous generator, a rotating machine that converts mechanical power into

National.gn' d Local substation
substation
Primary Secondary
C transmission D C transmission D)
C | ) C C
11kV /220kV 220kV /120kV 120kV /11 kV Primary

distribution line

Consumers C
3 C

Consumer
transformer

Fig. 3.14 Schematic of a typical AC power system
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Table 3.2 Different appliances diversity factors

Voltage classification Voltage range (kV) Types

Ultra-high voltage >765 High voltage transmission >765 kV
Extra-high voltage 345, 500, 765 High voltage transmission

High voltage 115, 138, 161, 230

Medium voltage 34, 46, 69 Subtransmission

Low voltage <34 Distribution

electrical power. In Fig. 3.14, the AC generator generates an 11 kV voltage. This
generated voltage is then stepped up to a suitable national transmission voltage by a
three-phase step-up power transformer [2, 3]. The rating of the power transformer
usually varies between 20 and 40 MVA.

Transmission Lines: Transmission lines transmit electricity from one terminal to
another terminal. Transmission lines are used for long distances with a higher
voltage ranging from 66 to 765 kV, and they connect to the grid substation.
Transmission lines are classified as primary and secondary transmission lines.
Transmission voltage mainly depends on the total length between the power station
and the end terminal of the customers. The national transmission voltage of some
Asian countries such as Brunei and Bangladesh are 66 kV and 120 kV, respec-
tively. Based on the voltage levels, the classifications of transmissions and distri-
butions of power system networks are shown in Table 3.2.

Primary Transmission: The voltage of 220 kV or more transmits by the
three-phase three wires to the national grid substation through an appropriate steel
tower known as primary transmission. The grid substation is usually situated at the
outer parts of a city.

Secondary Transmission: At the grid substation, the higher voltage is stepped
down to 120 kV or other values by a three-phase transformer. The voltage of
120 kV or less transmits by the three-phase three wires to the various local sub-
stations located at different places. At these substations, the voltage is further
reduced to either 33 or 11 kV.

Distribution System: The distribution system is classified as a primary distribution
and secondary distribution.

Primary Distribution: The overhead lines or underground cables are used as
feeders to connect the distribution transformer. The high voltage side of a distri-
bution transformer is known as primary distribution or primaries. Common primary
distribution voltages are 3.3, 3.3, 4.16, 6.6, 11, 13.5, 13.8, 25, and 34.5 kV. In Asia,
some of the utility companies are used 11 kV as their primary distribution voltage.

Secondary Distribution: The primary distribution lines connect to the distribution
transformer, which is usually installed near the consumer’s area. This distribution
transformer steps down [4] the delivered 11 kV voltage to 440 V line-to-line, and it
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Fig. 3.15 Schematic of transmission towers and distribution poles

distributes by the three-phase four wires system. Therefore, the secondary of a
distribution transformer is known as secondary distribution or secondaries. The
most common secondary line and phase voltages are 120, 208, 240, 277 and 480 V.
Residential and commercial customers usually use the secondary distribution
voltage. The secondary distribution consists of feeders, distributors, and service
mains. Different types of transmission towers and distribution poles are shown in
Fig. 3.15.

3.15 Secondary Distributions and Connections

Secondary distribution voltages are used by the residential, commercial, and light
industry. Some of the Asian countries’ utility companies use three-phase four wires
for power supply to the residential consumers. Their phase voltage and line voltages
are 220 V and 440 V, respectively. In North America, both single-phase and
three-phase systems are also used based on the connected load. A single-phase three
wires are used in the most residential distribution. In this case, the phase and the
line voltages are 120 V and 240 V, respectively. 120 V is used for lower-rated
electrical appliances, and 240 V can be used for higher-rated electrical usages such
as electric vehicle charging. For high-density residential and commercial areas,
single-phase four wires are used. In this case, high rating appliances like motors use
208 V. A single-phase three wires and three-phase four wires secondary distribu-
tion lines connection are shown in Figs. 3.16 and 3.17, respectively.
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3.16 Tariff

Electrical energy is delivered to different types of consumers such as residential,
commercial, and industrial. The electrical energy consumption at the consumer
terminals is recorded by the three-phase or single-phase energy meters. The elec-
trical energy is normally sold to the consumers at a price. This price is known as a
tariff. The tariff widely varies from country to country and city to city. Therefore,
the tariff is defined as the rate at which electrical energy is supplied to the con-
sumers. The main objectives of the tariff are,

e To recover electricity generation cost.

e To recover cost due to electricity lost during transmission and distribution.

e To recover operation and maintenance cost.

e To earn a reasonable profit on the total investment.

Each system has its own characteristics. The tariff has some important charac-
teristics to identify its performance which is mentioned below.
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Return: The tariff should be imposed in such a way that it ensures the proper return
from the consumers.

Fairness: The tariff should be fair so that each consumer is able to afford their bills.

Simplicity and Attractive: The tariff should be simple so that an ordinary con-
sumer can easily understand, and it will be attractive if it is simple and
user-friendly.

Reasonable Profit: The profit should be marginal and reasonable so that more
consumers will use the energy while the investors receive a return.

3.16.1 Classification of Tariff

Tariffs can be classified as the simple tariff, flat rate tariff, block rate tariff, two-part
tariff, three-part tariff, and power factor tariff. The brief descriptions of the tariff are
mentioned below [5].

Simple Tariff: In this tariff, the fixed rate is imposed based on per unit energy
consumption. The price does not vary with a decrease or increase in the number of
units used. There is no discrimination between the consumers in a simple tariff.

Flat Rate Tariff: In a flat rate tariff, consumers are grouped into different classes
according to diversity and load factors. Each class of consumers is charged at a
different uniform rate. The flat rate tariff does not change with the time of use. Here,
the cost per unit energy is fixed, and the total charge is dependent on the number of
units consumed. The main advantage of this tariff is to prevent the wastage of
energy because the consumer has to pay the excess bill. Suppose the charge per
kWh is 0.11 cents, and the consumer uses the energy of 200 kWh. The total charge
of this tariff is calculated as,

TCy =200 x 0.11 = $22 (3.71)

Example 3.4

The maximum demand of a consumer is 5 kW, and the total energy consumption is
6000 kWh. The per annum energy is charged at the rate of 10 cents per kWh for
400 h of the maximum demand plus 5 cents per kWh for additional units. Calculate
the annual charges and equivalent flat rate.

Solution
Units consumed for 400 h are,

Usopon =5 x 400 = 2000 kWh (3.72)

The charge for 2000 kWh is calculated as,
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Charge-1 = 2000 x 0.10 = B$200 (3.73)
The remaining units are determined as,

RU = 6000 — 2000 = 4000 kWh (3.74)
The charge for 4000 kWh is calculated as,

Charge-2 = 4000 x 0.05 = B$200 (3.75)
The total annual charge is determined as,

TAC = B$200+B$200 = B$ 400 (3.76)
The equivalent flat rate is calculated as,

~ B$400

Practice Problem 3.4

The maximum demand of the consumer is 4 kW, and the total energy consumption
is 7000 kWh. The per annum energy is charged at the rate of 20 cents per kWh for
600 h of the maximum demand plus 10 cents per kWh for additional units.
Determine the annual charges and equivalent flat rate.

Block Rate Tariff: The energy consumption is divided into a fixed price per unit
block. The price per unit in the first block is usually considered higher rates. Then,
the succeeding blocks of energy are charged at progressively reduced rates. In
general, the block rate tariff provides lower prices for greater usages to the cus-
tomer. In this tariff, the main advantage of this tariff is that the cost of energy
decreases with the increase in energy consumptions. This tariff does not encourage
the customer to use the energy at the off-peak time. Let us consider the x blocks of
energy are charged at 0.12 cents and y blocks of energy are charged at 0.25 cents.
Therefore, the total charge of this tariff is,

TChr = x x 0.124y x 0.25 (3.78)

Two-part Tariff: This tariff is also known as the Hopkinson demand rate. In this
tariff, the energy is charged based upon the consumer’s maximum demand and the
running charges that depend upon the number of consumed units. Fixed charges are
paid irrespective of consumption of electrical energy. Total charges of this tariff can
be determined as,

TCo—part = b X kW +¢ x kWh (3.79)
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where

TCywo—part 18 the total charge for the two-part tariff,
b is the charge per kW of maximum demand,
c is the charge per kWh of total energy consumed.

Example 3.5

The maximum demand of the consumer is 75 kW at 0.55 load factor. The tariff is B
$ 80 per kW of maximum demand and 15 cents per kWh. Determine the total units
consumed per year, annual charges, and overall cost per kWh.

Solution
The total unit consumed per year is calculated as,

TUyeqr = Maximum demand X Fig X hours in a year (3.80)
TUyear = 75 x 0.55 x 8760 = 361350kWh (3.81)
The annual charge is calculated as,
Annual charge = 80 x 75+ 361350 x 0.15 = $60202.5 (3.82)
The overall cost per kWh is determined as,

60202.5

OChwn = 361350 ~

$0.17 (3.83)
Practice Problem 3.5

The maximum demand of a consumer is 55 kW at 40% load factor. The tariff is
$ 100 per kW of maximum demand and 10 cents per kWh. Determine the total unit
consumed per year, annual charge, and overall cost per kWh.

Maximum Demand Tariff: Maximum demand is the highest amount of electrical
energy consumption monitored in a particular period usually for a month. The
charge of this tariff is calculated as a charge for the total amount of electricity used
plus a demand charge (kW) for the relevant billing period. The demand is a measure
of the maximum amount of electricity used at any one time. The chargeable demand
in any month is the maximum demand recorded in that month. This type of tariff is
used for large consumers.

Three-part Tariff: This tariff is also known as the Doherty rate. In this tariff, the
total charge is divided into three parts. These are fixed, semi-fixed, and running
charges. This type of tariff is usually applied to large consumers. The total charges
of this tariff can be determined as,
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TCuee—part = @+ b X KW +¢ x kWh (3.84)

where

TCipree—part 18 the total charge for the two-part tariff,

a is the fixed charge,

b is the charge per kW of maximum demand,

c is the charge per kWh of the total energy consumed.

Power Factor Tariff: This kind of tariff is mainly dependent on the power factor of
the consumer. The power factor plays an important role in an AC system. Low
power factor increases the line loss which in turn increases the rating of the power
system equipment.
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Exercise Problems

3.1 The maximum demand for a power station is 80 MW, and the annual load
factor is 0.45. Calculate the total energy generated per annum.

3.2 The total energy generated per annum of a power station is 300 x 10% kWh.
Find the load factor if the maximum demand of the power station is 70 MW.

3.3 The maximum demand for a power station is 40 MW and the connected load
of 65 MW. The energy generated per annum is 90 x 10% kWh. Calculate the
demand factor, average demand, and load factor.

3.4 The maximum demand and the connected load of a power station are
20 MW and 45 MW, respectively. The energy generated per annum is
60 x 10°kWh. Calculate the demand factor, average demand, and load
factor.

3.5 A power station supplies power to three different consumers. The power used
by the residential user 500 kW, commercial user 1200 kW, and industrial
user 1500 kW. The maximum demand and units generated per annum of a
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power station are 3000 kW and 55 x 10°kWh respectively. Find the
diversity factor, average demand, and load factor.

The three consumers are connected to a power station. The power used by
the residential user 300 kW, commercial user and industrial user 1800 kW.
The maximum demand and units generated by the power station are
2200 kW and 50 x 10° kWh respectively. Calculate the power used by the
commercial user if the diversity factor is 1.2.

A power station supplies power to the five areas whose maximum demands
are 9000 MW, 6000 MW, 5000 MW and 4000 MW respectively. Determine
the maximum demand of the power station if the diversity factor is 1.3.

A power station has the maximum demand of 20 MW. The load factor and a
capacity factor of the power station are 0.45 and 0.30, respectively. Calculate
the energy generated per annum, plant capacity, and reserve capacity.

A power station generates per annum energy 65 x 10° kWh, and the maxi-
mum demand is 20 MW. Find the capacity factor if the reserve capacity of
the power station is 8 MW.

The daily load cycle of a power station is mentioned below.

Time (H): 04 4-8 8-16 16-20 20-24

Load (MW): 25 40 80 40 10

3.11

Draw the load curve. Determine the maximum demand, units generated per
day, average load, and load factor.
A daily load cycle of a power station is mentioned below.

Time (H): 0-8 8-16 16-20 20-24

Load (MW): 20 30 60 25

3.12

Determine the maximum demand, units generated per day, average load, and
load factor.

A power station supplies power to the consumer A, consumer B and con-
sumer C in the following ways.

Time

Consumer A Consumer B Consumer C

12 midnight to 6 a.m. 100 W No-load 100 W

6 a.m. to 12 noon 500 W 250 W 50 W

12 noon to 4 p.m. 100 W 800 W 300 W

4 p.m. to 10 p.m. 200 W 200 W 100 W

10 p.m. to midnight 50 W 200 W 150 W

Plot the load curve. Determine the maximum demand and diversity factor.
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3.13

3.14

The maximum demand for a consumer is 10 kW, and the total energy
consumption is 8000 kWh. Per annum energy is charged at the rate of 5 cents
per kWh for 500 h of the maximum demand plus 3 cents per kWh for
additional units. Determine the annual charges and equivalent flat rate.

The maximum demand of a consumer is 80 kW at a 35% load factor. The
tariff is B$ 80 per kW of maximum demand and 5 cents per kWh. Calculate
the total units consumed per year, annual charges, and overall cost per kWh.



Chapter 4 M)
Transmission Line Parameters Checlcfor
and Analysis

4.1 Introduction

Transmission lines in a power system network are used for transferring power from
generating station to the neighboring utility grid substation under all environmental
conditions. Transmission lines encompass the electrical properties of resistance,
inductance, capacitance and conductance. The parameters inductance and capaci-
tance appear due to the effect of electric and magnetic fields around the conductor.
The capacitance is formed between the line and earth of the medium as well as long
transmission lines. The effects of resistance, inductance and capacitance, are very
important for transmission lines modeling. The transmission circuit consists of
conductors, insulators, cross-arms, shield wires, etc. Transmission lines are usually
suspended with the help of insulators and towers. The tower is made of wood, steel
and reinforced concrete. The transmission and distribution voltages are different in
different countries. It can be standardized as 6.6, 11, 33, 66, 69, 120, 220, 500 and
750 kV line to line. Transmission voltage above 220 kV is referred to as extra-high
voltage (EHV), and those at 750 kV and above is referred to as ultra-high voltage
(UHV). Transmission line conductors are classified as aluminum conductor steel
reinforce (ACSR), all-aluminum conductor (AAC), all-aluminum alloy conductor
(AAAC), and aluminum conductor alloy reinforce (ACAR). A sample of
three-phase transmission lines are shown in Fig. 4.1.

In this chapter, Ampere’s circuital law, detail analysis of resistance, inductance,
capacitance, bundle conductors will be discussed.
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Fig. 4.1 Three-phase
transmission lines

4.2 Ampere’s Circuital Law

Ampere’s circuital Law represents the integrated magnetic field around a closed path

to the current passing through the path. It states that the line integral of the magnetic

field intensity around a closed circuit or path is equal to the product of permeability

in free space times the total current flowing through the circuit as shown in Fig. 4.2.
Mathematically, the Ampere circuital law is expressed as,

%:f?ii:uol (4.1)
B

S=¢—-di=1 (4.2)
Ho

The magnetic field is directly proportional to magnetic field intensity. It is
expressed as B = uy,H and substituting this expression in Eq. (4.2) yields,

s:fﬁif:z (4.3)

Fig. 4.2 Closed path with
the magnetic field
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where,

$  is the magnetomotive force in At,

H is the magnetic field intensity in At per m,
dl s the differential path length in m,

I is the current enclosed in A.

Ampere’s law is the most useful method to calculate the magnetic fields of
current configurations which have higher symmetry such as long infinity line,
circular loop, and cylindrical conductor.

4.3 Line Resistance and Conductance

The transmission line has four parameters which are resistance, inductance,
capacitance, and conductance. Resistance is the property of a material that opposes
the flow of electricity through the conductor. The resistance generates power loss
(I’R) in the transmission line. It also generates a resistive drop (IR) that affects the
voltage regulation of a transmission line. The dc resistance of the conductor is
expressed as,

Rdc =P (44)

where

p s the resistivity at 20 °C,
[ is the length of the conductor,
A s the area of the conductor.

DC resistance increases linearly with temperature. When direct current flows
through a conductor, the current distribution over the cross section of the conductor
is uniform, whereas the flow of an alternating current (ac) through a conductor is
non-uniform. The outer part of the conductor carries more current than the center of
the conductor. Therefore, the current density is higher at the surface of the con-
ductor and it decreases toward the center of the conductor. This results in higher
resistance for alternating current than direct current. This behavior is known as skin
effect. AC resistance is the ratio of power loss to the square of the current and it is
expressed as,

_ P loss

Rac 12

(4.5)
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where

Pj,ss  1s the real power loss of the conductor in watts,
1 is the rms value of the current in A.

The effective resistance of the conductor increases due to skin effect at higher
frequencies where the skin depth is smaller which reduces the cross-sectional area
of the conductor. Conductor loss increases with a higher frequency, which in turn
increases the AC resistance. At the frequency of 50 Hz, the ac resistance of the
transmission line conductor maybe 5-10% higher than its dc resistance. The
resistance of a good conductor such as copper aluminum increases with an increase
in temperature, whereas the resistance of electrolyte (an electrolyte is a substance
that produces an electrically conducting solution when dissolved in a polar solvent,
such as water), alloy (An alloy is a metal, made of the combination of two or more
metallic elements), and insulating material decreases with an increase in tempera-
ture. Let us assume that the resistance of a conductor at temperature 7 and T
degrees centigrade is R and Ry, respectively, as shown in Fig. 4.3. In this case, the
change in resistance is,

AR=R—Ry (4.6)
While the change in temperature is,
AT =T—-Tp 4.7)

The ratio of change in resistance to the resistance at T, degree centigrade is
directly proportional to the change in temperature and it can be expressed as,

R — R
% 50 (T = To) (4.8)
Ro
R —R
O — (T - Tp) (4.9)
Ro
R — RO = OCR()(T — To) (410)
R = [RO + O(R()(T — To)} (411)
R:RO [1+OC(T7 T())] (412)
Fig. 4.3 Effect of R
temperature on resistance R
Ry
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The parameter conductance plays an important role in real power loss between
the conductors and between the conductors and earth. In the transmission line, this
loss depends on the leakage current in the insulator and corona. The magnitude of
the leakage current depends on the amount of salt, dirt, and the presence of the mist
or light rain. Leakage current creates a joule heat on the insulator surface and dries
the surface, which produces the uneven surface. A higher value of leakage current
produces small arcs that create the electric field. When this electric field exceeds its
critical value, then the surrounding air of the insulator becomes electrically ionized
and provides an electrical path. This phenomenon is known as corona or partial
discharge. All the small arcs merge, which form a large arc that creates the flashover
on the insulator surface.

Example 4.1

The starting winding resistance of a single-phase induction motor is 10Q at 10 °C.
The temperature coefficient of copper is 0.004/°C at 0 °C. Calculate the resistance
of the starting winding at 20 °C.

Solution
The value of the resistance at 0 °C is calculated as,
10 = Ro(1+0.004 x 10) (4.13)
Ry =9.6Q (4.14)
The value of the resistance at 20 °C is calculated as,

Ryo = 9.6(1+0.004 x 20) = 10.4Q (4.15)

Practice Problem 4.1

The value of the resistance of a heater coil is found to be 25Q at 0 °C. The
temperature coefficient of the copper is 0.0043/°C at 0 °C. Find the resistance of
the heater coil at 30 °C.

4.4 Internal Inductance

The inductance is defined as the flux linkage per unit current. Mathematically, it can
be expressed as,

L= (4.16)

4
1

The inductance of the line can be divided into two parts. One is internal
inductance, and the other is external inductance. Internal inductance is due to
internal flux linkage when a conductor carries a current. Consider a straight solid
cylindrical conductor whose radius is r and carries a current of / ampere as shown in
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Fig. 4.4 A cylindrical
straight conductor with a
cross section

Fig. 4.4. An annular ring of thickness dx is drawn at a radius of x. Let the magnetic
field intensity at a distance x from the center of the conductor is H,. This magnetic
field intensity is constant throughout the circular ring at a distance x and it is tangent
to it. The current enclosed at a radius x is 1.

Applying Ampere’s law to derive the magnetic field intensity around a circle of
radius x is,

27nx

/ H-dl =1, (4.17)
0

H, x 2nx =1, (4.18)
I

H, = 4.19

2mx ( )

The current density at a radius x can be expressed as,

I
Jo= (4.20)

T a2
The current density at a radius r is expressed as,

I
J, = (4.21)

72

Neglecting the skin effect and assuming a uniform current density throughout the
cross section of the conductor. In this case, the current densities at the two radii can
be written as,

g, =Jy (4.22)

Substituting Egs. (4.20) and (4.21) into Eq. (4.22) yields,



4.4 Internal Inductance 149

e 4.23
w2 7wl (4.23)
L1
2  mr?
X1
I, = = (4.24)
Substituting Eq. (4.24) into Eq. (4.19) yields,
Xl
H, =" 4.25
T 2mx ( )
xI
L= 4.26
2 ( )
The expression of the magnetic flux density at a radius x is,
B, = uH, (4.27)
Substituting Eq. (4.26) into Eq. (4.27) yields,
B, = uH, = Mo (4.28)
27r?
B, = lrtox! (4.29)
27r?

Let us consider an elementary area that has a differential thickness dx along the
radial direction and a unit length (1 m) along the axial direction is,

A=dxx1?>=dx (4.30)

The differential flux along the circular strip due to differential thickness be
denoted by d¢, and this is expressed as,

dp, =By x A (4.31)
Substituting Eq. (4.30) into Eq. (4.31) yields,
d¢p, = Bydx (4.32)

Substituting Eq. (4.29) into Eq. (4.32) yields
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Wy o X 1
2nr?

d¢x -

dx (4.33)

The entire cross section of the conductor does not link the flux in Eq. (4.33). For
a uniform current density, the ratio of the cross-sectional area of the inner circle of
radius x to the cross-sectional area of the outer circle of radius r that links the flux
do,.

Mathematically, the fraction ’”‘2 of the total current is linked by this flux.
Therefore, the differential flux linkage is expressed as,

7'[)62

dy, = do, (4.34)

nr?

Substituting Eq. (4.33) into Eq. (4.34) yields,

TC'X Hy :MOXI
4,
vy = 7 2mr? & (435)
Hy /J,OXSI
= 4.
dp, = H (4.36)

The internal flux linkage inside of the conductor can be obtained by integrating
Eq. (4.36) from 0 to r and it becomes,

r

v, = / dy, (4.37)
0
1
i = 20 / (4.38)
0
:urlu’OI }"4
lplﬂt 27-[:”4 (4'39)
1
i = “”;0 Wht/m (4.40)

Internal inductance of the conductor due to this flux linkage is defined as,

Lint = — (4.41)

Substituting Eq. (4.40) into Eq. (4.41) yields,
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K Ho
L = 4.42
‘ 8n ( )
Substituting the value of y, = 47 x 1077 H/m into Eq. (4.21) yields,
_ Wy —7
Liw =5 %107 H/m (4.43)

From Eq. (4.43), it is concluded that the internal inductance does not depend on
conductor radius.

4.5 External Inductance

An external inductance is due to external flux linkage when a conductor carries a
current. Let us consider two conductors with one go which represents the cross and
the other one return represents the dot. Again, consider the radius of the conductor
is r and the total current is concentrated at the surface of the conductor. It is
assumed that the return conductor is placed in a region after the distance D as
shown in Fig. 4.5. This distance is longer than the conductor radius. Therefore, no
flux lines will be cut by the two conductors. The differential flux for a small region
of thickness dx and one meter axial length of the conductor is [1, 2],

1
dp,, =B, -A = %(dx x 12) (4.44)

Since the flux linkage is close to one conductor, therefore, the differential flux
linkage is equal to the differential flux times one and it can be expressed as,

dy,,=do, x1 (4.45)

Substituting Eq. (4.44) into Eq. (4.45) yields,

Htol
Ay = 27r;)c dx (4.46)
Fig. 4.5 Conductors for / r 1

external inductance

—
o
-y
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The total flux linkage due to one conductor can be determined by integrating
Eq. (4.46) from r to D-r as,

D—r

Ve = / dy, (4.47)

r

Substituting Eq. (4.46) into Eq. (4.47) yields,

D—r
:ur:u()ldx
_ @ 4.48
o= [ 5 (4.45)
b, = Pty (4.49)
ext 27.5 r
:ur/"()l D-r
Ll Mt 450
Vo = 10 2 (4.50)

Outside distance of the conductor is longer that the conductor radius, i.e., D > r.
In this case, D — r can be reduced to only D and Eq. (4.50) can be modified as,

,“r:“OI D
= — 4.51
e =201y (451)

Substituting Eq. (4.51) into Eq. (4.41) for external inductance, it can be written
as,

Veuw Mo, D
Loy = v0 = 5804, 2 4.52
! 1 27 nr ( )

The total inductance per meter length is the sum of internal and external
inductances and it can be determined as,

L=1Le+ Ly (453)

Substituting Egs. (4.42) and (4.52) into Eq. (4.53) yields,

b | Mo, D
L= B0 = 4.54
87 + 2n N r ( )

Ko 1 D
L= -+ In— 4.55
2n <4 +n r> ( )
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D
L ="t (ln ¢+ In —) (4.56)
2 r
KBy D
L="—1 4.57
2n n reiTl ( )

_,u,><47'£><10_7 D

L= I 4,
o 107788~ (4.58)
D
L=2x10""y, 1n7 (4.59)

where
r = 0.7788r is the geometric mean radius (GMR).

The GMR can be considered as the radius of a fictitious conductor assumed to
have no internal flux linkages but with the same inductance as the actual conductor
with the same radius . The expression of the inductance in the air (u, = 1) is
expressed as,

D
L=2x10"7 In-> H/m (4.60)

In general, the expression of the inductance is,

MD
L=2x10" 1n% H/m (4.61)

The geometric mean distance is abbreviated as GMD. Again, consider
GMD = D = D,, and GMR = D,. Equation (4.61) is modified as,

D,
L=2x10" " H/m (4.62)

s

4.6 Concept of GMD and GMR

GMD comes into the picture when there are two or conductors per phase used as in
the bundled conductors. The GMD is also used for inductance calculation between
the two groups of conductors. In the two groups, the geometric mean distance of a
point concerning some points is the geometric mean of the distances between that
point and each of the other points. GMD replaces the actual arrangement of the
conductors by a hypothetical distance. Therefore, the mutual inductance of the
arrangement remains the same. The two groups of conductors which are placed
horizontally are shown in Fig. 4.6. The mathematical expression of GMD is,



154 4 Transmission Line Parameters and Analysis

Fig. 4.6 Two groups of

conductors b a' Q
b

S d
First group econd group O
’ O
m n

GMD = m\n/(Daa’Dab’Dan) (Dba’Dbb’Dbn) (Dma’Dmb’Dmn) (463)

where

D,» is the distance between the conductors a and o/,
D,y is the distance between the conductors a and &/,
D,, is the distance between the conductors a and n,
D,,, 1is the distance between the conductors m and n.

In GMR, the effect of magnetic flux lines is considered outside of the conductor
as well as inside. GMR is a hypothetical radius that replaces the actual conductor
with a thin-walled hollow conductor of radius equivalent to GMR that the
self-inductance of the inductor remains the same. GMR is calculated separately for
each phase, and the value of GMR might be different for each phase depending on
the conductor size and arrangement. Four conductors are placed in a group as
shown in Fig. 4.7 and the expression of GMR can be written as,

GMR = ”i/(DaaDahDacDam) (DbbDbancDbm) (DchcaDcthm) (DmmDmaDthmc)
(4.64)

where

D,, is the self GMR,

D,, 1is the distance between the conductors a and b,
D,. is the distance between the conductors a and c,
D, is the distance between the conductors a and m.

Fig. 4.7 Four conductors in 4 b
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4.7 Inductance of a Single-Phase Line

Consider a single-phase line that consists of two conductors a and b. Let us assume
current entering through the conductor a and coming out through the conductor
b. These conductors are separated by a distance D as shown in Fig. 4.8.
A conductor a with radius, r, carries a current I, = I reference out of the page.
A conductor b with radius r, carries a return current I, = —I. Therefore, the sum of
these two currents is zero. The internal and external inductance of the conductor
a is,

1 N
Lony = 3 107" H/m (4.65)
D
Lyewy =2 x 1077 In= H/m (4.66)

The total inductance of the conductor a is,

1 D
Ly=5x 107 4+2%x 107 In— (4.67)
r(l
1 D
L,=2x10"" (- + In —) (4.68)
4 Ta
D
L,=2x10"7 <ln e+ ln—) (4.69)
Tq
D
L,=2x10"In— (4.70)
rge %
D
L,=2%x10"In—w— 4.71
07788, (4.71)
D
L,=2x10"In= (4.72)
r

a

In general, Eq. (4.72) can be expressed as,

Fig. 4.8 Two conductors ® ©

with separation distance /a Ty
a
b
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GMD

L,=2x107"1 4.
x 10 nGMRa (4.73)
Substituting /, by GMR, and D by GMD in Eq. (4.72) yields,
1 D
L,=2x10"7 <1n—, + lnT) (4.74)
a

According to Eq. (4.72), the similar expression for the inductance of the con-
ductor b can be written as,

D
L,=2x10"In— (4.75)
Ty

In general, Eq. (4.75) can be written as,

GMD
L,=2x10""1 4.76
b X n GMR, ( )
Equation (4.75) can also be modified as,
1 D
L,=2x10" <1n—, + In —> (4.77)
I 1

r =0.7788r, is the GMR of the conductor a,
r, = 0.7788r, is the GMR of the conductor b,

is the geometric mean distance (GMD) between the conductors.

>

Therefore, total inductance of the single-phase line can be determined as,
Lr=L,+1L, (4.78)

Substituting Egs. (4.72) and (4.75) into Eq. (4.78) yields,

D D
Ly =2x10"7In= 42 x 10" In— (4.79)
ra }’h

2

D
Lr =2x10"In—; (4.80)
rarb
1. D?
Lr=2x10"7x2x-In— (4.81)

2 1,
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DZ 3
Lr =4x1077 ln( ) ,) (4.82)

Talp

Lr =4x10""1n

(4.83)

77
Talp

If two conductors are identical, then the following condition can be written as,

r/ = r;; = r/ (484)

a

Equation (4.83) can be modified as,
7. D
Lr =4x10 ln7 H/m (4.85)
In general, Eq. (4.85) can be expressed as,
-7 Dm
Lr=4x10 lnF H/m (4.86)

where

D,, is the geometric mean distance,
D, is the geometric mean radius.

Example 4.2

Two circuits of a single-phase 50 Hz line are shown in Fig. 4.9. The radius of each
conductor of the circuit A and circuit B is 0.2 cm and 0.4 cm, respectively.
Calculate the GMD, GMR for each circuit, the inductance for each circuit, and the
total inductance per meter.

Fig. 4.9 Circuit for Example
42

| |
| |
| |
! a 8m L
4m
4m ,
b Qb
4m
c Circuit B
-0

Circuit A
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Solution

In the circuit as shown in Fig. 4.9, the corresponding distances are calculated as,

D,y =8m
Dpy = 8m
Dy = Dy = Doy = /82 +42 = 8.94m
Dy = V848 =1131m
The number of conductors for each circuit is,
m=3,n =2

The value of the GMD can be calculated as,

GMD = "{/ (D¢ Da ) (DpaDppy ) (Dea Do)

GMD = /(8 x 8.94)(8.94 x 8)(11.31 x 8.94) = 8.96m

Geometric mean radius for circuit A is calculated as,

GMRA = 3i/(l)aaDabl)uc) (DbbDbanc) (Dchcach)

GMR, = \/ (0.2 x 1072 x 0.7788)* x 4* x 82 = 0.734m

The geometric mean radius for circuit B is calculated as,

GMRg = 3/(DyaDur) Dy D)
-2 2 2
GMRg = V4(0.4 x 1072 x 0.7788)> x 4> = 0.353 m

Inductance for circuit A is determined as,

MD
La=2x1077 ln((}}

=2x%x 10" 1In
MR, 0.734

=5x 1077 H/m

Inductance for circuit B is calculated as,

GMD 8.96
=2x10""In

Ig=2x107"1
B =X " GMR; 0353

=6.47 x 107" H/m

(4.87)

(4.88)
(4.89)

(4.90)

(4.91)

(4.92)

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)

(4.98)
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O O O 0.0

ircuit B
Circuit A

Y

Fig. 4.10 Circuit for Practice Problem 4.2

The total inductance per meter is determined as,

Lt =Lp+Lg=1147 x 107" H/m (4.99)

Practice Problem 4.2

A go circuit of a single-phase transmission line is composed of the three solid wires
of 0.4 cm radius. The return circuit is composed of the two solid wires of 0.2 cm
radius. The arrangement of the conductors is shown in Fig. 4.10. Calculate the
GMD, GMR for each circuit, the inductance for each circuit, and the total induc-
tance per meter.

4.8 Self- and Mutual Inductance

The rate of change of current in the coil induces the voltage is known as
self-inductance. The rate of change of current in the nearby coil is known as mutual
inductance. Inductance inductors of the two conductors are shown in Fig. 4.11.
Here, L,, and L, are the self-inductances of two conductors. Also, L., and L;, are
their mutual inductances. The flux linkage due to self-inductance of the conductor
a is expressed as,

Vas = Laala (4.100)
The flux linkage due to mutual inductance of the same conductor is expressed as,

Yam = Lavlp (4.101)

Fig. 4.11 Separate inductors 1 I,
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The total flux linkage of the conductor a is the sum of the flux linkage due to self
and mutual it can be expressed as,

Vi = Vs + Vi (4.102)
Substituting Eqgs. (4.100) and (4.101) into Eq. (4.102) yields,
Vo = Laala + Laply (4.103)
Similarly, the total flux linkage of the conductor b can be written as,
Wy = Wiy T Vom = Lovlp + Loala (4.104)
Since the two currents are in opposite direction, it can be written as,
I, = -1, (4.105)
Substituting Eq. (4.105) into Eq. (4.103) yields,
VY, = (Laa — Lap) 1, (4.106)
Again, substituting Eq. (4.105) into Eq. (4.104) yields,
¥, = (Lop — La)lp (4.107)

Comparing Egs. (4.74) and (4.77), following expressions for self-inductance and
mutual inductance can be written as,

1
Liw=2x10"In— (4.108)
ra
7.1
Ly, =2 x 107" In— (4.109)
Ty
7.1
Ly =Ly, =2x10 IHB (4.110)
where
Lo is the self-inductance of the conductor a,
Lpp is the self-inductance of the conductor b,

Ly and Ly, are the mutual inductances.

In general, the flux linkage of the ith conductor is expressed as,
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V= Lali+ Ly, i) (4.111)
j=1

Substituting the expressions of self-inductance and mutual inductance in
Eq. (4.111) yields,

1< 1
Y, =2 % 107<1,»1nr—_+21,1n5> i#j (4.112)
4 =1 ij

4.9 Inductance of Three-Phase Lines

Conductors in the three-phase transmission lines are usually placed as either a
symmetrical spacing or an unsymmetrical spacing. The analysis of symmetrical
spacing and the unsymmetrical spacing of conductors of the three-phase trans-
mission lines are discussed.

4.9.1 Symmetrical Spacing Conductors

Three conductors a, b, and ¢ carry current I,, I,,, and I, respectively. These con-
ductors are placed at the corners of an equilateral triangle as shown in Fig. 4.12 and
it can be written as,

Dy =Dy =Ds; =D (4.113)

For balanced condition, the sum of the currents in the three conductors is equal
to zero and it can be expressed as,

Li+1y+1.=0 (4.114)
L+ =—I, (4.115)

Fig. 4.12 Conductors placed
at an equilateral triangle
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According to Eq. (4.112), the total flux linkage of the conductor a is,

1 1 1
=2x1077"(L,In— +l,In— +1.In— 4.116
Va % ( nV,Z i nDlz + nD31> ( )

Substituting Eqgs. (4.113) and (4.115) into Eq. (4.116) yields,

1 1
Y, =2x 10", In— 42 x 1077 (I, + L) In— (4.117)
r

a

Substituting Eq. (4.115) into Eq. (4.117) yields,

1 1
_ -7 -7
V,=2x10 I,llnr—:]fZXIO IalnB (4.118)
1
Y, =2x10"I,In* (4.119)
D
D
Y, =2x10""I,In— (4.120)
ra
Line inductance of the conductor a is expressed as,
L,= & (4.121)
I,
Substituting Eq. (4.120) into Eq. (4.121) yields,
D
L,=2x10"In= (4.122)
Similarly, the line inductances of the conductors b and c are,
D
L,=2x10"In— (4.123)
T

b

D
L=2x10"In— (4.124)

c
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4.9.2 Unsymmetrical Spacing Conductors

Three conductors a, b, and ¢ carry current /,, I,, and I., respectively. These con-
ductors having the same radius r are placed unsymmetrically as shown in Fig. 4.13,
and it can be written as,

D1y # D23 # D3 (4.125)

According to Eq. (4.112), the expression of the flux linkage of conductor a due
to I,, I, and I. can be written as,

_ 1 1 1
Y, =2x10 <Ialn i +IlnD31) (4.126)

Similarly, the expressions for the flux linkages of the conductors b and c are,

1 1 1

Y, =2x10"7 (1 ln— +hIn= + 1. ln—) (4.127)
Ds3
1 1 1

Y, =2x 10—7<I ln— +IblnD +1.1n > (4.128)
}"

Again, consider the current I, is the reference phasor acts in OA direction. The
reference phasor rotates counterclockwise as shown in Fig. 4.14. Multiplying the
phasor I, by a and the new phasor al, acts in the OB line. Again, multiplying the
phasor al, by a and the new phasor a*I, rotates with an angle of 240° counter-
clockwise which represents by the line OC. It can be expressed as,

a’l =1 240° (4.129)

@ =1[240° = —0.5 — j0.866 (4.130)

Lo b e = (4.131)
2 1240° — '

Fig. 4.13 Unsymmetrical
spacing conductors
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Fig. 4.14 Representation of
current phasors

According to the positive phase sequence, the following equations can be written
as,

I, =1, [0° (4.132)
I, = 1, [240° = &I, (4.133)
I. =1, [120° = al, (4.134)

Substituting Eqgs. (4.133) and (4.134) into Eq. (4.126) yields,

_ 1 1 1
Y, =2x 1077 (Ia 1n7 +d*l, 1nD—12 +al, 1nD—31) (4.135)

From Eq. (4.135), the expression of inductance of the conductor a can be
derived as,

Luzb:2><10_7(ln 1,

1 1
i +d In-— —I—aln—) (4.136)

v 12 D5,
Substituting Eq. (4.133) into Eq. (4.134) yields,

IC :Ia 1200 :al—bzl—b (4137)
a a
Substituting Egs. (4.133) and (4.137) into Eq. (4.127) yields the expression for
the inductance of the conductor b as,

v, L1 11 1.1
Ly=—"=2x10""(In- 4+ <In— —In— 4.138
b Ib % n}’/ + Cl2 nD12 +aa2 nD23 ( )
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1 1
Ly=2x107 (It yam_ 4 1L 4.139
b <n ta nDlz+a Dz%) ( )
L —2><10—7(1n1+a1ni +a 1ni) (4.140)
b Dy, Ds3 '
Substituting Eq. (4.134) into Eq. (4.133) yields,
2 L
I, =a—=al, (4.141)
a

The expression for the inductance of the conductor ¢ can be expressed as,

L.= (4.142)
I,
Substituting Eq. (4.128) into Eq. (4.142) yields,
2 x 1077 1 1
L=—I,In— 4+ In— +1.1 4.143
T (an1+an+ n) ( )
Substituting Egs. (4.141) and (4.134) into Eq. (4.143) yields,
2 x 1077 | Y A | 1
L.=—|I.In-—+—=In— +al. In— 4.144
Ic ( nr’ + a nD31 ta nD23) ( )
1 1, 1 1
L=2x10"7(In— +-In— +aln— 4.145
X (nr/+anD3l+a nD23> ( )
The average value of the inductance can be determined as,
L,+Ly,+L,
L= % (4.146)

Substituting Egs. (4.136), (4.140), and (4.145) into Eq. (4.146) yields,

7
L:2><10 [31 1

1 1 1
In— (&® +a) 4+ In— (a* + a) + In— (@ +a)
12 Ds3 Ds;

(4.147)

2 x 1077 1 1 1 1
L=——|3In— 2 In—+In— 4+ In— 4.148
3 { nr/ + (a —|—a)(nD12 + nD23 + an)] ( )
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2 x 1077 1 1
L=""" Bhn-+(-(lh— 4.149
3 [ nﬂ—&—( )<nD12D23D31)] ( )
1 1 1
L=2x10"|In= S I I P 4.1
x 10 |:I1r,+< 3)(nD12D23D31>} (4.150)
L=2x10"7 [ml—m;] (4.151)
r! vDi2D3D3;
D12DyD
L=2x10"7m¥"22220 H/m (4.152)
r
-7 Dm
L=2x10"In7"  H/m (4.153)

s

where the geometric mean distance D,, for this arrangement is,
Dy, = ¥/D12D23D3; (4.154)

Example 4.3

The conductors of a three-phase, 50 Hz, 120 km long transmission line are shown
in Fig. 4.15. The diameter of each conductor is 0.6 cm. Calculate the inductance in
H/m and inductive reactance per phase.

Solution
The value of the GMR of the conductor is,

D, =0.7788r = 0.7788 x 0.3 = 0.233 cm (4.155)

The value of the GMD is,

Dy = VDapDpcDed = V2 x 23 =229m (4.156)

Fig. 4.15 Conductors a
arrangement for Example 4.3

2m
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Fig. 4.16 Conductors
arrangement for Practice
Problem 4.3

The value of the inductance per phase is,

Dy, .. 229
L=2x 10_7lnE:2x 10 7lnm (4.157)
L=138x10°H/m (4.158)

The value of the inductance per km is,
L=1.38x 1073 H/km (4.159)

The value of the inductance per phase is calculated as,
L=138x10"%x120=0.17H (4.160)
The value of the inductive reactance per phase is determined as,

X, =2nx50x0.17 =53.41 Q (4.161)

Practice Problem 4.3

The conductors’ arrangement of a three-phase, 50 Hz, 80 km long transmission line
is shown in Fig. 4.16. The diameter of each conductor is 1 cm. Determine the
inductance in H/m and inductive reactance per phase.

4.10 Transposition of Conductors

The phase conductors of transmission lines cannot maintain symmetrical spacing
along the entire length because of the construction of transmission towers on
uneven lands. Therefore, the inductance will be different in an unsymmetrical
spacing conductor with a corresponding unbalanced voltage for each conductor. It
is very difficult to find the inductance when the conductors are placed in an
unsymmetrical spacing. Due to unsymmetrical spacing, flux linkages and
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Position 1 Position 2

Position 3 Position 4
> c b
[0
I b
> h c b
IC‘
> b a ¢

Fig. 4.17 Position of conductors in different steps

inductances of each phase are not the same, and the magnetic field to the conductors
is not zero. Due to this magnetic field, the voltage induced in adjacent conductors,
especially in telephone lines, may result in interference. The conductors of trans-
mission lines need to be transposed to reduce this interference effect to a minimum.
In transposition, the balanced condition of the three-phase lines can be obtained by
changing the position of the conductors at regular intervals along the line so that
each conductor will come to the original position along with another conductor over
an equal distance. This kind of exchange of the position of the conductors is known
as transposition. The conductor’s position at different steps is shown in Fig. 4.17.
At position 1, the conductor « is in position 1, the conductor b is in position 2 and
the conductor c is in position 4. The total flux linkage of the conductor a when it is
at position 1 is,

1 1 1
=2x1077"(L,In=+I,In— + . In— 4.162
l//al X ( nr/ + b nD12 + nD31) ( )

At position 2, the conductor « is in position 2, the conductor b is in position 3,
and the conductor c is in position 1. The total flux linkage of the conductor a when
it is at position 2 is,

1 1 1
Yo =2x10"7 <1a In= 4l Ino—+1. 1n—> (4.163)

23 Dy,

At position 3, the conductor a is in position 3, the conductor b is in position 1,
and the conductor c is in position 2. The total flux linkage of the conductor a when
it is at position 3 is,

1 1 1
=2x1077"(L,In=+I,In— + . In— 4.164
Vs . ( T nD3l M nDzs) ( )



4.10 Transposition of Conductors 169
The average value of the flux linkage of the conductor a is calculated as,

— lrbal +wa2+l//a3 (4165)

e :

Substituting Egs. (4.162), (4.163), and (4.164) into Eq. (4.165) yields,

2% 1077

1
Vo=""5— (31a In—% +1In

1
+1.In ) 4.166
D12D23D534 D12Dy3D3; ( )

For a balanced load, the sum of the currents is equal to zero and it can be
expressed as,

L+1,+1.=0 (4.167)
I+ =—I, (4.168)

Substituting Eq. (4.168) into Eq. (4.166) yields,

1 1 1
=2x1077"(,In-=—ZIn—— 4.169
i ) ( T3 nD12D23D31> ( )
11 1
=2x107,(ln=—-ln—«— 4.17
Va x 10 <n7’/ 3 nD12D23D31) (4.170)

From Eq. (4.170), the expression of inductance for the conductor a can be
expressed as,

1 1 1
La:%:ZX 1077 (In- —-In———— (4.171)
I, " 3 DppDaDsy
L,=2x10"" (ml - ln;> (4.172)
‘ r v/D12D23D3; '

1
L,=2x10"7 <1n—, + In \3/1)121)231)31) (4.173)

r

V/D12Dx3 D3y

L,=2x10"1In - (4.174)
r

Dy,
L,=2x10" In* (4.175)

s



170 4 Transmission Line Parameters and Analysis

The inductance per phase can be expressed as,

Dﬂl
Xiphase = 2f % 2 x 107 In—" (4.176)

s

where the geometric mean distance is,

D,, = v/D12D»3Ds;

4.11 Bundled Conductors

In long transmission lines, corona discharge is common. Corona occurs when the
surface potential gradient or electric field of a conductor exceeds the dielectric
strength of the surrounding air. This causes ionization of the area near the conductor
and creates hissing sounds and arcs. Corona produces power loss and causes
interference with communication lines or channels. In order to reduce the corona
effect, hollow round conductors are used. For economical constraints, it is feasible
to use more than one conductor per phase when the voltages greater than 220 kV.
The electric field or high voltage surface gradient is usually reduced considerably
by considering two or more conductors per phase in close proximity. This
arrangement is known as the bundling of conductors. The conductors are bundled in
groups of two, three, or four. The advantages of bundle conductors are as follows:

e Self-GMD of conductors increased as radius increased

e The inductance of conductors decreases which lead to reducing the line voltage
drop and improves line performance

Reduce the voltage gradient in the vicinity of the line

Reduce the corona loss in the line

Reduce radio interference in the communication lines or channels

Provide higher capacitance and lower inductance

Provide higher surge impedance loading (SIL = /(L/C)) which leads to
maximum power transferability.

Depending on the voltage magnitude of the transmission lines, the bundled
conductor consists of two, three, and four as shown in Fig. 4.18.
The expression of GMR for the two conductors per bundle is,

D = /Dy xd x Dy x d (4.177)

D = {/D? x &> (4.178)



4.11 Bundled Conductors 171

Fig. 4.18 Arrangements of bundled conductors

D = /D, x d (4.179)

The expression of GMR for the three conductors per bundle is,

D% = 3/(Dy x d x d)(Ds x d x d)(Ds x d x d) (4.180)
D = /(D, x d x d)’ (4.181)

D% = /D, x d? (4.182)

The expression of GMR for four conductors per bundle is,

Db = T/(DS><d><d><\/id)(DSxdxdxx/id)(Dxxdxdxﬁd)(szdxdxx/id)

(4.183)
Db = l{’/(DS xdxdx2d)* (4.184)
DY =1.09 /D, x d® (4.185)

Example 4.4

The length of a three-phase single circuit 260 kV transmission line is 100 km. This
line is composed of the three bundle conductors as shown in Fig. 4.19. The radius
of each conductor is 0.8 cm and the distance d = 0.3 m. Determine the inductance
in H/km and inductance per phase.

Solution
The value of the GMR can be determined as,

DR = /Dy x d* = {/0.7788 x 0.8 x 1072 x (0.3)* =0.082m  (4.186)
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Fig. 4.19 Three conductors bundle

The value of the GMD is calculated as,

D, = V8 x 8 x 16 =10.08 m (4.187)
The value of the inductance is calculated as,
D 10.08
_ T 2m —7
L=2x10 1nD?3 2x107In o2 H/m (4.188)
L=9.62x10"" H/m (4.189)
L=9.62x 10~* H/km (4.190)

The value of the inductance per phase for 100 km is calculated as,

L=9.62x 10 x 100 = 0.096 H (4.191)

Practice Problem 4.4

The two bundle conductors per phase are used for a 120 km long three-phase single
circuit 230 kV, 50 Hz transmission line as shown in Fig. 4.20. The radius of each
conductor is 0.4 cm and the distance d = 0.4 m. Calculate the inductance in H/km
and inductance per phase.

Fig. 4.20 Two conductors bundle
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4.12 Line Capacitance

The capacitance between the conductors is defined as the charge per unit potential.
Mathematically, it can be expressed as,

q
=1 4.192
c=1 (4.192)

The capacitance between parallel conductors is normally constant. The capaci-
tance, which is formed in between two lines, is considered as a shunt. The effect of
capacitance is very small for a transmission line that is less than 80 km and
therefore is often neglected but is considered for over 80 km.

Generally, Gauss’s law is considered for analyzing capacitance. This law states
that within a closed surface, the total electric charge equals the total electric flux
emerging from the surface. Mathematically, Gauss’s law can be expressed as,

j{p.dA:Q (4.193)
A

where,

D s the electric flux density in C/m?,
Q s the total electric charge on the conductor in coulombs (C).

dA s the unit vector normal to the surface in m?.

Consider a round conductor whose radius is 7 and carries charge g C/m as shown
in Fig. 4.20. Applying Gauss’s law to Fig. 4.21 to find the electric flux density at a
radius x and / m length of the cylindrical conductor is,

DA =Q (4.194)

D x 2mxl = gl (4.195)
q

= 4.196

2mx ( )

Fig. 4.21 A conductor with a
charge
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Fig. 4.22 Two points with
different distances

where

I is the length of the cylindrical conductor,
g 1is the charge on the conductor C/m.

The electric field is related to the electric flux density and it can be expressed as,

D
E:
&= &&,

(4.197)

where

g is the permittivity of free space and its value is equal to 8.854 x 10712 F/m,
g is the relative permittivity of the space and its value is equal to 1 for the air.

Substituting Eq. (4.196) into Eq. (4.197) yields,

g—_4

=_1 4.1
2mex (4.198)

Again, consider a long straight conductor that carries a positive charge q C/m as
shown in Fig. 4.22. Assuming that the uniformly distributed charge concentrated at
the center of the conductor due to its equipotential surface, the points P, and P, are
located at distances Dy and D,, respectively, from the center of the conductor.

The potential difference (V,) between the two points is the work done by
moving a unit charge between the two points. Therefore, the voltage drop between
the two points can be determined by integrating the field intensity from D, to D,
over a radial path between the equipotential surfaces as,

D,

V]QZ/de (4199)

D,

Substituting Eq. (4.198) into Eq. (4.199) yields,
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D,
q

Vi, = —d. 4.200
12 /27r8x X ( )

D

q . D

Vip=—In— 4.201
12 2me nD1 ( )

The line capacitance can be expressed as,

q 2ne
= Voo (4.202)
12 Inz

4.13 Capacitance of Single-Phase Line

Consider a single-phase line consists of two parallel round conductors of the radius r;
and r, as shown in Fig. 4.23. The distance D separates the two conductors. Let us
assume conductor 1 carries a charge g; C/m, and conductor 2 carries a charge ¢, C/m.
The conductor’s separation distance is much larger than the radius of the conductors,
and the height of the conductors is much larger than the separation distance to avoid
the ground effect.

The potential difference between conductor 1 and conductor 2 due to charge ¢,
is,

Dy,

Via(q1) = %lnr—1 (4.203)

The potential difference between conductor 2 and conductor 1 due to charge ¢,
is,

Dy

q2

V. =—In— 4.204
21(gq2) =5 —In - (4.204)

q2 mn
V =—In— 4.205
12(q2) e HD21 ( )

Applying principle of superposition to write the following equation,
Vi = Via(q1) + Vi2(q2) (4.206)
Fig. 4.23 Two parallel 1 2

D
conductors r O Orz
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Substituting Egs. (4.203) and (4.205) into Eq. (4.206) yields,

q . Do q .,  n
Vip=—In— + —In— 4.207
12 2ne n ry + 2ne nD21 ( )

D D
Vip = a2 + 2,02

4.208
2ne Dy 2me nD21 ( )

In general, the voltage difference between conductors k¥ and i based on
Eq. (4.207) can be written as,

Vi = — EN: in 2im (4.209)
ki — P qm ka .

Let us consider the following assumptions for simplification,

ri(Di) = (D) =r (4.210)
Dy, =Dy =D (4.211)
g1 =—q=q (4.212)

Substituting Egs. (4.210), (4.211), and (4.212) into Eq. (4.207) yields,

q . D q r
Vip=—In—— —In— 4.213
12 27r8nr 2me nD ( )
qg D q D
Vo=—In—+ —In— 4.214
12 2n8nr+2n8nr ( )
2
q D
Vip = —1 4.215
27 one n(r> ( )
D
Vi, =Lm= (4.216)
ne r

The expression between the conductors is expressed as,

q
Cip=—— 4217
2= (4.217)

Substituting Eq. (4.216) into Eq. (4.217) yields,

A (4.218)
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1 Ci 2 1 cy, Cy, 2
I - || neutral
11 11 1

Fig. 4.24 Capacitance between two conductors and capacitance between neutral to the conductor

e TEYE,
Co = 4219
12 In2  In ( )

~ o

For an air medium, Eq. (4.219) can be modified as,

Cip=—2 (4.220)

For transmission line modeling, the capacitance is defined between the con-
ductor and the neutral point as shown in Fig. 4.24. The potential difference between
one conductor to neutral is equal to one-half of the potential difference between two
conductors. Therefore, the capacitance to neutral is expressed as,

C,=Cy,=0Cy =2Cpp (4.221)
Substituting Eq. (4.220) into Eq. (4.221) yields,

_ 2mey  2m x 8.854 x 10712

c, =% _ 4222
In2 In2 ( )
. 1 —11
¢, =220 0 gy (4.223)
1117
0.0556

r

Example 4.5

The radius of the two parallel conductors of a 25 km long single-phase transmission
line is 0.2 cm. The separation distance between the conductors is found to be 2.2 m.
Calculate the capacitance in F/m and pF.

Solution
Here, the values of the radius and separation distance are,

r=02cm (4.225)

D=22m=220cm (4.226)
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The value of the line capacitance can be determined as,

mey 7w X 8.854x 10712

C=—% =397 x 1072 F/m (4.227)
lnI—r) ln%
C =3.97 x 1072 x 25 x 10* = 0.099 uF (4.228)

Practice Problem 4.5

A 135 km long single-phase transmission line consists of two parallel conductors.
The radius of each conductor is 1.5 mm. The separation between the conductors is
found to be 2 m. Consider the line voltage is 33 kV, 50 Hz. Find the capacitance in
WF and charging current.

4.14 Capacitance of Three-Phase Lines

In three-phase transmission lines, the three conductors are arranged either in equal
or unequal spacing. Detailed analysis of equal spacing and unequal spacing of
conductors has been discussed separately.

4.14.1 Capacitance of Three-Phase Lines with Equal
Spacing Conductors

Consider the three conductors with an equal radius r and separated with an equal
distance D as shown in Fig. 4.25. For a balanced three-phase system, the sum of
charges is zero, and it can be expressed as,

9a+qp+gc =0 (4.229)

qp+4qc = —qa (4230)

Fig. 4.25 Conductors with
equal spacing
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The voltage at the conductor a due to self- and other conductors b and ¢ can be
written as,

1 1 1 1
Vi==—(gsIn=+gyIn—= +q.In— 4.231
m(q n—+gplng g nD> (4.231)
A 1n1+( + )lnl (4.232)
a_27'58 4a - qb T (qc D .

Substituting Eq. (4.230) into Eq. (4.232) yields,

1 1 1
Vo =7—|qaIn—— g, In— 4.233
2ne {q nr 4 nD] ( )
9a , D
Vo =Vu = In— 4.234
R ( )

The capacitance from line to neutral can be expressed as,

qe 2me
Cop =2 =2 4.235
Van In2 ( )
271 x 1 x 8.854 x 10712
Cop = 222 222X F/m (4.236)
11’17
0.0556
Cu = D uF/km (4.237)
nD

From Eq. (4.237), it is concluded that the value of the capacitance can be
calculated by substituting the separation distance and radius.

Example 4.6

A three-phase 33 kV, 50 Hz transmission line is having a length of 115 km. The
transmission line consists of the three conductors with an equal radius of 1.5 cm,
and the conductors are arranged as an equilateral triangle with a separation distance
of 2 m. Calculate the capacitance per phase and charging current.

Solution
The separation distance between the two conductors is,

D =2m=200cm (4.238)
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The radius of the conductor is,
r=15cm (4.239)
The value of the capacitance per phase is calculated as,

0.0556 0.0556
C=——F—

n

15
The value of the charging current can be determined as,

L

| 533000
c Xc \/§

Practice Problem 4.6

A 120 km long three-phase transmission line consists of the three conductors with
an equal radius of 12 mm. The conductors are arranged as an equilateral triangle
with a separation distance of 150 cm. Calculate the capacitance per phase and
charging current if the line voltage and frequency are 33 kV and 50 Hz,
respectively.

X 21 x50 x 131 x 1070 =7.84 A (4.241)

4.14.2 Capacitance of Three-Phase Lines with Unequal
Spacing Conductors

It is very difficult to find the capacitance inductance when the conductors are placed
in an unequal spacing. The conductors’ positions at different steps are shown in
Fig. 4.26. According to Eq. (4.209), at step 1, the voltage difference between the
conductors a and b is written as,

(4.242)

Fig. 4.26 Position of conductors at different steps
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Similarly, at step 2, the voltage difference between the conductors a and b is
written as,

1
Varr = Qa 22 > a In—-— + qc In 21 (4.243)
2nme D12

Also, at step 3, the voltage difference between the conductors a and b is
expressed as,

Vars =

2me

(qa =L + qp ln + qc1n —) (4.244)
Ds3

The average voltage between the conductors a and b is written as,

Vot + Vs + Vo
Vo = ot 3”2+ » (4.245)

Substituting Eqgs. (4.242), (4.243), and (4.244) into Eq. (4.245) yields,

1 D12D33D3, r D12D33D3:
Vap = o In———— In———— +gq. In————— ] (4.246
" T3 Zns( ! r v " DiaDxDs; a " D12DyDs, ( )
1 D\2D73Ds3, r
Vi = W1 1 4.247
" T 3 x 2me ( 1 r T nD1zDz3D31 ( )
1 v/D12Dy3D
Vap = — [ qaIn Y2288 4 g (4.248)
2me r VD12D23 D3y
Similarly, the average voltage between the conductors a and c is written as,
1 v/D12Dy3D
Vie= —(quin Y2EBB 4 ppg T (4.249)
2me r VD12D23Ds3;
Adding Eqgs. (4.248) and (4.249) yields,
1 VD12D23 D3y r
Vi + Ve = —— [ 2g, In Y 212223751 ) P 4.250
bt 27e ( qah r (@ +gc)1n V/D12D3 D5, ( )
Substituting Eq. (4.229) into Eq. (4.250) yields,
1 /D12D3D
Vo + Ve = =— ( 2ga In Y2285 - (4.251)
2me r VD12D23 D3y
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1 VDiDiD VDiDyD
Vo + Ve = — (2% [Tt c= LA I M) (4.252)
2me r r
1 YDiDyD
Vas + Vae =5 —34a Jp Y2225 (4.253)
e r

In a balanced three-phase system, the following relations can be written as,

Var = Van [0° — V4 |=120° (4.254)
Vae = Van [0° — Vi [120° (4.255)

Adding Eqgs. (4.254) and (4.255) yields,
Vab + Vac = Van @ Van —120° —+ Van L Van 20° (4256)
Vab + Vac - 3Van (4257)

Substituting Eq. (4.253) into Eq. (4.257) yields,

1 /D1,D;D
27e -
1 /D1,D23D
Vo = g, 1o YPD2D3 (4.259)
27e r
The capacitance from line to neutral is expressed as
g
Con =3, = 1 9DaDxDyr (4.260)
21 x 1 x 8.854 x 10712
Cun = i F/m (4.261)
0.0556
Can = ]nG@ uF/km (4262)
where,
GMD = /D12D23Dst (4.263)

Example 4.7

Figure 4.27 shows an arrangement of the three conductors of a 40 km long
three-phase transmission line. The diameter of each conductor is 2.5 cm. Find the
capacitance per phase.
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a b ¢
O 2.5 O 2.5 O

Fig. 4.27 Conductors arrangement for Example 4.7

a b c

(9 0-2m<> <9 0.2m6> <>0.2m {)
B 6m 6m |
[ 7

»le
r|‘

Fig. 4.28 Conductors arrangement for Practice Problem 4.7

Solution
The value of the GMD is calculated as,

GMD = \3/D12D23D31 = \/3 25%x25x5=3.15m=315cm (4264)

The radius of the conductor is calculated as,

25
r="-=125cm (4.265)

The per phase capacitance can be determined as,

0.0556 0.0556
Can = n GMD pF/km = @ x 40 = 0.402 pF (4.266)

Practice Problem 4.7

A 20 km long three-phase transposed line consists of two bundle conductors as
shown in Fig. 4.28. The radius of each conductor in the bundle is 0.9 cm. Calculate
the capacitance per phase and capacitive reactance.

4.15 Effect of Earth on Capacitance

The method in the image is used to calculate the effect of the earth on the capac-
itance of a conductor. The conductor with a positive charge placed at a certain
height from earth induces the negative charge on the earth’s surface.

The electric flux lines originate from the positive charge conductor and finish at
the negative charge conductor in the earth. The earth is considered to be conducting
and an equipotential plane to an infinite extent. The electric flux lines and an
equipotential surface are perpendicular to each other. Since the earth is an
equipotential plane, which is possible only if it is assumed the presence of an
imaginary conductor below the surface of the earth at a depth equal to the height of
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Fig. 4.29 Real and image
conductors

the actual conductor above the surface on the earth. This imaginary conductor is
called the image of the actual conductor. Figure 4.29a shows a conductor with a
positive charge ¢ C/m above a height h from the earth’s surface. The positive
charges pass to the earth’s surface as indicated by the arrows. Figure 4.29b shows
that the earth is replaced by a negative charge conductor, place below the original
conductor.

4.16 Capacitance of Single Conductor to Earth

A conductor with a positive charge is placed at a height # m from the earth’s
surface. The image conductor is placed at the same height below the original
conductor as shown in Fig. 4.30. According to Eq. (4.130), the capacitance for a
single-phase conductor can be written as,

TTEY

Clearth = 2h (4267)
In =
Fig. 4.30 Single conductor q i
to earth .
A
earth
Va4 Va4

2h
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According to Eq. (4.260), the capacitance with reference to earth is expressed as,

2718()
Cearth = 11’1% (4268)

4.17 Single-Phase Line Capacitance with Effect of Earth

The two conductors 1 and 2 of a single-phase run parallel by maintaining the same
height from the earth. The conductors 3 and 4 are the image conductors of the
conductors 1 and 2, respectively, as shown in Fig. 4.31. The radius of the con-
ductors 1 and 2 is r. The conductor 1 contains the positive charge, and the con-
ductor 2 contains the negative charge.

According to Eq. (4.209), the voltage difference between the two conductors
(k =1, i =2) can be written as,

D2m
- m 4.2
Vio = e Z q Dlm (4.269)

Equation (4.269) can be expanded for four conductors as,

1 D
Vio=—1|q ln—+q2 ln—+q3 ln +CI41 ﬂ (4-27())
2me Dy

From Fig. 4.31, the following equations can be written as,

Dyy=Dxp=r (4.271)
Dy, =Dy =D (4.272)
Fig. 4.31 Original and image 1 2 _
conductors of a single-phase q 7 D, =D 7 q
€ o
h
earth
/7
h
4

(e o,
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D3 =Dy =2h (4.273)
D4 = Dy; = \/4h? + D? (4.274)
9 =49, q92=—q (4.275)
93 =-49 4q4=q
Substituting equations Egs. (4.271) and (4.275) into Eq. (4.270) yields,
1 D r V4h? + D? 2h
Vi ==—|gIn——gln——gql 1 4.276
=5 [an giny—qm h +g¢gln 4h2+D2] ( )
1 D D 2h 2h
Vio ==— |gln— In— 1 1 4.277
2 2me [an T +“\/4hZ+D2+qn\/4hZ+D2} .
q 2hD
Vi =— |In———— 4.278
27 e [nm/4h2 +D2} (4.278)
Chn="t - T (4.279)
Vi In i
8.854 x 10712
Cro=" Xln fa F/m (4.280)
r 1—0—(5)
0.0278

Consider Fig. 4.32 to derive generalized relationship between the capacitance
and the earth. Comparing Figs. 4.30 and 4.31, the following relations can be written
as,

D5 = H, (4.282)
Dy = Hyy (4.283)
Dy = H,, (4.284)

Substituting Egs. (4.271), (4.272), (4.275), (4.276), (4.277), and (4.278) into
Eq. (4.279) yields,
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Fig. 4.32 Original and image x y —g
conductors of a single-phase q r D,=D 7,
line for generalized cases
h
H
H H,, »y
i ” earth
7 7777 /ST
h Hy,
—q .
D3y =D Y
x' q
1 Dy = D r H )
Vip = — |gIn =2 —glh=2 T g2 4 g2 (4.285)
2me D = Dyp=D H,, Xy
H,H,,
Vi ==— |2gIn— — gln > 4.286
=5 [ e (4.286)

The distances H,, = H,, and H,, = H,,, and then Eq. (4.280) can be modified as,

1 D H, H
Vis=— |2gIn= — glIn—22 4.287
27 e [ an r q onxHyy ( )
D H,,
v, =2 {m— “In —"‘] (4.288)
TE r H,,

The general expression of line-to-line capacitance with the effect of the earth is
expressed as,

Cp = “78H F/m (4.289)
[]n% —In H—‘}
Then, the expression of neutral capacitance is,
2me
C,=2Cp = T F/m (4.290)
[lng —In H‘_“l
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Fig. 4.33 Original and image
conductors of three-phase
lines

4.18 Three-Phase Line Capacitance with Effect of Earth

Consider the three conductors a, b, and ¢ are placed above the ground at points 1, 2,
and 3, respectively, as shown in Fig. 4.33. These conductors carry charges q,, qp,
and g, C/m, respectively. The image conductors are placed below the main con-
ductors and carry negative charges. Conductors are transposed as shown in
Fig. 4.34.

According to Eq. (4.279), the voltage difference between the conductors a and
b when conductors a, b, and c are at positions 1, 2, and 3, respectively, as shown in
Fig. 4.34 can be written as [3],

1| Ds, H21> ( Dy sz) < D3 H23>_

Vsl = — |ga (=2 — 228 ) £ gy (022 1022 4 g (022 22

"' 2me _q < Dy, Hy, qb Dy, Hip 1 D3 Hy;
(4.291)
[ Dy, Hyp r H> D3 Hy3\ |

Vit = — |ga[In =2 — 1n 212 e — 2] 4 g (=2 22
b1 2me _q <n r nH11> +qb(nD12 nH12) +a <HD31 nH31 ]
(4.292)

Fig. 4.34 Transposed step 1 step 2 step 3

conductors 1 1 1

c b
b 2 % | % 2
c 3 5 3 2 3
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Similarly, the voltage difference between the conductors a and b when con-
ductors a, b, and ¢ are at positions 2, 3, and 1, respectively, as shown in Fig. 4.34
can be written as,

1 Dy Ho3 r Hs; D5, Hj,
Var = — |gu[In =2 — 022 n— — 22 4 (2 2t
ab2 2ne [qa<n r nsz +Qb nD23 nH23 +CI nD12 n1‘112

Again, the voltage difference between the conductors @ and b when conductors
a, b, and c are at positions 3, 1, and 2, respectively, as shown in Fig. 4.34 can be
written as,

1 D3, H%l) ( r Hn) ( Dy Huﬂ
Vs = —— | qa[ 10222 — 1028 ) 4 gy (In—— — i) g (1022 — 122
P 2me [ < r Hy3 qb D5, Hj, 1 Do3 Ho;

(4.294)
The average value of the voltage can be written as,
\% V, V,
V,, = —ab! + §b2+ ab3 (4.295)
Substituting Egs. (4.285) and (4.287) into Eq. (4.288) yields,
qa(lnD‘2 + lnD23 + lnD3‘) +qp (ln + Ing- S+ ln—)
Var = e (lnH‘2 + lnH23 + lnH3‘) —qp (lnH22 + lnH33 + lnH“>
+qc InppEp:
(4.296)
1% :i _q ]nD12D23D31 +qyln r 4 nleHz3H31 —q Hy 1 HxHj3)
@ 6me |1 r "V DpDyDy ' HyuHnHy 0 HipHysH)
(4.297)
Vo = 1 _q lnD12D23D31 +gpn r g nH12H23H31 g ]nH11H22H33_
@ eme | r DixDy3Dyy ' HyHpHsyys HipHyHa
(4.298)

1 1

D1DyDy\3 3 3 HyHyHs \?
L[ (o) —am () |

2me Hi1HorHa \3
_ 11 Hy Hys
qpIn (H12H23H31)
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Substituting v/D12D»3D31 = D,, in Eq. (4.290) yields,

1 VHiHy3H; VHi HyHss
qaln—+qbln — qqln T ol
2me Deq VHi1HyHss VH,Hy3H3;

(4.300)

Vab -

Similarly, the voltage between a and c can be written as,

1 VHi2Hy3Hz, /H, HpnHx
qaln “ g In——qulnt— — g Nt ————=
2me Deq VHi1HyHzs HiHy3Hzg

(4.301)

Vac

Substituting Eqgs. (4.290) and (4.291) into Eq. (4.257) yields,

r_ VHpHypHy VH HyHss

— L a ln Lt qb lIl 9a In S, \;HIIHZZHB v In VHHo3H (4 302)
27e q ll’li + 11’1— —a. 1n VHipHysHs In VH HyH ’

a r 4e D¢y a0 VHHyHss — e VH2Hy3H3

1 D, /H,H»3H Hi1H»nH
:_.|:2qaln—q+(Qb+QC)]nL—2qa1n71 LD (g, +g) In Y2
2me r D, H HyHs Voo,
(4.303)

Substituting Eq. (4.230) into Eq. (4.293) yields,

1 D, r \/H12H23H31 H11H22H33
3V = — (2gaIn=2 — g, In— — 2, In Y2231 VT
2me r Deq H11H22H3 H12H23H31

(4.304)
1 D, V Hi2Hys Hs,
3V = =— (3¢ In—2 — 3g, In- ——— 4.305
2me { @ e VH1HynHs; ( )
1 D, VH2H3H3,
Van = =— |gaIn =2 — g, In 2 4.306
2me |:q r 9 \3/H11H22H33 ( )
The expression of the capacitance can be written as,
21
C, = e F/m (4.307)

q ln% —gqln VHHyHs,
a r 4 VH HyHs;

Example 4.8

The two conductors of single-phase transmission lines are spaced 3 m apart and
7 m above the ground. The radius of the conductor is 0.02 m. Find the capacitance
to neutral per km with and without the effect of the earth.
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Solution
The value of the capacitance with the effect of the earth is calculated as,

0.0278
3

0.02)4/1+ (&)’

The value of the capacitance to neutral with the effect of the earth is determined
as,

Cp=

1 =5.58 x 107 pF/km (4.308)
n

Cip = Cpy =2Cpy =2 % 5.58 x 107° = 0.011 uF/km (4.309)

According to Eq. (4.220), the value of the capacitance to neutral without the
effect of earth can be calculated as,

2mep 0.0556
Cip = Cap = 201 = 0 = 22202 0,011 uF/km (4.310)
In Ing5

Practice Problem 4.8

The two conductors of single-phase transmission lines are spaced 4 m apart and
8 m above the ground. Determine the radius of the conductor if the value of the
capacitance with the earth is found to be 0.02 pF/km.

4.19 Effect of Bundling in Capacitance

The effect of bundling is also remarkable in the calculation of capacitance in the
transmission lines. Let d be the separation distance between two bundle conductors
and the expressions of geometric mean radius (R”) for different types of bundle
conductors are also summarized here based on bundling in inductance.

For two-conductor bundle, the geometric mean radius is,

R” =Vrxd (4.311)
For three-conductor bundle, the geometric mean radius is expressed as,

R® =Vrxd (4.312)
For four-conductor bundle, the geometric mean radius is written as,

R = 1.09Vr x d® (4.313)
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Exercise Problems

4.1

42

43

4.4

4.5

4.6

4.7

The temperature coefficient of the copper of the transmission line is
0.0043/°C at 0 °C and The resistance of a transmission line at 10 °C is 15 Q.
Calculate the line impedance at 25 °C.

The temperature coefficient of a copper of a distribution transmission line is
0.004/°C at 0 °C. Calculate the distribution line impedance at 20 °C if the
resistance of a distribution line at 0 °C is 15 Q.

A system draws 80 A current through a 20 km long transmission line and the
loss of the line is found to be 40 kW. Calculate the radius of the conductor if
the resistivity of the conductor is given by 1.55 x 1073 Q™.

A single-phase transmission line is 20 km long and consists of the two-round
conductors. The diameter of each conductor is found to be 0.6 cm and is
separated from each other by 50 cm. Calculate the value of the inductance.
Figure P4.1 shows a stranded conductor consists of the three identical con-
ductors whose radius is given as r. Calculate the GMR.

A stranded conductor which consists of two identical conductors as shown in
Fig. P4.2. Calculate the GMR if the radius of each conductor is 7.

The four identical conductors are used to build a stranded conductor as
shown in Fig. P4.3 and the radius of each conductor is r. Determine the
GMR.

Fig. P4.1 Conductors for
Exercise Problem 4.5
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Fig. P4.2 Conductors for
Exercise Problem 4.6

Fig. P4.3 Conductors for
Exercise Problem 4.7 1 ° 4

4.8

4.9

4.10

4.11

4.12

4.13

Figure P4.4 shows a single-phase line which consists of go and return
conductors. The radius of each go conductor is 0.2 cm, and each return
conductor is 0.3 cm. Calculate the GMD, GMR for each circuit and the total
inductance per km.

Figure P4.5 shows the conductors’ arrangement of a single-phase double
circuit transmission line. The radius of each conductor is 1.5 cm.
Calculate GMD and the total inductance per km.

Figure P4.6 shows the conductors’ arrangement of a single-phase transmis-
sion line. The parallel conductors 1 and 2 forms go the path, and the con-
ductors 1’ and 2' forms return path. The radius of each conductor is 1.8 cm.
Calculate the GMD, GMR and the total inductance per km.

Figure P4.7 shows the arrangement of a three-phase transmission line where
the conductors are placed horizontally. The radius of each conductor is
0.8 cm. Determine the inductance per km.

Figure P4.8 represents three flat conductors of a three-phase 50 Hz trans-
posed transmission. The line inductance is 12 x 10~7 H/m and the radius of
each conductor is 2 cm. Calculate the separation distance d.

A double circuit three-phase transmission line is shown in Fig. P4.9. The
diameter of each conductor is 2 cm. Find the inductance per km.

Fig. P4.4 Conductors for 4m

Exercise Problem 4.8

Gy O

Go circuit
1.5m 1.5m Return circuit

<+ op

(s
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Fig. P4.5 Conductors for Go circuit 4 Return circuit
Exercise Problem 4.9 e
O r®
2m 2m

©: 4O,

Fig. P4.6 Conductors for
Exercise Problem 4.10

Fig. P4.7 Conductors for
Exercise Problem 4.11

Go circuit
1

® 0sm O

Return circuit
I

PX
4m @ 0.5m®

Fig. P4.8 Conductors for 1
Exercise Problem 4.12 @

Fig. P4.9 Conductors for
Exercise Problem 4.13

4.14

4.15

4.16

4.17

4.18

The conductors of a double circuit three-phase transmission line are shown in
Fig. P4.10. Calculate the inductance per km if the radius of each conductor is
2 cm.

Figure P4.11 shows a three-phase line with two conductors per bundle. The
radius of each conductor is 1.5 cm. Calculate the inductance in H/km and the
inductance in H if the line is 240 km long.

Figure P4.12 a three-phase transmission line that consists of three conductors
per bundle per phase. The radius of the conductor is 1.5 cm, and the phase
spacing between the conductors of a bundle is 0.5 m. Find the line induc-
tance in H/km.

A three-phase transmission line with a double circuit is shown in Fig. P4.13.
The radius of each conductor is 2.5 cm. Calculate the inductance per km.
Figure P4.14 shows a 120 km long three-phase transmission line with four
conductors per bundle. The radius of each conductor is 1.26 cm. Calculate
the inductance in H and the inductive reactance per phase (Fig. P4.13).
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Fig. P4.10 Conductors for

1 Al '
Exercise Problem 4.14 @ 'm @ 2m® 2m @ om @ 2m @

Fig. P4.11 Conductors for 0.5m 0.5m 0.5m
Exercise Problem 4.15 I‘T’I I‘T’l I‘—C>|
OO, 00,00

Fig. P4.12 Conductors for
Exercise Problem 4.16 17'\6 @ @

Fig. P4.13 Conductors for 7.5m

Exercise Problem 4.17 @

2@ 8m 2'®Izm
HO) OK

Exercise Problem 4.18

Fig. P4.14 Conductors for @ . @ @ . @ @ @
c

4.19

4.20

4.21

4.22

4.23

0.5m

© 0., 00 O, 00 O

A 150 km long single-phase transmission line is having a capacitance of
0.86 pF and the separation distance between the conductor is given as 1.5 m.
Calculate the radius of the conductor.

The radius of a 120 km long single-phase transmission line conductor is
given as 2 cm, and the capacitance of the line is found to be 0.84 pF. Find
the separation distance between the conductors.

Figure P4.15 shows the conductors’ arrangement of a 120 kV and 130 km
three-phase transmission lines. The conductors are transposed, and the radius
of the conductor is 1.3 cm. Calculate the capacitance in UF and per phase
charging current.

A 220 km three-phase line with two conductors per bundle is shown in
Fig. P4.16. The diameter of each conductor is 4 cm, and the phase spacing
between the bundles is 0.5 m. Find the capacitance in pF per km and per
phase current if the line voltage is 132 kV.

The three conductors per bundle of a 120 km long balanced three-phase line
is shown in Fig. P4.17. The horizontal phase spacing between the bundles is
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Fig. P4.15 Conductors for a b c
Exercise Problem 4.21 @ Im @ 3m @
L . |
f e 1

Fig. P4.16 Conductors for
0.5 0.5m
Exercise problem 4.22 k—mbl f——— ¢ )

Fig. P4.17 Conductors for @ @ @

exercise Problem 4.23 §
0.5m

® 0,0 0,0 0

| »le »|
I b >

Fig. P4.270 Conductors for @ . @ @ ) @ @ @
c

exercise Problem 4.24
0.5m 0.5m

© O0@m@®@ 0,0 O

7 m, and the spacing between the conductors of a bundle is 0.5 m. Assume
the line is uniformly transposed, and the radius of the conductor is 1.4 cm.
Calculate the per phase capacitance, capacitive reactance and per phase line
current if the line voltage is 132 kV with a frequency of 50 Hz.

424 A 150 km long three-phase transmission line with four conductors per
bundle is shown in Fig. P4.18. The horizontal phase spacing between the
bundles is 8 m, and the spacing between the conductors of a bundle is 0.5 m.
Assume the line is uniformly transposed, and the radius of the conductor is
0.6 cm. Find the per phase capacitance and the capacitive reactance if the
frequency is 60 Hz.



Chapter 5 ®
Modeling and Performance petic
of Transmission Lines

5.1 Introduction

Electric power is generated at the power station and stepped up to a higher voltage
known as national transmission voltage at the substation. This higher voltage is
transferred from the substation to the grid substation by transmission lines. This
voltage is again stepped down to a lower voltage (11 kV) and brought to the
consumer terminals by a distribution line. The end of the distribution line where the
load is connected is called the receiving end, whereas the beginning of the distri-
bution line, where the source voltage is connected, is called the sending end. The
line voltage drops, and losses, efficiency, and voltage regulation identify the per-
formance of the transmission and distribution lines. These parameters are greatly
influenced by the resistance, inductance, and capacitance. In this chapter, different
types of transmission lines, voltage regulation, transmission efficiency, surge
impedance loading, ABCD parameters, Ferranti effect, ground wires, corona dis-
charge, and traveling waves will be discussed.

5.2 Classification of Transmission Lines

In the transmission lines, resistance, inductance, and capacitance are uniformly
distributed over its whole length. The resistance and the inductance form the series
impedance of the line, whereas the capacitance forms the shunt path through the
length of the line. Therefore, the effect of capacitance in the transmission line is
more complex for calculation and simplification. Depending on the effect of
capacitance, the transmission lines are classified as short, medium, and long.

Short transmission line: The length of the line is up to 80 km is known as a short
transmission line. In this line, the voltage is less than 20 kV. Therefore, the effect of
capacitance is smaller due to its short length, and it is neglected.
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Medium transmission line: The length of the line is more than 80 km but is less
than 160 km is known as a medium transmission line. The voltage of this line is
more than 20 kV but less than 100 kV. In the medium transmission line, the effect
of capacitance is considered.

Long transmission line: The length of the transmission line is more than 160 km,
and the voltage rating is more than 100 kV is known as a long transmission line. All
the line parameters are considered uniformly distributed throughout the length of
the line.

5.3 Efficiency and Voltage Regulation

The efficiency and voltage regulation is used to study the performance of a trans-
mission line. The power received at the receiving end is always less than the
sending end power. It is due to the losses of the transmission line. The ratio of
receiving end power to the sending end power is known as the efficiency of the
transmission line. Mathematically, it can be expressed as,

_ Power delivered at the receiving end

100 5.1
Power sent from the sending end X (5-1)
P, V.1, ;
n =100 = YAreos ey (5.2)
P VI cos ¢,

where

P, = V,I,cos ¢, 1is the receiving end power,

Py = Vil cos ¢, is the sending end power,

Vi, I, cos @, are the receiving end parameters,
Vs, I, cos ¢, are the sending end parameters.

The receiving end voltage is normally less than the sending end voltage. It is due
to the resistive and inductive voltage drops of the line. The change in receiving end
voltage from no-load to full load is known as the voltage regulation of the line. It is
expressed as the percent of the full load voltage. Mathematically, the voltage
regulation in percent can be expressed as,

Vin — Vi
of

VR = x 100 (5.3)

where

V.n is the receiving end voltage under no-load condition,
V,r 1is the receiving end voltage under full load condition.
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5.4 Analysis of Short Transmission Line

In short transmission lines, the effect of capacitance is neglected, whereas the effects
of resistance and inductance are considered for analysis. The equivalent circuit of a
single-phase short transmission line is shown in Fig. 5.1. The impedance of the line
can be determined as,

Z =R+jX; (5.4)
The expression of voltage per phase at the sending end is,
Vi =V, +1,Z (5.5)

The sending end current is the same as the receiving end current, and it is written
as,

L=1 (5.6)

The equivalent circuit of a short transmission line is compared with the four
terminals’ two-port network as shown in Fig. 5.2. Equations (5.5) and (5.6) can be
represented by the generalized circuit constants that are commonly known as ABCD
constants. The followings equations relate the voltage and current in the sending
end and receiving end as,

Vy, = AV, + BI, (5.7)
I, =CV,.+ DI, (5.8)
Equations (5.7) and (5.8) can be expressed in the matrix form as,
Vil _|A B||V:
-1 Bll] 59
The ABCD parameters can be determined by considering open circuit and short

circuit at the receiving end. For an open circuit (1, = 0), Eqs. (5.7) and (5.8) can be
written as,

Fig. 5.1 Equivalent circuit of ] =1 =1
single-phase short ’
transmission line
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Fig. 5.2 Two-port network I 1.
S — I —
+ +
v, ABCD v,
Vi =AV, (5.10)
Vs
A=— (5.11)
Vili=o
I, =CV, (5.12)
I
c== (5.13)
Vili=o

From Egs. (5.12) and (5.13), it is concluded that the A is a dimension less and
C has a dimension mho (O).
Again, for a short circuit (V, = 0), Egs. (5.7) and (5.8) can be modified as,

V, = BI, (5.14)
v,

B=1 (5.15)
Irly,—o

I, = DI, (5.16)

p=k (5.17)
L]y, —o

From Egs. (5.15) and (5.17), it is concluded that the B has a dimension Ohm ()
and D is a dimension less.
Now, comparing Eq. (5.7) with Eq. (5.5) yields,

A=1 (5.18)

B=Z7 (5.19)
Again, comparing Eq. (5.6) with (5.8) yields,

C=0 (5.20)

D=1 (5.21)
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Now, applying the following,
AD—BC=1x1-Zx0=1 (5.22)

The phasor diagram of the short transmission line with a lagging power factor is
shown in Fig. 5.3, where the line current is considered as a reference vector.

Here, 0 is considered as the load angle, i.e., the angle between the sending end
and the receiving end voltages. From Fig. 5.3, the following relations can be written
as,

de = bf = V,sin$, (5.23)
ab =V, cos ¢, (5.24)
bec =fd = IR (5.25)

de = IX;, (5.26)

ae =V (5.27)

From the right-angle triangle Aace in Fig. 5.3, the following relation can be
written as,

ae® = ac® + ec? (5.28)
ae* = (ab+ be)* + (cd + de)* (5.29)
Substituting equations from (5.23) to (5.27) into Eq. (5.29) yields,

V2 = (V,cos ¢, +IR)* + (V,sin §, + IX.) (5.30)

V= \/(v, cos ¢, +IR)* + (V,sin ¢, + IX;)* (5.31)

Fig. 5.3 Phasor diagram for Vi A e
lagging power factor 7

/
7,

; 1z
v, R,

9, /
A

v
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V= \/Vr2 (cos2 ¢, + sin® ¢,) +2V,IR cos ¢, + 2V, IXy sin ¢, + I2(R* + X?)
(5.32)

Vi=Vy |1+ 2IR Xsn¢ 2(R2+X2) (5.33)
=V, V,- 1 r Vrz .

The ratio of current to voltage is low in the last term, and its square is also very
low. Therefore, the last term in Eq. (5.33) can be neglected. Equation (5.33) is
modified as,

2IR 2IX,
V, = v,.\/1+ ycos P, Lsi (5.34)

Expanding Eq. (5.34) using binomial expansion and neglecting the higher terms
and it can be expressed as,

Vi =V, 1+1 2R
s — Vr 2

V, = V. +IRcos ¢, + IX, sin ¢, (5.36)

sm¢ )] (5.35)

According to Eq. (5.3), the percentage of voltage regulation in terms of
receiving end voltage is,

—Vr 100 (5.37)

r

Vi
%VR =

Substituting Eq. (5.36) into Eq. (5.37) yields,

IR cos ¢, + IX; sin ¢,
v,

%VR = x 100 (5.38)

Again, considering leading power factor for analyzing voltage regulation.
Figure 5.4 shows a phasor diagram where the line current leads the receiving end
voltage. From Fig. 5.4, the following relations can be written as,

Fig. 5.4 Phasor diagram for
leading power factor
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ec = bf = V,sing, (5.39)
ab =V, cos ¢, (5.40)
bc = fe = IR (5.41)
de = IX|, (5.42)

ad = V; (5.43)

From Fig. 5.4, the following relation can be written as,
ad®* = ac® + dc* (5.44)
ad® = (ab + bc)* + (ec — de)? (5.45)
Substituting equations from (5.39) to (5.43) into Eq. (5.45) yields,

V2 = (V,cos ¢, +IR)* + (V,sin p, — IX.) (5.46)

V, = \/(v, cos ¢, + IR)> + (V, sin ¢, — IX;)* (5.47)

Again, from Fig. 5.3, the load angle can be written as,

ec V,sin ¢, + IX],
t o)=—=|—-7T-—"7>"+" 5.48
an(¢, +9) ac (Vr cos qb,—l—IR) (548)

[ V,sing, +IX;
§=tan ' —F—= 5.49
ot an ( V,.cos ¢, + IR) (5.49)
However, the sending end angle from Fig. 5.3 can be written as,

b=, +0 (5.50)
5=, — b, (5.51)

Again, considering receiving end voltage as a reference vector where the current
lags the voltage as shown in Fig. 5.5. The sending end voltage from Fig. 5.5 can be
written as,

Vi=V,+1|=¢, xZ (5.52)

Vs =V, +1(cos ¢, — jsing,)(R+jX.) (5.53)
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Fig. 5.5 Phasor diagram vV
with V, reference

Vy, =V, +IRcos ¢, + IXy sin ¢, + j(IX; cos ¢, — IR sin ¢,) (5.54)
Vs +jO =V, +IRcos ¢, + IXy sin ¢, + j(IXL cos ¢, — IR sin ¢p,.) (5.55)
Equating the real part of Eq. (5.55) yields,
Vs =V, +1IRcos ¢, + IXy sin ¢, (5.56)
From Fig. 5.5, the sending end angle can be written as,

_ V,cos ¢, + IR

cos ¢, = cos(¢, +0) = — (5.57)
¢y = (¢, +0) =cos™! (W) (5.58)

Again, substituting Eq. (5.56) into Eq. (5.53) to express the voltage regulation
for a lagging power factor as,

IR cos ¢, + IX; sin ¢, 1

VR =
% v

00 (5.59)

Similarly, the voltage regulation for a leading power factor can be expressed as,

_ IRcos ¢, — IX sin ¢, 1
= v

VR 00 (5.60)

Example 5.1

A single-phase short transmission line delivers power to a load of 12 kW and 0.8
lagging power factor. The terminal voltage across the load is 440 V, and the total
transmission line resistance and reactance are 5Q and 10Q, respectively. Calculate
the sending end voltage, sending end power factor, and transmission efficiency.
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Solution
The value of the impedance is,

Z=5+j10=11.21[63.4°Q
The value of the line current is calculated as,

12000
I:m —36.86" = 34.1 |—36.86° A

The value of the sending end voltage is determined as,

Vi =V, +1Z =440 +34.1 [-36.86° x 11.2 [63.4° =800 [12.31° V

The power factor angle at the sending end is calculated as,

¢, = 12.31+36.86 = 49.17°
Sending end power factor is calculated as,

cos ¢, = c0s49.17° = 0.65
The transmission line loss is determined as,

P, =1I’R =34.1> x 5 = 5814.05W
The power at the sending end is calculated as,
P = 12000+ 5814.05 = 17814.05W

The transmission efficiency is calculated as,

12000

Practice Problem 5.1

205

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

A load of 4000 kW with a 0.86 lagging power factor receives power by a
three-phase, wye-connected transmission lines. Consider the line voltage at the load
terminal is 30 kV. The total transmission line resistance and reactance are 3 Q and
12 Q per phase, respectively. Calculate the sending end voltage, voltage regulation,

and transmission efficiency.
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5.5 Medium Transmission Line

In the medium transmission line, the effects of shunt capacitance are considered
throughout the whole length, and it plays an important role to determine other
parameters [1-3]. The shunt capacitance is assumed to be lumped in the middle of
the line, and the impedance is divided equally on either side of the shunt capaci-
tance. This configuration is known as the nominal 7-model as shown in Fig. 5.6.
Applying KVL to the circuit in Fig. 5.6 to find out the voltage across the capaci-
tance and it becomes,

Ve = V,—H,% (5.69)
The current through the capacitance is written as,
I. = joCV,. =YV, (5.70)
Where the shunt admittance is,
Y =joC (5.71)
Applying KCL to Fig. 5.6 to determine the sending end current as,
I =1+1 (5.72)

Substituting Eq. (5.69) into Eq. (5.70) yields,
Z
I. = Y(V,+I, 5) (5.73)

Substituting Eq. (5.73) into Eq. (5.72) yields,

.
A

Fig. 5.6 Circuit for nominal 7-model
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z
L =1+ Y(V,. +1, 5) (5.74)
zY
I =YV, + <1 + 7)1, (5.75)

Applying KVL to Fig. 5.6 to determine the expression of sending end
voltage as,

VA

Substituting Egs. (5.69) and (5.75) into Eq. (5.76) yields,

Ve v+ 2o+ dvv4 (1420, L2 (5.77)
s r Zr r 2 r 2 °
voevi+ 2o+ 2y 2 2Y (5.78)
s r 2}" 2 r 2r 4 r *

YZ zy
Vs = (1 + 7) V. + (1 + T)er (5-79>

Comparing Eq. (5.79) with Eq. (5.6) and Eq. (5.75) with Eq. (5.7) and the
expression of ABCD parameters can be written as,

YZ

A=1+—"2 (5.80)
2
YZ
B:Z(l—kT) (5.81)
c=Y (5.82)
D14+ (5.83)
2
AD — BC = 1+YZ ’ YZ 1+YZ =14+YZ+ 1Z\* YZ 1Z\*
N 2 4 ) 2 2
(5.84)
AD — BC =1 (5.85)

When the total shunt admittance is divided into two halves, and each half is
placed at the sending end and the receiving end, while the total circuit impedance is



208 5 Modelling and Performance of Transmission Lines

L R I, X, I
> AM—— T

+
v '9 [cl‘ [CZ +

Yy

<
<&
<

Load

0|~

Fig. 5.7 Circuit for nominal ©-model

placed in between the two, is known as the nominal m-model. The m-model is
shown in Fig. 5.7.
Applying KCL to Fig. 5.7 yields,

Y
I =15+1, :EV,JFI, (5.86)

Also, applying KVL to Fig. 5.7 yields,
Vs =V, +ZI, (5.87)

Substituting Eq. (5.86) into Eq. (5.87) yields,

Y
V.=V, +z(E v, +1r) (5.88)

Vs = (1+ %) V. +ZI, (5.89)
Applying KCL to Fig. 5.7 yields,
L=1+ §vx (5.90)
Substituting Egs. (5.86) and (5.89) into Eq. (5.90) yields,

Y Y Yz

Y Y YZ YZ
IV__ - - - r e r .
. <2+2+ 4)V+<1+2>1 (5.92)
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YZ YZ
I = Y(l + T) vV, + (1 + 7)1, (5.93)

Comparing Eq. (5.89) with Eq. (5.6) and Eq. (5.93) with Eq. (5.7) yields,

YZ
A=1+ - (5.94)
B=2Z (5.93)

YZ
C= Y(l—f—T) (5.96)

YZ
D=1+ - (5.97)

The following relations can be written as,
YZ\* YZ

Example 5.2

A 30 MW and 0.95 lagging power factor balanced load receives power through
100 km long three-phase 50 Hz transmission lines. The load terminal line voltage is
66 kV. The transmission line parameters per phase are R = 0.2Q/km,
X, = 0.5Q/km, Y = 0.06 x 10~40/km. Calculate the sending end voltage, voltage
regulation, and transmission efficiency. Consider the nominal 7-model.

Solution
Per phase receiving end voltage is calculated as,

y, = 0090 _ 310512y (5.99)

V3

The magnitude of the load current is calculated as,

30 x 1000000
I = . = 2762A (5.100)
V3 X 66 x 1000 x 0.95

The impedance per phase is calculated as,
Z =(0.2+,0.5) x 100 =20+ ;50 = 53.85 |68.2°Q (5.101)

The admittance per phase is determined as,
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Y =j0.06 x 107* x 100 = j6 x 107*S

The voltage across the capacitance is calculated as,

V. = 38105.12+276.2 [—18.2° x % =43262.05 |7.6° V

The current through the capacitor is calculated as,
I = jYV. = j6 x 107* x 43262.05 |7.6 = 25.96 |97.6° A
The sending end current is calculated as,
Iy =1I.+1, = 2596 [97.6° +276.2 |—18.2° =265.93 |—13.16° A
The sending end voltage is calculated as,

V4 53.85 °
Vi=L=-+V.= #

: X 265.93 |—13.16° +43262.05 |7.6°

Vs = 48393.15 [13.86° V

Alternative approach:
The values of the constants are calculated as,

YZ (20450)(6 x 107* |90°)

A:D:1+7:1+ ) =0.99 |0.35°

(20 +50)(6 x 10~ w))
4

YZ
BZ<1+ T) = (20+j50)<1+
B =53.45(68.37° Q
C=Y=6x10"*90°S

The value of the sending end voltage is determined as,

(5.102)

(5.103)

(5.104)

(5.105)

(5.106)

(5.107)

(5.108)

(5.109)

(5.110)

(5.111)

Vy = AV, +BI, = 0.99 [0.35° x 38105.12+53.45 |68.37° x 276.2 |—18.2°

= 48576.57 [13.78° V

The value of the sending end current can be calculated as,

(5.112)



5.5 Medium Transmission Line 211

I, =CV,+DI, =6 x 107" [90° x 38105.12+0.99 [0.35° x 276.2 |—18.2°

=267.32 |-13.18° A
(5.113)
The receiving end voltage under no-load condition is calculated as,
48576.57
Vin = ———— =49067.24 V 5.114
' 0.99 ( )
The voltage regulation is calculated as,
Vin — Vir 49067.24 — 38105.12
VR = —— x 100 = 100 = 28.77% 5.115
Ve 38105.12 A
The transmission line loss is calculated as,
2R oR 2 2
Prine =3 I 5 +1; 5= 3(267.32 x 104276.2° x 10) = 4.43MW (5.116)
The transmission efficiency is determined as,
=000 = 87.13% (5.117)
T=301443 - o '

Example 5.3

A 120 km long three-phase 50 Hz transmission line is having per phase per km
resistance, reactance, and susceptance 0.2 Q, 0.7 Q, and 0.08 x 10740, respectively.
The line delivers a power of 25 MW at 0.85 power factor lagging to the receiving
end side, and its terminal voltage is 66 kV. Find the sending end voltage, sending
end power factor, and voltage regulation by considering a nominal n-model.

Solution

The total values of the line parameters per phase are calculated as,

R=02x120=24Q (5.118)
X, =0.7 x 120 = 84Q (5.119)
Y =0.08 x 10~* x 120 = 0.00096 S (5.120)

The receiving end voltage per phase is calculated as,

66 x 1000

g = 38105.12V 5.121
7 (5.121)
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The value of the load current is calculated as,

25 x 10°
I = > < 10 —201.63A (5.122)
V3 x 66 x 103 x 0.85

The current through the line is calculated as,

.0.00096
11:102+Ir:] )

x 38105.12+201.63 |—31.78° = 192.63 |—27.15° A
(5.123)

The sending end voltage is calculated as,

V, =V, +ZI, = 38105.12 + (24 +84) x 192.63 |—27.15° = 51102.03 |13.91° V

(5.124)
The sending end current can be calculated as,
Y .000
L =1+ EVS =192.63 |-27.15° +j0 02 % x 51102.03 [13.91° (5.125)
=177.48 |-21.17° A
Alternative approach:
The values of the constants are,
YZ 24 +784)(0.00096 [90°
A=D=1+7=1+( +J )(2 190°) _ .96 060" (5.126)
B=Z7=24+j84 =87.36 |74.05° Q (5.127)
Yz (0.00096 90° )(24 + j84)
C=Y(1+4+—) =0.00096 [90° { 1
( 4 ) L( - 4 (5.128)

= 0.00094 [90.34° S

The value of the sending end voltage is calculated as,

Vy = AV, +BI, = 0.96 [0.69° x 38105.12+ 87.36 |74.05° x 201.63 |—-31.78°
=51111.81|13.91° V

(5.129)
The value of the sending end current can be calculated as,

I, = CV, + DI, = 0.00094 [90.34° x 38105.12+0.96 [0.69° x 201.63 |—31.78°
= 177.54 |-21.18° A
(5.130)
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The sending end power factor is calculated as,
cos ¢, = cos(13.91° +21.18°) = 0.82 (5.131)
The receiving end voltage under no-load condition is calculated as,

~51102.03

= = 532312 132
n="gog = 323128V (5.132)

The voltage regulation can be calculated as,

Vi — Vyy 53231.28 — 38105.12
VR =" "7 5 100 = 100 = 39.7 5.133
Ve 38105.12 % (133)

Practice Problem 5.2
A 220 km long three-phase 50 Hz transmission line delivers 25 MW power at a
0.85 power factor lagging to a balanced load, and its line voltage is 33 kV.
The transmission line parameters are given as, R = 0.12Q/km/phase, X; = 0.4Q/
km/phase, ¥ = 0.09 x 1070 /km/phase.

Calculate the sending end voltage and voltage regulation. Consider a nominal
T-model.

Practice Problem 5.3

A 100 km long three-phase 50 Hz transmission line per phase per km resistance,
reactance, and susceptance is 0.1 Q, 0.5€Q, and 10 x 107005, respectively. The line
delivers 20 MW power at a 0.95 power factor lagging to the receiving end whose
terminal voltage is 33 kV. Find the sending end voltage and power factor by
considering a nominal m-model.

5.6 Long Transmission Line

In a long transmission line, the line parameters are distributed uniformly throughout
the length of the line. As a result, the voltages and the current vary from point to
point on the line. The one phase of a long transmission line with a m-model is
shown in Fig. 5.8. The following parameters are defined as,

is the series impedance per unit length,
is the shunt admittance per unit length,
is the total length of the line,

=zl is the total line impedance,

=yl is the total admittance of the line,

X) is the voltage at a location of x on the line,

X) is the current in the location of x on the line,
(x+ Ax) is the voltage at a location of x + Ax on the line,

S gNN e

=
+
£

is the current in the location of x + Ax on the line



214 5 Modelling and Performance of Transmission Lines

VNI

— = yAx yAx = V(x)

sle

1€ rI‘

le

€

Fig. 5.8 Long transmission line with parameters

Applying KVL to the circuit in Fig. 5.8 yields,
V(x+ Ax) = V(x) + zAxI (x)

V(x4 Ax) — V(x)
Ax

=zl(x)

Taking limit as Ax — 0 to Eq. (5.135) yields,

o VA — V()

Ax—0 Ax =d (X)

Applying KCL to the circuit in Fig. 5.8 yields,
I(x+ Ax) = I(x) + yAxV(x+ Ax)

I(x+ Ax) — I(x)

A =yV(x+ Ax)

Taking limit as Ax — 0 to Eq. (5.139) yields,

lim I(x+Ax) — I(x)

= 1.
Ax—0 Ax Y A;To V(x+Ax)

dI(x)
dx

=yV(x)

(5.134)

(5.135)

(5.136)

(5.137)

(5.138)

(5.139)

(5.140)

(5.141)
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Differentiating Eq. (5.137) with respect to x yields,

”’zdfch) — zd;—SC) (5.142)

Substituting Eq. (5.141) into Eq. (5.142) yields,

2 X
d;;g ) = yzV(x) (5.143)
—di;;gx) V() =0 (5.144)

Considering the following relation,
Y =z (5.145)
y=o+jf=hz (5.146)

Where 7y is known as propagation constant. The real part o is known as atten-
uation constant, and the imaginary part f§ is known as phase constant.
Let D = d%, and then, Eq. (5.144) becomes,

D’ —9y*=0 (5.147)
D =+y (5.148)

The solution of Eq. (5.144) can be written as,
V(x) = Ae™ 4 Be™™ (5.149)

Substituting Eq. (5.149) into Eq. (5.137) yields,

1 "
I(x) = E% (Ae™ + Be™™) (5.150)
1) = (A — Be ™) = Y22 (ae — Be ) (5.151)
Z Z
I(x) = \/g(AeVX — Be™™) (5.152)

I(x) = Zi(Ae"fx — Be ™) (5.153)
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The characteristics impedance of the line is expressed as,

<
Z.=/° 5.154
) (5.154)

The coefficients A and B can be determined by the initial conditions at the
receiving end of the line. These conditions are,
At
x=0,V(0) =V, (5.155)
At
x=0,100) =1, (5.156)
Substituting Eq. (5.155) into Eq. (5.149) yields,
A+B=YV, (5.157)
Substituting Eq. (5.156) into Eq. (5.153) yields,

A-B=17 (5.158)

The expressions of the constants are determined as,

V, +1,Z.
A=t (5.159)
2
V, - LZ,
B=-__"= (5.160)
2
Substituting Egs. (5.159) and (5.160) into Egs. (5.149) yields,
Vi+1LZ, .. V,—1LZ _,
V() = 2t hr%e ey o (5.161)
2 2
X - VX T VX
V(x) = <e+2"> V, +Z (62") I (5.162)

Substituting Egs. (5.159) and (5.160) into Egs. (5.153) yields,

VX =X X —px
1(x) = (%) v, + (%)1 (5.163)
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The hyperbolic functions are defined as,

b _ ot

sinh ¢ = % (5.164)
¢ 4 o0

cosh ¢ = % (5.165)

Substituting Egs. (5.164) and (5.165) into Egs. (5.162) and (5.163) yields,

V(x) = V, coshyx +ZI, sinh yx (5.166)
Vi
I(x) = ?smh px + I, cosh px (5.167)

The voltage and current at the sending end can be determined by setting the
following conditions,

x=1 V(1) =V (5.168)
x=1 I(l)=1I (5.169)

Substituting Eq. (5.168) into Eq. (5.166) yields,
Vi = V,cosh yl + Z.I, sinh yI (5.170)

Substituting Eq. (5.169) into Eq. (5.167) yields,

Ve .
I :Z—smhyl—i—lrcoshyl (5.171)

c

Comparing Eq. (5.170) with Eq. (5.6) and Eq. (5.171) with Eq. (5.7),

A =D = coshyl (5.172)

B = Z.sinhyl (5.173)
sin yl

= 5.174

‘==z (5.174)

The following expression can be written as,

o — @Il — Al B 1Bl (5.175)
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The following expressions can be modified as,

vl -
coshyl = % =3 (e |Bl+e ' [=Bl) (5.176)
, L Ll
sinhpl = ———— = (" [Bl — ¢ —Bl) (5.177)
2 . sinh y!
AD — BC = cosh” yl — Z.sinh yl x (5.178)
AD — BC = cosh® yl — sinh? ] = 1 (5.179)

For a lossless transmission line, the real part of the propagation constant is zero,
i.e., o = 0. The propagation constant becomes,

y=04j8=jp (5.180)

Again, the hyperbolic functions can be modified as,

elPx —jpx
coshyx:coshjﬁx:%:cosﬂx (5.181)
eiﬁx — efj/jx
sinh yx = sinh jfx = — = jsin fix (5.182)

Substituting Egs. (5.182) and (5.183) into Eqgs. (5.166) and (5.167) yields,

V(x) = V,cos fx + jZcI, sin fx (5.183)
Vi
I(x) = j-sin fx + 1, cos fix (5.184)

Figure 5.9 shows an equivalent n-model for a long transmission line. According
to Eqgs. (5.89) and (5.93), the following relations can be written as,

Y'Z!
V, = (1 + T) V,+Z1, (5.185)

Y'7 Y'7'
IS:Y’(I—#T)V,—F(H— > )1, (5.186)
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Fig. 5.9 Nominal n-model circuit for a long transmission line

Load
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Comparing Eq. (5.185) with Eq. (5.170) and Eq. (5.186) with the Eq. (5.171)

yields,

17/

I+

= coshyl
7' = Z.sinhyl

Y’(l N Y’Z’) __sinhyl

4 Z

17/

1+ = cosh yl

Equation (5.188) can be rearranged as,

z sinh yl

Yy 2

z , sinhyl
7 = /-1 Iz
\/y I\/yz

sinh [
Z/ — \/gl /yZ
y ol

7' = Z.sinhyl =

vz

sinh y/
vl

=7zl

inh yl
_ sinhy

Zl
yl

(5.187)

(5.188)

(5.189)

(5.190)

(5.191)

(5.192)

(5.193)

(5.194)

(5.195)
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Equation (5.190) can be rearranged as,

17/

1+ = coshyl

17!

= coshyl — 1

Y’ _sinhyl
Y sinhy

2 yl

= coshyl — 1

Y'  ylcoshyl —1

2 Z sinhyl

Y'  ylcoshyl — 1

2 Z sinh yl

7l
f hvl

Y’ ly yl
R —t hi
2 \ﬁ )

Y 1 yl
— =t h_
2~ 7.4

Equation (5.203) can be expressed as,

l’: Xtanh%y_l
2 z %l 2

vk
2 z 2 b

2

(5.196)

(5.197)

(5.198)

(5.199)

(5.200)

(5.201)

(5.202)

(5.203)

(5.204)

(5.205)

(5.206)

(5.207)

(5.208)
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Load

Fig. 5.10 Nominal 7T-model circuit for a long transmission line

Figure 5.10 shows an equivalent circuit for T-model of a long transmission line.
According to Egs. (5.79) and (5.75), the following relations can be written as,

Y/z/ Z/Y,
V, = <1+ 3 )V,+Z’(1+ T)I’ (5.209)
z'y'
I, = Y’V,+Y’<1+ 5 )1, (5.210)

Comparing Eqgs. (5.170) and (5.209) yields,

17/

1+ = coshy/ (5.211)

z'Yy'
Z’<1+ ) ) = Z.sinhyl (5.212)

Again, comparing Eq. (5.171) with Eq. (5.210) yields,

1
Y :?sinhyl (5.213)

c

17!

Y'Z
1+ — = cosh yl (5.214)

Substituting Eq. (5.213) into Eq. (5.214) yields,

!

Z' 1
1+ ) ZSinh yl = cosh yl (5.215)
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Z' 1  coshyl—1
2

Z.  sinhyl
z 2 sinh? % I
—_— = 7124 = thanhy—
2 2sinh%cosh% 2
7' 7 1 tanh 2
= \hrmE VT
Y2z )
A tanh%l
>=5—
2 2 z
7  ZtanhY
2 2

Example 5.4

(5.216)

(5.217)

(5.218)

(5.219)

(5.220)

A load 25 MW at a 0.95 power factor lagging receives power by a 220 km long
three-phase 50 Hz transmission line. The transmission line parameters are given by
r/phase/km = 0.11Q, x/phase/km = 0.23Q, y/phase/km = 1.4 x 10~°0. Calculate
the sending end voltage and current if the receiving end voltage is 120 kV.

Solution
The total resistance per phase is calculated as,

R =0.11 x 220 = 24.2Q
The total reactance per phase is calculated as,

X, = 0.23 x 220 = 50.6Q
Per phase impedance of the line is calculated as,

Z =242+;50.6 = 56.08 |64.44° Q
The total shunt admittance is calculated as,
Y = jl.4 x 107° x 220 = 0.00028 [90° ¢

The receiving end voltage per phase is calculated as,

120 x 1000
V=

g = 69282.03V
V3

(5.221)

(5.222)

(5.223)

(5.224)

(5.225)
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The value of the load current is determined as,

- 25 x 106
V3 x 120 x 10? x 0.95

=126.6A

The following parameters can be calculated as,

7= 32l = /(0.11+0.23) x 1.4 x 106 [90° x 220
= (3.57 x 1077 [154.44° )" x220 = 0.13 [77.22° = 0.03 +;0.13

¢! =¢e""10.13° =1.03 (0.13°
e =¢"|2013° =097 [-0.13°

The values of the hyperbolic functions are determined as,

(1.03]0.13° +0.97 [-0.13°) = 1 |3.9°

| =

coshyl =

1
sinh 7/ = (1.03 [0.13° — 097 [-0.13") = 0.03 [4.33°

The value of the characteristics impedance is calculated as,

0.25 |64.44°
Z. = — = 422,58 [—12.78°
\/ A~ 106 o 12.78° Q

The sending end voltage per phase can be determined as,

Vi, = V, coshyl + I.Z. sinh yl
=69282.03 x 1 |3.9° +126.6 x 422.58 |—12.78° x 0.03 |4.33°

Vs, = 70850.68 [3.62° V

The sending end current can be calculated as,

223

(5.226)

(5.227)

(5.228)

(5.229)

(5.230)

(5.231)

(5.232)

(5.233)

(5.234)

v, . 69282.03
I, = —sinhyl+1I,coshyl = ——— x 0.03 [4.33° . °
chm yl+ I, cosh y 17258 1278 X |4.33° +126.6 x 1 [3.9°

=131.39 [4.39° A

(5.235)
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Practice Problem 5.4

The line parameters of a 240 km long transmission r/phase/km = 0.03Q, x/phase/
km = 0.15Q, y/phase/km = 0.99 x 10~® 5. Transmission line delivers a power to a
25 MW at a 0.85 lagging power factor. Calculate the sending end line voltage and
current if the receiving end voltage is 80 kV.

5.7 Surge Impedance Loading

Surge impedance loading is an important parameter to study the power system
when an issue arises related to prediction of maximum loading capability of
transmission line. The maximum three-phase active power transfer capability of a
transmission line is called the surge impedance loading (SIL). A long transmission
lines have the distributed lumped inductance and capacitance. When a transmission
lines are energized, capacitance feeds the reactive power to the line, and the
inductance absorbs the reactive power. The amount of reactive power in MVAR
range depends on the capacitive reactance and the energized line voltage.
Mathematically, the expression of MVAR produced is written as,

kV?
MVAR¢ = — (5.236)
Xc

Transmission line also uses reactive power to support their magnetic field. The
strength of the magnetic field depends on the magnitude of the current and its
natural reactance. The expression of the reactive power uses or absorbs by the
transmission line is,

MVAR; = I’X; (5.237)

In surge impedance loading, reactive power production is equal to reactive power
uses by the transmission line. This reactive power balance relation is written as,

V2

X, = - (5.238)
C
VZ

XiXe =7 (5.239)
oL V?
oL 'V
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Fig. 5.11 Circuit for SIL

v L

Y_ /= 5.242

=\e (5.242)
L

Z.=1/= (5.243)
C

Where Z, is the surge impedance or characteristic impedance.
The voltage is supplied to the load at a unity power factor using a transmission
line as shown in Fig. 5.11. The expression of SIL is written as,

SIL = 3V,,Lp, cos ¢ (5.244)
For a resistive load, the power factor is unity. The phase current is expressed as,

L Ve Ve
P R 3z

Substituting Eq. (5.245) into Eq. (5.244) yields,

(5.245)

Vi Vi
SIL =3 — x
V3 V37

V2 oVv?
SIL = Z—i = Z—L (5.247)

x 1 (5.246)

Substituting Eq. (5.243) into Eq. (5.247) yields,

[
SIL = V?} 7 (5.248)

From Eq. (5.248), the following relations are summarized as,
SILoo V? (5.249)

SIL oo /C (5.250)



226 5 Modelling and Performance of Transmission Lines

1
SILoo — 5.251
VI (5231
Alternative approach: The expression of receiving end current is,
v,
I =— (5.252)
Z

Substituting Eq. (5.252) into Eq. (5.183) yields,

V(x) = V,cos fx+jZ, ; sin fix (5.253)
V(x) = V,(cos ffx+ jsin fix) (5.254)
V(x) =V, |px (5.255)

Again, substituting Eq. (5.252) into Eq. (5.184) yields,

I(x) :j;sin Px+ %cos Px (5.256)
I(x) = %(cos B+ jsin fix) (5.257)
I(x) = ‘zi |px. (5.258)

c

The complex power flow at any point x of the transmission line is written as,
S=V(x)I(x)" (5.259)
Substituting Eqgs. (5.255) and (5.258) into Eq. (5.259) yields,

125

5.260
2 (5260

v,
S:Vruﬁxz—c|—ﬁx:

At rated line voltage, the SIL is defined as the square of the voltage divided by
the surge impedance. Mathematically, it can be expressed as,

2
SIL — % (5.261)

c
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Fig. 5.12 Two-port circuit I, 1,
with receiving end short >
circuit + +
4 ABCD V4 Le

5.8 ABCD Parameters and Measurements

The sending end voltage and current of the transmission lines in terms of ABCD
parameters are represented as,

V, = AV, + BI, (5.262)
I, = CV, + DI, (5.263)

Initially, a voltage source with a magnitude of V is connected at the sending end
terminals and short circuit the receiving end terminals as shown in Fig. 5.12. Here,
the receiving end voltage is zero, and Eq. (5.262) is modified as,

V=Ax0+BI, (5.264)
|4

I = — (5.265)
B

Again, short circuit the sending end terminals and insert a voltage source at the
receiving end terminals as shown in Fig. 5.13. Substituting V, = 0 in Eq. (5.262)
yields,

0=AV+BI, (5.266)
AV

L =-" 267

B (5.267)

According to Fig. 5.12, the sending end current can be written as,

I, = —I,, = CV+DI, (5.268)

Fig. 5.13 Two-port circuit I I
with sending end short circuit

A A

| ABCD v
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Substituting Egs. (5.265) and (5.267) into Eq. (5.268) yields,

_% v D% (5.269)
—é: C—D% (5.270)
AD —-BC =1 (5.271)
Multiplying Eq. (5.262) by D and Eq. (5.263) by B yields,
DV, = ADV,+ BDI, (5.272)
BI; = BCV, + BDI, (5.273)
Subtracting Eq. (5.273) from Eq. (5.272) yields,
(AD — BC)V, = DV, — BI, (5.274)
Substituting Eq. (5.271) into Eq. (5.274) yields,
V, = DV, — BI; (5.275)
Again, multiplying Eq. (5.262) by C and Eq. (5.263) by A yields,
CV, = ACV, + BCI, (5.276)
Al; = ACV, +ADI, (5.277)
Subtracting Eq. (5.277) from Eq. (5.276) yields,
(BC — AD)I, = CV, — Al (5.278)
L n
> a1 kA/ Ly

+
ABCD
10

Fig. 5.14 Circuit for open circuit test
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Substituting Eq. (5.271) into Eq. (5.278) yields,

—1, = CV, — Al (5.279)

I, = —CV,+ Al (5.280)

The ABCD parameters can be determined using the concept of short circuit
impedance and open circuit impedance. Initially, open the receiving end terminals
and put the measuring instruments in the sending end side as shown in Fig. 5.14.
For an open circuit test, setting I, = 0 to Egs. (5.262) and (5.263) yields,

V, = AV, (5.290)
a=Xs (5.291)
v,
I, =CvV, (5.292)
c=5 (5.293)
- ,

From Egs. (5.291) and (5.292), the expression of open circuit impedance can be
written as,

Vs A
Zoe = <_> == (5294)
L), C

Again, short circuit the receiving end terminals and put all the measuring
instruments in the sending end side as shown in Fig. 5.15. For a short circuit test,
put V.. =0 in Egs. (5.262) and (5.263) yields,

V, = BI, (5.295)

+
ABCD
v, (V) v

Fig. 5.15 Circuit for short circuit test
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=t (5.296)
I,

I, = DI, (5.297)
I,

D=7 (5.298)

From Egs. (5.296) and (5.298), the expression of short circuit impedance can be
written as,

V,\ B B
Ze=(-2) ==== 5.299
( )SC D A ( )

Substituting A = D into Eq. (5.271) yields,
A*—BC =1 (5.300)

Subtracting Eq. (5.299) from Eq. (5.294) yields,

A B A?-BC
Za _Zscz___zi 5.301
¢ C A AC ( )
Zoe — Z. ! (5.302)
oc sC T AC M
Dividing Eq. (5.294) by Eq. (5.302) yields,
Zoe 4
=L (5.303)
Zoe — Zoe L

oc e A
Zoc
A= % (5.304)
Zoc - Zsc

Substituting Eq. (5.304) into Eq. (5.299) yields,

ZOC
B=1Z\|—%— (5.305)
Zoc - Zsc

Substituting Eq. (5.304) into Eq. (5.294) yields,

1 Zoc
C= |2~ (5.306)
Zoc Zoc - Zsc
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Example 5.5
Figure 5.16 shows a Y-model circuit. Calculate A, B, C, and D parameters.

Solution
Put V; in the sending end side and the receiving end is open circuit as shown in
Fig. 5.17. Applying KVL to the circuit in Fig. 5.17 yields,

V=V, (5.307)

The parameter A is determined as,
Vs
A=2—1 (5.308)
\Z

Again, applying KVL to the circuit in Fig. 5.17 yields,

—V,+10I, =0 (5.309)
L 1
C=3=15=010 (5.310)

Again, short circuit the receiving end to find the parameters B and D as shown in
Fig. 5.18.

Applying KCL to the circuit in Fig. 5.18 yields,

I, =1, (5.311)
Fig. 5.16 Circuit for I I,
Example 5.5 > >
+ +
Vs 10Q V.
Fig. 5.17 Circuit with I 1. =0
receiving end open circuit > —>
+
+
Vs

10Q v,
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Fig. 5.18 Circuit with I I
receiving end short circuit >— >
+
+
14
§ 10Q v,
Fig. 5.19 Circuit for Practice 40
Problem 5.5 s Aan
+ +
v, 10Q V.
Then, the parameters are calculated as,
I
D=—=1 (5.312)
I
Ve O
IA ¢ ( )

Practice Problem 5.5
Calculate the parameters A, B, C, and D of the circuit as shown in Fig. 5.19.

5.9 Series Transmission Networks

Figure 5.20 shows transmission networks where the output of the first network is
connected as an input to the second network. This arrangement is known as a
tandem network. The tandem network is normally used in the communication
circuit.

The sending end voltage and current in the first network can be written as,

V,=A\V+B (5.314)

I =CV+DI (5.315)
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I s I: I r
—>— 4 B A, B, ———
+ + +
v, 4 v,
G D, - G, D, -

Fig. 5.20 Transmission networks in series

Equations (5.314) and (5.315) can be expressed in the matrix form as,

HEEAIY st

The sending end voltage and current in the second network can be written as,
V =AV,+ By, (5.317)
I =GV, +D;l, (5.318)

Equations (5.317) and (5.318) can be expressed in the matrix form as,

Vi _ A By ||V,
HRtesiH 539
Substituting Eq. (5.319) into Eq. (5.316) yields,
VS _ Al B] A2 Bz Vr
i]-[e slle mll] 52
V| _ |AiA2+B1Cy ABy+BiDy ||V, (5.321)
I Ci1A, +D1Cy, CBy+DiDy 1. ’
VS _ As Bs Vr
Nt 52
The equivalent parameters are represented as,
Ay = A1A, +B1C, (5323)

B, = AB> + B, D, (5.324)
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C,=CiAy+DCy (5.325)

D, = CB, + DD, (5.326)

Example 5.6

The transmission lines are connected in series and deliver 120A current from the
receiving end terminal with a 0.85 power factor lagging and 100 kV line voltage.
The ABCD parameters are given as A; =Dy =0.75(4°, By =24|35° Q,
C; = 0.0004 |86° U, Ay = D, =0.87 |5°, B, =35 [42° Q, C; =0.0008 [89° ©.
Calculate the sending end voltage and current.

Solution
The equivalent constants can be determined as,

A=A1A+B1C; =075 [4° x 0.87 [5° 424 |35° x 0.0008 [89° = 0.64 |10.55°
(5.327)

B=AB, +BD, =0.75 |£ x 35 @4—24 Iﬁ % 0.87 Ii —50.73 140.17° Q

(5.328)
C = CiA2 + DG, = 0.0004 [86° x 0.87 [5° 4-0.75 [4° x 0.0008 |89° (5329)
= 0.0009 [92.27° © .
D = C1By+ DD, = 0.0004 |86° x 35 [42° +0.75 |4° x 0.87 |5°. (5.330)
= 0.65 [10.09° '
The per phase receiving end voltage is calculated as,
100 x 1000
= Y 59735.03 v (5.331)
V3
The power factor is calculated as,
cos ¢, = 0.85, ¢, = 31.79° (5.332)

The receiving end current is expressed as,
I, =120 [-31.79° A (5.333)

The sending end voltage per phase can be determined as,

Vy = AV, + BI, = 0.64 [10.55° x 57735.03 +50.73 |40.17° x 120 |—31.79°
=43034.27 [10.24° V

(5.334)
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The line voltage at the sending end is calculated as,

Vi = V/3 x 43034.27 = 74.54kV (5.335)

The sending end current can be determined as,

Iy = CV, + DI, = 0.0009 [92.27° x 57735.03 4 0.65 |10.09° x 120 |—31.79°
=74.1(18.15° A
(5.336)

Practice Problem 5.6

A 120 kV line voltage with a 0.85 lagging power factor receiving end terminals
receives 200 A current through series transmission networks. The ABCD param-
eters are given as A} = D; =0.55[5°, B; =201[25° Q, C; =0.0003 |87° &,
Ay =D, =0.72|7°, B, =32 [36° Q, C; = 0.0005 |89° 5. Find the sending end
voltage.

5.10 Parallel Transmission Networks

Transmission lines are sometimes connected in parallel for convenience. Figure 5.21
shows a circuit where the two transmission networks are connected in parallel. From
Fig. 5.21, the following voltage and current equations can be written as,

Vi=Va=Vp (5.337)
V=V =Vp (5.338)
I = Iy +1 (5.339)
Iy =11 +1n (5.340)

The expressions of the sending end voltages for the two parallel networks are
written as,

Vi = A1V + Bl (5.341)

Voo = AVio + Bl (5.342)
Substituting Eqgs. (5.337) and (5.338) into Eqs. (5.341) and (5.342) yields,

Vi =A1V, 4+ Bl (5.343)

Vs = AV, + Bl» (5.344)
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Fig. 5.21 Two transmission parallel networks
Multiplying Eq. (5.343) by B, and Eq. (5.344) by Bj, and adding the results
yields,
(B1+B2)Vy = (A1B2 +A2B)V, + BBy (1,1 + 1) (5.345)

_A1By+ABy BB,

— : Iy +1, 5.346
B, +B; BH-Bz( ! Y ( )

Again, substituting Eq. (5.340) into Eq. (5.346) yields,

A\By+ AsB B\B
y, = a2t by, BB (5.347)
B +B; B +B;

Vs =A,V,+ By, (5.348)
Where the expressions of general A and B parameters are written as,

A1B, +A>B

A, _ 1B + A48 (5.349)

Bi+B;
BB,

P 7Bl—|-Bz

(5.350)
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The expressions of the sending end currents in the parallel networks are written
as,

I = CV,+ D1l (5.351)
Ip = GV, + Dol (5.352)
Substituting Eqgs. (5.351) and (5.352) into Eq. (5.339) yields,
I; = (Cy+ Cy)V, + Dyl + Dalyy (5.353)
Subtracting Eq. (5.344) from Eq. (5.343) yields,
(Ay —A)V,+Bil,y — Bl =0 (5.354)
Again, substituting Eq. (5.340) into Eq. (5.353) yields,
I, = (Cy + C3)V, + DI,y + Dyl — Dy, (5.355)
Iy = (C1 + C)V, + (D1 — Dy)1,y + Dyl, (5.356)

Substituting Eq. (5.340) into Eq. (5.354) yields,

(A1 — A2)V, + By — Bol, +Bol,y =0 (3.357)
(B +B2)ly = (As — AV, + Bol, (5.358)
Ay — A B
Iy = 2 ! r 2 I, (5359)
B+ B, B+ B,

Again, substituting Eq. (5.359) into Eq. (5.356) yields,

Ay —Aq B,
I = (C+C)V,+ (D, — D V4 Ll +D, 0, (5360
G+ ) (D 2)[31+Bz By +B; ? ( )
(D1 — Dy)(A2 — Ay) B,
L=|C+C+ V.+ |Dy+ (D, —D I
i [ e s 2+ (D1~ D)
(5.361)
D>, —D{)(A — A B\D B,D B,D, — B,D
I, = C1+C2+(2 1) (A 2) V.4 1D2 + B2D> + B2 Dy 20y
BI+BZ Bl+Bz

(5.362)
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I=|Ci+C+ (5.363)

(Dz—Dl)(Al —Ag) v B\D, + B,D; I
B +B; ' B +B; '

Iy = C,V,+D,l, (5.364)
Where the expressions of the general C and D parameters are expressed as,

(D — D1)(A1 — Ar)

Cp =Ci+C+ B, + B, (5365)
B\D, + B,D
D, = BiDy + BDy (5.366)
By + B,

Example 5.7
The parameters of parallel transmission networks are given by A} = D; = 0.65 |3°,

By =3430°Q, C;=0.0002(89° U, A,=D,=0.76[4°, B, =4548° Q,
C, = 0.0004 [90° U. Calculate the equivalent parameters.

Solution
The equivalent constants can be determined as,

AiBy+A;B; 065 3% x 45 |48° +0.76 |4° x 34 [30°

A, = - =07 2.77°
?~ B +B, 34 [30° + 45 |48° 277
(5.367)

Ble 34 30° x 45 48°
— — =19.60 |37.74° Q 5.368
P Bi+By  34|30° +45 |48° ( )

(D2 — D1)(A1 — A2)

C,=Ci+Co+ = 0.0002 [89° +0.0004 [90°

B, +B
(0.76 |4° — 0.65 \i 0.265 3° —0.76 |4° (5:369)
+ (06513 4°) _ 00067 102.36°
34 [30° +45 [48° '
b _ BiD,+B,D, _0.65 [3° x 45 |48° +0.76 [4° x 34 &_07 277"
P B +B, 34 |30° +45 [48° =
(5.370)

Practice Problem 5.7

The parameters of parallel transmission networks are given by A; = D; = 0.61 |4°,
By =24132°Q, C,=0.0004|86° U5, Ay=D,=0.71[5°, B =235|40° Q,
C; = 0.0006 |89° . Calculate the equivalent parameters.
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5.11 Ferranti Effect

In 1890, Sebastian Ziani de Ferranti, a British Electrical Engineer introduced a
theory that the receiving end voltage is higher than the sending end voltage of the
medium or the long transmission lines in case of light load or no-load condition.
This phenomenon is known as the Ferranti effect. A high amount of capacitance and
inductance distributed across the entire length of a long transmission line. The
current drawn by the distributed capacitance is greater than the current drawn by the
load at the receiving end of the line during the light or no-load. This charging
current of the capacitor leads to a voltage drop across the inductor, which is in
phase with the sending end voltage. This voltage drop keeps increasing as it moves
toward the receiving end terminals. As a result, the receiving end voltage is greater
than the sending end voltage leading to phenomena called the Ferranti effect.
Therefore, both the inductance and the capacitance are responsible for producing
the Ferranti effect. The distributed capacitance and inductance of a long transmis-
sion line are shown in Fig. 5.22.

The distributed parameters of a long transmission line are represented as lumped
parameters as shown in Fig. 5.23. The shunt capacitance is concentrated at the
receiving end. Figure 5.24 shows the phasor diagram where the receiving end
voltage is considered as a reference phasor. The charging current (I.) leads the
receiving end voltage by 90 degrees. The sending end voltage can be written as,

V, = Vo + L.(R+jX,) (5.371)

Substituting the charging current I, = V,(joC) and X; = wL in Eq. (5.371)
yields,

V, = V, +jwCV,(R + joL) (5.372)

Vy =V, — @*LCV, + joCV,R (5.373)

Fig. 5.22 Long transmission line with distributed parameters
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Fig. 5.23 Long transmission I, R L I
line with lumped parameters -

+
-~
+

Fig. 5.24 Phasor diagram of
a long transmission line with
lumped parameters

From Fig. 5.24, the following relation can be written as,

V2= (V, — I.X.)* + (I.R)* (5.374)

N

The effect of resistance in a long transmission line is negligible, and Egs. (5.373)
and (5.374) are modified as,

Vy =V, — 0*LCV, (5.375)
Vi=V, —IX, (5.376)
V, =V, +1X, (5.377)

Again, considering a nominal t-model of a medium transmission line to explain
the Ferranti effect. For the open circuit line, putting I, = 0 in Eq. (5.89) yields,

YZ
V, = (1 + 7) v, (5.378)
YZ

Substituting the expression of impedance and admittance in Eq. (5.379) yields,

_ (joCl)(r + joL)l

V, =V,
2

v, (5.380)
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Substitute » = 0 in Eq. (5.380) yields,

—w’CP
V-V, = wTLV, (5.381)
ZCl2
V, = <1 _e : L) v, (5.382)

5.12 Ground Wires and Corona Discharge

Ground wires: The ground wires are bare conductors installed at the top of
transmission towers. The overhead transmission lines are normally protected from
the lightning strikes by the ground wires. The ground wires normally do not carry
current. Therefore, ground wires are made of steel and are directly connected to the
ground at each transmission tower and distribution pole. The ground wires help to
pass the high current that receives during lightning strikes.

Corona discharge: When a low alternating voltage is applied across the two
conductors whose diameters are very small compared to their separation distance,
there is no apparent change of the surrounding atmospheric air of the conductors.
When the applied voltage exceeds a certain value, called critical disruptive voltage,
the conductors are surrounded by a violet glow. Therefore, the corona is a partial
discharge that occurs at the surface of the power conductor when the electric field
exceeds the breakdown strength of the surrounding air. The electric field around the
surface of the conductor increases if the voltage between the conductors is
increased. Due to high electric fields, the surrounding air molecules become ion-
ized. This causes hissing sound and causes a glow on the line. This phenomenon is
known as corona discharge. Coronas may be positive or negative. The positive
corona or negative corona is normally determined by the polarity of the voltage on
the power conductor.

5.13 Traveling Waves

The voltage and current on a long transmission line always satisfy the relation of the
wave equation. The effects of resistance and conductance are neglected for a long
transmission line. In this case, the model is dependent on the inductance and
capacitance. The transmission line without resistance and conductance is known as
a lossless transmission line [4, 5]. Considering a long transmission equation as
shown in Fig. 5.25 for deriving traveling wave equations, applying KVL to the
circuit in Fig. 5.25 yields,
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Fig. 5.25 Part of a long i(x,t) RAY LAx i(x+Ax,t)
transmission line with lumped —— AT >
parameters Y
! 1w
v(x,t) GAx V(X+A)C,t)
<& Ax »
) di(x, 1)
—v(x, 1) + RAxi(x, ) —l—LAxT +v(x+Ax,t) =0 (5.383)
v(x+ Ax, 1) — v(x, 1) ) i(x,1)
A i(x, 1) 5 (5.384)
Taking limit as Ax — 0, Eq. (5.384) is modified as,
v(x+Ax, 1) —v(x,1) : Oi(x, 1)
- = —Ri(x,t) — L .
Ltaco A i(x, 1) 5 (5.385)
Ov(x,1) ) Oi(x, 1)
=— —-L 5.386
o - M) L= (3.386)
Applying KCL to the circuit in Fig. 5.25 yields,
ov(x, ¢
i(x,1) = GAxv(x, 1) + Cm% +i(x+ Ax,1) (5.387)
i(x+ Ax, 1) — i(x, 1) Ov(x,1)
=-G -C 5.388
Ax v(x7 t) at ( )
Taking limit as Ax — 0, Eq. (5.388) is modified as,
i —i ov(x,t
LtA,Hol(x_‘_Ax’At))c 00— Guien) — € Vg;’ ) (5.389)
Oi(x,t) Ov(x,1)
o —Gv(x,t) = C T (5.390)
Considering the voltage and current in complex forms as
v(x, 1) = Re[V(x)e™] (5.391)

i(x,1) = Re[I(x)e™] (5.392)
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Substituting Eq. (5.391) into Eq. (5.386) yields,

oV (x)
Ox

= —(R+joL)I(x) (5.393)

Again, substituting Eq. (5.392) into Eq. (5.390) yields,

ol
M) _ G+ joc)v) (5.394)
Ox
For a long transmission line, R = 0 and G = 0, Egs. (5.393) and (5.394) are
modified as,

WD) oni(x) (5.395)
Ox

ol (x) .

—ax = —]wCV(x) (5396)

Differentiating Eqs. (5.395) and (5.396) with respect to x yields,

0*V(x)

—_— 2 =

2 + o' LCV(x) =0 (5.397)
0’1(x) 2

E +o’'LCI(x) =0 (5.398)

Considering the expression of phase constant as

p = wVLC (5.399)

The general solutions of Egs. (5.397) and (5.398) are,
Vix)=Vite P vye P (5.400)
I(x) =1 e P aye™ (5.401)

Here, the superscripts positive (+) and negative (—) represent the wave traveling
in the +x and —x directions along the transmission line.

The wavelength (A) of a signal is defined as the distance between the two peaks
over 2r radians, and it can be expressed as,

pi=2n (5.402)

2n
A=— .
5 (5.403)
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Substituting Eq. (5.399) into Eq. (5.403) yields,

Since the signal is oscillating in time at rate ® rad sec, the propagation velocity
of the wave is expressed as,

o}
v=— (5.405)
B
Substituting Eq. (5.399) into Eq. (5.405) yields,
! (5.406)
V=—= .
VvLC

Example 5.8 The per phase per km line inductance and capacitance of 200 km
long three-phase 500 kV, 50 Hz transmission line are 0.87 mH and 0.012 pF.
Assume a lossless line, and the line supplies power from 500 kV line to the load of
600 MW at a 0.85 power factor lagging. Determine the phase constant velocity of
the wave propagation, wavelength, surge impedance, per phase sending end volt-
age, sending end current, three-phase sending end power, and voltage regulation.

Solution
The value of the phase constant is calculated as,

B = wVLC =21 x 501/0.87 x 103 x 0.012 x 10~ = 0.001 rad/km (5.407)
The velocity of the wave propagation is calculated as,

1 1
 VIC V087 x 1073 x 0.012 x 10-6

v =3.09 x 10° km/s (5.408)

The value of the wavelength is as,

v 3.09 x 10°
=2 2P X0 6189.84k 5.409
“T7 50 m (5.409)

The value of the surge impedance is determined as,

I [087x10°3
7 - \[E ~ Vo3 106 = 269269 (5.410)
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The receiving end current per phase is calculated as,

600 x 1000

I =——————|-31.79° = 815.08 |-31.79° 5.412
V3 x 500 x 0.85 LT A (3412)

Per phase receiving end voltage is calculated as,

;500000
V3

The value of the following parameter is calculated as,

— 288675.13V (5.413)

pl =0.001 x 200 = 0.2rad = 11.46° (5.414)
The sending end voltage can be determined as,

Vi = V., cos pl +jZ.I, sin pl
= (cos 11.46) x 288675.13 + (j269.26 x sin 11.46)815.08 |=31.79° (5.415)

Vs = (0.980) x 288675.13 + (j269.26 x sin 11.46)815.08 |—31.79°

5.416
=308110.32 |6.91° V ( )

The sending end current is calculated as,

1 1
I, = (jzsin ﬁl) V. + (cos )1, = <j269—26$in 11.46> x 288675.13

+ (cos 11.46) x 815.08 |-31.79° = 710.09 |—17.02° A

(5.417)

Three-phase sending end power is calculated as,

Sy = 3V,[* =3 x 308110.32 [6.91° x 710.09 |17.02°
= 599.94 MW —+ 266.23 MVAR (5.418)

The percentage voltage regulation can be determined as,

V. 308110.32

Yoy 30811032 _ »88675.13

AT 100028 100 = 8.91 5.419
v. ~ 288675.13 % (5:419)

Practice Problem 5.8

A three-phase 400 kV 50 Hz long transmission line is having a length of 170 km.
The per phase per km line inductance and capacitance are 0.96 mH and 0.025 pF.
Assume a lossless line, and the line supplies power to the load of 300 MW at a 0.95
power factor lagging. Calculate the phase constant, the velocity of the wave
propagation, wavelength, surge impedance, and sending end phase voltage.
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Exercise Problems

5.1

52

53

54

5.5

5.6

5.7

The per phase series impedance of a single-phase short transmission line is
54716 Q, and the line delivers a power of 10 kW at a power factor of 0.95
lagging from the 240 V receiving end terminals. Calculate the sending end
voltage, sending end power factor, and transmission efficiency.

A long single-phase 24 km long short transmission line delivers a power of
200 kW at a 0.85 leading power factor to the load from the 11 kV terminals.
The per phase per km resistance and reactance of the line are 0.2 Q and
0.5Q, respectively. Find the sending end voltage, voltage regulation, and
efficiency.

A 10 km long single-phase short transmission line delivers a power of
180 kW at a 0.90 lagging power factor to the load from the 6.6 kV receiving
end terminals. The per phase per km resistance and reactance of the line are
0.1Q and 0.4 Q, respectively. Calculate the sending end voltage, voltage
regulation, and efficiency.

A load of 140 kW receives power from the 11 kV single-phase short
transmission line with a unity power factor. The per phase impedance of the
line is 3 +j8 Q. Find the sending end voltage and efficiency.

The sending end voltage of a three-phase short transmission line is 11 kV
and delivers a power of 1200 kW at a 0.9 power factor lagging to a
three-phase load. The impedance of the line is found to be 3 + j5 Q. Calculate
the receiving end voltage, line current, and efficiency.

The per phase impedance of an 11 kV three-phase short transmission line is
found to be 10+ 718 Q. A three-phase load of 4 MW at a 0.95 power factor
lagging is connected at the receiving end of the line. Find the sending end
voltage per phase and load angle.

The per phase per km resistance and reactance of the three-phase 11 kV and
50 km short transmission line are 0.16 Q and 0.3 Q, respectively. The line
delivers a three-phase load of 280 MVA at a 0.85 power factor lagging.
Calculate the sending end voltage, real power, and sending end complex
power.
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5.8

59

5.10

5.11

5.12

5.13

5.14

5.15

The impedance of a three-phase short transmission line is 4 410 Q. This line
delivers power to the load at a 0.85 power factor lagging. The per phase
sending ending voltage and receiving end voltage are 11 kV and 6.6 kV,
respectively. Calculate the line current, per phase load power, and sending
end power factor.

A load of 20 MW at a 0.85 lagging power factor is connected with a
three-phase 66 kV medium transmission line. The line has a per phase
impedance of 1.2 + j5 Q and a per phase shunt admittance j0.0003 S. Use the
nominal T-model to determine the A, B, C, D parameters, sending end line
voltage, sending end current, and sending end power factor.

The line has an impedance and a shunt admittance of a three-phase 33 kV,
and 90 km medium transmission line is 0.1 +;j0.6Q per km and j2.4 x
107°S per km, respectively. The line delivers a power of 24 MW at a 0.90
power factor leading to the load. Use the nominal 7-model to determine the
A, B, C, D parameters, sending end line voltage, sending end current, and
sending end power factor.

The line has an impedance, and a shunt admittance of a three-phase 66 kV
and 100 km long medium transmission line are 0.2 +j0.8 Q per km and
j3.5 x 107° S per km, respectively. The line delivers a power of 30 MW at a
0.95 power factor lagging to the load. Use the nominal n-model to determine
the A, B, C, D parameters, sending end line voltage, sending end current, and
sending end power factor.

The per km line impedance and admittance of a three-phase 100 kV and
120 km long medium transmission line are 0.3 +;0.5Q and j1.9 x 1076 S,
respectively. The line delivers a power of 25 MW at a 0.85 power factor
lagging to the load. Use a nominal T-model to determine the sending end line
voltage, sending end current, and transmission efficiency.

A 130 km long three-phase 50 Hz medium transmission line delivers a
power of 30 MW at a power factor of 0.90 lagging to a balanced load whose
line voltage is 66 kV. The per phase per km transmission line parameters are
R=03QX, =0.6Q, Y =0.06 x 10~* 0. Calculate the sending end phase
voltage and voltage regulation by considering the nominal 7-model.

The per phase per km parameters of a 250 km long transmission line are
r=0.04Qx=0.19Q, y = 0.09 x 10~* U. The transmission line delivers a
power of 40 MW at a 0.90 lagging power factor. Calculate the per phase
sending end line voltage and sending end current if the receiving end voltage
is 110 kV.

The parameters of a series of transmission networks are given by
Ay =D; =0.856°, By = 3038 Q, C; =0.0003 |82° U, A, = D, = 0.89 |8°,
B, =37 |40° Q, C; = 0.0006 [87° ©.

The line delivers a current of 90 A from the 110 kV receiving end terminal at
a 0.95 power factor lagging. Calculate the sending end voltage and current.
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5.16

5.17
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The parameters of a parallel transmission network are given by
Ay =D, =0.56 [6°, By =44 [35° Q, C; = 0.0004 [82° U, A, = D, = 0.77 |5°,
B, =35 [44° Q, C; = 0.0007 [89° §. Calculate the equivalent parameters.
The per phase per km line inductance and capacitance of 180 km 50 Hz long
transmission line are 0.79 mH and 0.018 pF. Assume a lossless line and the
line supplies power to the load of 600 MW at a 0.85 power factor lagging
from the 500 kV line. Calculate the phase constant, the velocity of the wave
propagation, wavelength, and surge impedance.



Chapter 6 M)
Symmetrical and Unsymmetrical Faults e

6.1 Introduction

The goal of any power utility company is to run its power system network under
balanced condition. The power system network is said to be balanced when it is
operating in normal-load condition. This normal operating condition of the power
system can be disrupted due to adverse weather conditions such as heavy wind,
lightning strikes, or due to other factors such as birds shorting out the lines, vehicles
collide with transmission line poles or towers by accident, or trees fall on the
transmission lines. The lightning strike on the transmission line may generate a very
high transient voltage, which exceeds the basic insulation voltage level of the
transmission lines. This event triggers the flashover from the resultant high mag-
nitude of the current that passes through the transmission tower to the ground. This
condition of the transmission lines is known as a short circuit condition, and the
fault associated with this phenomenon is known as a short circuit fault. In a short
circuit situation, a very low impedance path is created either in between two
transmission lines or in between a transmission line and ground. In this case, the
resulting high magnitude current imposes a heavy duty on the circuit breaker and
other controlling equipment. The short circuit faults are classified as symmetrical
and unsymmetrical faults. In this chapter, symmetrical and unsymmetrical faults,
symmetrical components, zero sequence components of the machines, and classi-
fication unsymmetrical faults will be discussed.
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6.2 Symmetrical Faults

The symmetrical faults are often known as balanced faults. In the case of balanced
faults, three lines are affected equally, and the system remains in a balanced con-
dition. These types of faults are rare in the power system, and it contributes 2-5% of
the total fault.

These faults are easy to analyze. The symmetrical faults are classified as three
line-to-ground fault (LLLG) and three-line fault (LLL). The connection diagrams of
symmetrical faults are shown in Fig. 6.1. If the fault impedance Zy= 0, then the
fault is known as a solid or bolted fault.

The balanced three-phase fault occurs suddenly at synchronous generator ter-
minals. Initially, the magnitude of the short circuit current is high. Later on, the
magnitude of this current is reduced. This short circuit current is divided into three
periods, namely subtransient, transient, and steady-state periods. The trace of a
short circuit stator current with subtransient, transient, and steady-state periods is
shown in Fig. 6.2. In the subtransient period, the short circuit current reduces
rapidly, and it is lasting for a few cycles.

In the transient period, the reduction of the short circuit current is more mod-
erate, and it continues for more cycles. In the final state, the oscillation of the
current is stable, and the currents in these regions are used to define the various
reactances of the synchronous generator if the armature resistance is neglected. The
rms value of the ac current flows in the generator during the subtransient period is
known as subtransient current. This current is represented by I”, and it is generated
by the damper windings of the generator. The ratio of generated voltage to the
subtransient current is known as subtransient reactance, and it is denoted by X:j’ . The
subtransient reactance can be expressed as,

nooc _E (6.1)

V2 X
The rms value of the AC current flows in the generator during the transient
period is known as transient current. This current is represented by I, and it is
generated by the transient DC component of the field current of the generator during
a fault. The ratio of generated voltage to the transient current is known as transient
reactance, and it is denoted by X/;. The subtransient reactance can be expressed as,

(a) Zs (b) Zs
I @4 I @4
'—'Z @» —— Qs
S A
Gl — . c — . c
= zZ, Z,
LLLG LLL ’

Fig. 6.1 Symmetrical faults’ connection diagram
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Subtransient Steady state

Transient

;l
|

Fig. 6.2 Short circuit current waveform

, _ob E,

V2 X
After a transient period, the fault current reaches a stable condition which is
known as steady-state current, and it is denoted by I. The synchronous reactance or

direct axis reactance is the ratio of induced voltage to the steady-state current, and it
can be expressed as,

(6.2)

_oa _E

V2 Xy

The rms value of the AC fault current in a synchronous generator varies over
time, and it can be expressed as,

(6.3)

I(0)=I"=1Ne T+ (' —1e 7 +1 (6.4)
where
T" is the time constant for the subtransient period,

T' is the time constant for the transient period

Example 6.1

A three-phase 100 MVA, 11 kV, 50 Hz synchronous generator is used in the power
station, and a three-phase fault occurs at the generator terminals. The per unit
reactances of the generator are given as X” = 0.16, X’ = 0.25, and X = 1.05. The
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subtransient and transient time constants are 0.05 s and 1.04 s, respectively.
Assume the initial DC component of the current is 50% of the initial AC component
of the current. Calculate the subtransient current, transient current, steady-state
current, total current at the beginning of the fault, and AC component of the current
as a function of time.

Solution
Consider the base values are 100 MV A and 11 kV. The value of the base current is
calculated as,

100 x 10°

Y 5048.63A 6.5
P31 x 10° (6:5)

The value of the subtransient current or initial AC component of the current is
calculated as,

1
I=—_ =625 6.6

0.16 pu (6.6)

I = 6.25 x 5248.63 = 32803.93 A 6.7)

The value of the transient current is calculated as,

1
I'=—_=4 .

025 P (6:8)

I' = 4 x 5248.63 = 20994.52 A (6.9)

The value of the steady-state current is calculated as,

I =0.95 pu (6.10)

T 1.05
I =0.95 x 5248.63 = 4986.19 A (6.11)

The total current at the beginning of the fault is calculated as,
Tot = 1.5I" = 1.5 x 32803.93 = 49205.89 A (6.12)

The value of the AC component of the current can be determined as,

I()=I"=1e T+ —I)e 7 +1
= 11809.41¢77% + 16008.33¢ 7% + 4986.19 A (6.13)
Practice Problem 6.1

A three-phase 90 MVA, 11 kV, 50 Hz generator is installed at the power station,
and the three-phase fault occurs at the generator terminals. The per unit reactances
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of the generator are given as X” = 0.11, X’ = 0.20, and X = 1.12. Assume the
initial DC component of the current is 50% of the initial AC component of the
current. Find the subtransient current, transient current, steady-state current, and
total current at the beginning of the fault.

6.3 Calculation of Short Circuit Current and kVA

A short circuit in a power system occurs due to failure of the insulation of the
equipment during lightning or switching activities. This short circuit current is
several times higher than the normal rating current, which in turn damages the
system severely. Sometimes, a high impedance fault current is not enough to run the
relay and circuit breaker or blow the related fuses. Therefore, there is a prime
importance to determine the short circuit current in the power system. The trans-
former and transmission line is normally represented by the leakage reactance and
series reactance, respectively. The voltage source and the reactance represent the
synchronous generator. Initially, the percentage of reactance needs to be defined to
derive the expression of the short circuit current. The voltage drop due to reactance
at rated current is expressed in percent of the rated voltage as,

IX
%X, = v x 100 (6.14)

Equation (6.14) can be rearranged as,

X %X,

V100 x 1 (6.15)
Vo100 x I

v _ s (6.16)
X %X,

Again, consider a short circuit reactance X. For a rated voltage, the short circuit
current can be determined as,

I =< (6.17)
Substituting Eq. (6.16) into Eq. (6.17) yields,

I =1X%

7, (6.18)
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For given base VA and voltage, the expression of base impedance is written as,

Vi _ Y

Zy=2t=_b
Sy Vil

(6.19)

The right side of Eq. (6.19) can be rearranged as,

V)2 510002
Zb — (1000) X (620)

Ve 1000

(base kV)? x 10002
Z, = 6.21
™ (base kVA) x 1000 (621)

2
7, = (base kV)“x 1000 (6.22)
(base kVA)

The expression of per unit impedance can be written as,

Zactual

Z =
pu 7

(6.23)

Substituting Eq. (6.22) into Eq. (6.23) yields,

PN — (6.24)
P47 (base kV)’x1000

(base kVA)

_ Zacwal(base kVA)
(base kV)*x 1000

- (6.25)

From Eq. (6.25), the per unit impedance in percentage can be represented as,

%z Zacwar(base kKVA) (6.26)
* " (base kV)?x 1000
Zaetwat (base kVA
%7, — Zucua(base KVA) (627)

(base kV)*x 10

The short circuit kVA at any bus m can be expressed as,

kVAg = V3 x Vpulp (6.28)
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where

Vim 1s the line voltage in kV,
Ir  is the fault current in A.

The per unit three-phase fault current at any bus m can be determined as,

Ir(pu) = ;—’" (6.29)

m

where

Vin  is the prefault bus voltage in pu,
X, 1is the total reactance up to the point of fault in pu.

Consider S, is the base kVA and Vj, is the base voltage in kV, and the base
current can be determined as,

Sp
I, = —— 6.30
= Av, (6.30)

The expression of fault current in ampere is expressed as,
IF = IF(pl/t) X Ib (631)
Substituting Egs. (6.29) and (6.30) into Eq. (6.31) yields,

Vm Sb

Ir =—x 6.32
F X, \/§Vb ( )

Substituting Eq. (6.32) into Eq. (6.28) yields,

Vm Sb
KVAg = V3 X Vi X 22 X —— 6.33
L X, \/§Vb ( )
ViuVimS

KVA,, = —otmob (6.34)

vah

If the base voltage (V},) is equal to the line voltage (Vy,,), Eq. (6.34) becomes,

V.S,
kVA, = b

m

(6.35)

The value of the prefault bus voltage (V,,) is usually considered as 1 pu and
Eq. (6.35) becomes,
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S
kVA, = -2 (6.36)
X,

In terms of percentage reactance, Eq. (6.36) can be expressed as,

100

kVA,. = Base kVA x %X

(6.37)

Example 6.2
Figure 6.3 shows a single-line diagram of a power system. The ratings of the
equipment are as follows.

Generator 20 MVA, 11 kV, X =0.20
Transformer 10 MVA, 11/66 kV, X = 0.08
Line RL =04 Q, XL =16 Q
Load 20 MW, 40 MVAR

A three-phase balanced fault occurs at the load bus. Calculate the short circuit
kVA and short circuit current.

Solution
Consider the base values are 20 MVA and 11 kV. The new percentage reactance of
the generator, transformer, and line can be determined as,

20

Xg =55%020=0.20 (6.38)
20
Xy =15 % 0.08=0.16 (6.39)

New base in the secondary side of the transformer is,

v, 66
vbzzfznxﬁ:%kv (6.40)

Ruca(base KVA) 0.4 x 20000
%R, = - —0.18 6.41
T (base kV)Ix10 667 x 10 (6.41)

Fig. 6.3 Single-line diagram B T B, B,
for Example 6.2 G |

O | } E | Line E’ad
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%X, =

_ Xpacwa(base KVA) 1.6 x 20000

(base kV)*x 10

The total reactance up to the fault is calculated as,

662 x 10

Xiota = 20+ 164+ 0.73 = 36.73%

The value of the short circuit kVA can be calculated as,

1
kVA, = Base kVA x 100 =20 x 1000 x
%X

36.73
The value of the short circuit MVA is,

MVA, = 54.45

=0.73

0
= 54.45 x 10°

257

(6.42)

(6.43)

(6.44)

(6.45)

The full load current with 20 MV A base and 66 kV base voltage is calculated as,

Ip =29 17495

/3% 66

The short circuit current can be determined as,

100

100
I =Ip X == =17495 x ——= =476.32A

%X 36.73

(6.46)

(6.47)

The single-line diagram is drawn in the CYME power system software. Then
data are given input by selecting each equipment. Then press the run button, and
select the parameters as the prefault base voltage and the machine impedance as the
steady state. Finally, apply fault at bus 3 and run the simulation. The simulation

results are shown in Fig. 6.4.

- . B3

B1 B2
LLL=0A 0MVA LLL=0A 0MVA
LG = 0A OMVA LG = 0A OMVA
LL = 0A 0OMVA LL = 0A OMVA
LLG=0A 0 MVA LLG=0A 0 MVA

B3
LLL=476 A 54 MVA
LG = 582A 6TMVA
LL = 413A 47 MVA
LLG =561A 64 MVA

WND
<

Fig. 6.4 CYME simulation results for Example 6.2
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From Fig. 6.4, it is seen that the three-phase fault (LLL) current is,
LIecyme = 476 A (6.48)
The value of the short circuit MVA is,

MVA,, = 54 (6.49)

Example 6.3
Figure 6.5 shows a single-line diagram of a power system. A three-phase balanced
fault occurs at the generator bus. The ratings of the equipment are as follows.

Generator 1 20 MVA, 11 kV, X =30%
Generator 2 40 MVA, 11 kV, X =20%
Transformer 15 MVA, 11/33 kV, X = 10%
Line X =20 Q

Load 25 MW, 55 MVAR

Calculate the short circuit kVA and the short circuit current.

Solution
Consider the base values are 40 MVA and 11 kV. The new percentage reactance of
the generators, transformer, and line can be determined as,

40
20
40
40
X —ﬂx 33 2><010—2667°7 (6.52)
=157 \33 ST AR '

XLactual (base KVA) 20 x 40000

%Xy = =
o (base kV)*x 10 332 x 10

= 73.46 (6.53)

Fig. 6.5 Single-line diagram

G B
for Example 6.3 ! O_‘ 2 | Line  |—>
_3 t Load




6.3 Calculation of Short Circuit Current and kVA 259

Alternative approach:
The value of the new base voltage is calculated as,

33

The value of the base impedance is calculated as,

vy 33
== =B (6.55)

Zy
The value of the per unit line reactance is,

20

Xline = m =0.7344 (656)

To calculate the reactance up to the fault point, the reactance diagram is con-
sidered, which is shown in Fig. 6.6.
The total reactance up to the fault point can be determined as,

%X = ((73.46 +26.67)]|20)/|60 = 13.04 (6.57)

The short circuit kVA can be determined as,

100 100
kVA. = Base kVA x —— = 40 x 1000 x —— = 306748 6.58
‘ ase % X X130 3 (6.58)

The value of the short circuit MVA is,
MVA,. = 306.75 (6.59)
The value of the base current is calculated as,

40 x 10°
b:—: N .
I 2099.45 A (6.60)
V3 x 11 x 1000

Fig. 6.6 Reactance diagram Neutral line
for Example 6.3
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B1 B2 B3
LLL = 13998 A 267 MVA LLL=0A 0 MVA LLL=0A 0MVA
LG = 20992 A 400MVA LG = 0A OMVA LG = 0A OMVA
LL = 12121 A 231 MVA LL = 0A OMVA LL = 0A OMVA
LLG = 24238 A 462 MVA LLG=0A 0 MVA LLG=0A 0 MVA

@.».—., |

= A%
g— > >

@_ |

Fig. 6.7 CYME simulation results for Example 6.3

The short circuit current can be determined as,

100 100

The simulation results are shown in Fig. 6.7. From Fig. 6.7, it is seen that the

three-phase fault (LLL) current is,
Lecyme = 13996 A
The value of the short circuit MVA is,

MVA =267

Practice Problem 6.2

(6.61)

(6.62)

A single-line diagram of a power system is shown in Fig. 6.8. A three-phase bal-
anced fault occurs at the load bus. The ratings of the equipment are as follows.

Generator 10 MVA, 11 kV, X =20%
Transformer 5 MVA, 11/33 kV, X = 8%
Line X=20Q

Load 30 MW, 60 MVAR

Calculate the short circuit kVA and short circuit current.

Fig. 6.8 Single-line diagram B, T B,

for Practice Problem 6.2 G | ? s— | Line
O3]

Load
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Practice Problem 6.3

Figure 6.9 shows a single-line diagram where three generators are connected to a
common busbar. A three-phase balanced fault occurs at the generator bus. The
ratings of the equipment are as follows.

Generator 1 50 MVA, 13 kV, X = 30%
Generator 2 40 MVA, 13 kV, X =20%
Generator 2 30 MVA, 13 kV, X = 10%
Load 30 MW, 50 MVAR

Find the short circuit kVA and short circuit current.

Example 6.4
Figure 6.10 shows a single-line diagram of a power system. The ratings of the
equipment are as follows.

Generator G 100 MVA, 20 kV, X =0.20pu

Generator G, 80 MVA, 20 kV, X = 0.20pu

Generator G3 60 MVA, 20 kV, X =0.12pu

Transformer 77, 100 MVA, 20/138 kV, primary delta and secondary earthed wye,

X =0.08 pu

Transformer 7, 50 MVA, 20/138 kV, primary delta and secondary wye,
X =0.04pu

Line 100 MVA, X, =20 Q

A three-phase balanced fault occurs at bus 1. Calculate the short circuit kVA and
short circuit current. Compare the result with IPSA software simulation.

B,
G, !
Load
G,
G, F

Fig. 6.9 Single-line diagram for Practice Problem 6.3

"OAr 3 [ | 3 [ 9
o SET T3]

Fig. 6.10 Single-line diagram for Practice Problem 6.4
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Solution
Consider the base values 100 MVA and 20 kV. The new percentage reactance of
the generators, transformers, and line can be determined as,

100

100

Xo1 = g5 X 020 = 02pu (6.64)
100
100

Xo3 = 5 X 0.12 = 020 pu (6.66)
100

Xr =355 % 0.08 = 0.08 pu (6.67)
100

X = =0 0.04 = 0.08 pu (6.68)

The base voltage for the line is calculated as,

Vi 138
=—=20x —— = 138kV .
Vi p 0 x 20 38 (6.69)

The value of the base impedance is calculated as,

vV o 1382
Z,=-2=—"—=190.44 Q 6.70
PTs,  100 (6.70)
The per unit line reactance is calculated as,
Xline 20
Xiine = —— = =0.105 6.71
ez, T 190.44 (6.71)

The reactance diagram is considered which is shown in Fig. 6.11, to calculate
the reactance up to the fault point,
The equivalent reactance for the generator 1 and generator 2 is calculated as,

~02x025

Xge
§ 0.45

=0.111pu (6.72)
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Neutral line

Fig. 6.11 Reactance diagram for Example 6.4

The total reactance up to the fault point can be determined as,

X = (0.08+0.08+0.10540.2) || 0.111 (6.73)
0.465 x 0.111

= "= . . 4

. 0.0896 pu (6.74)

The value of the short circuit KVA can be determined as,

= 1116071.429  (6.75)

100
kVA;. = Base kVA x e 100 x 1000 x
0

0.0896
The short circuit MVA is calculated as,
MVA,. = 1116.071 (6.76)
The value of the base current is calculated as,
100 x 106
s — 2886.751 A (6.77)

b7 /3 % 20 x 1000

The value of the short circuit current can be determined as,

I = I X 100 = 2886.751 x

1
= 32218.20A 6.78
%X 0.0896 ( )

The simulation is done by the software IPSA, and the result is shown in
Fig. 6.12. The balanced three-phase fault current is,

Inpsa = 32188.831 A (6.79)

The simulation is done by the software CYME, and the result is shown in
Fig. 6.13. The balanced three-phase fault current is,

ey = 26062 A (6.80)

MVA ccyme = 903 (6.81)
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Busbarl

32188.831

Busbar2

(=) ()

Fig. 6.12 IPSA simulation results for Example 6.4

B1

LLL = 26062 A 903 MVA

LG = 39075A

1354MVA

LL = 22570A 782 MVA
LLG =45114 A 1563 MVA

@H

AY

3
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Busbar3

B2
LLL=0A 0MVA
LG = 0A OMVA
LL = 0A DMVA
LLG=0A 0MVA

po—CH—p |

B3
LLL=0A OMVA
LG = 0A OMVA
LL = 0A DOMVA
LLG=0A 0 MVA

Fig. 6.13 CYME simulation results for Example 6.4

Practice Problem 6.4
Figure 6.14 shows a single-line diagram of a power system. The ratings of the
equipment are as follows.

Generator G,
Generator G,
Generator Gz
Generator G4

Transformer T,

Transformer T,

Line

100 MVA, 11 kV, X =0.20pu
90 MVA, 11 kV, X =0.15pu
80 MVA, 11 kV, X =0.12pu
70 MVA, 11 kV, X =0.10pu
100 MVA, 11/33 kV, primary delta and secondary earthed wye,
X =0.12
90 MVA, 11/33 kV, primary delta and secondary earthed wye,
X =0.11
X, =28Q

Busbard

AV

—3—

B4
LLL=0A 0MVA
LG = 0A OMVA
LL = 0A OMVA
LLG=0A 0 MVA

—©

A three-phase balanced fault occurs at bus 3. Calculate the short circuit kVA and

short circuit current.
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T T,
' B B, _* B G

G Y Y-
| e | 3
3 3

O_Tl
S L e

Fig. 6.14 Single-line diagram for Practice Problem 6.4

A
r 3
3

6.4 Unsymmetrical Faults

The faults in the power system network which disturb the balanced condition of the
network are known as unsymmetrical faults. The unsymmetrical faults are classified
as a single-line-to-ground faults (SLG), double-line-to-ground faults (DLG), and
line-to-line faults. More than 90% of faults which occur in a power system are
single-line-to-ground faults. The connection diagrams of different types of
unsymmetrical faults are shown in Fig. 6.15.

6.5 Symmetrical Components

The knowledge of phase sequence is very important to analyze the symmetrical
components. The phase sequence is defined as the order in which they reach the
maximum value of the voltage. In 1918, C. L. Fortescue, an American Scientist,
stated that three separate balanced phasors can replace the three-phase unbalanced
phasors of a three-phase system.

Zy Zy
1 @« 1 @
SLG
G G — oY
L L Z,
- - DLG
Zy
.:—‘ a
LL
—  +—@»
Zy

Fig. 6.15 Unsymmetrical faults’ connection diagram
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Fig. 6.16 Representation of I
positive sequence components

120° al

Fig. 6.17 Representation of
negative sequence
components

The symmetrical components are classified as positive sequence components,
negative sequence components, and zero sequence components.

The components of the system have three phasors with equal magnitude but are
displaced from each other by 120°, and they follow the abc phase sequence. Phase
b lags the phase a by 120°, and phase ¢ lags the phase b by 120°. The neutral
current of the positive sequence components is zero. The positive sequence com-
ponents 1,1, I;, and 1| are shown in Fig. 6.16. In this system, the components have
three phasors with an equal magnitude but are displaced from each other by 120°,
and they maintain the acb phase sequence. Phase c lags the phase a by 120°, and
phase b lags the phase ¢ by 120°. The negative sequence components are similar to
the positive sequence components, except the phase order is reversed. The neutral
current of the negative sequence components is zero. The negative sequence
components I3, Iy, and I, are shown in Fig. 6.17.

The components have three phasors with equal magnitude, but zero displace-
ments are known as zero sequence components. The zero sequence components are
in phase with each other and have the neutral current. The zero sequence compo-
nents of the current I, I, and I are shown in Fig. 6.18. The unsymmetrical
components of the currents /,, I, and I. can be derived from the phasor diagram as
shown in Fig. 6.18.
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Fig. 6.18 Representation of T I T
zZero sequence components c0 b0 “al

6.6 Representation of Symmetrical Components

Figure 6.19 represents a phasor diagram where the line OA represents the current
phasor /. This phasor, after being multiplied by the operator a, gives the new phasor
al which is represented by the line OB. The phasor al in the diagram is leading (in
the counterclockwise direction) the phasor by 120°, which can be expressed as,

al =11]120° (6.82)
a=1/[120° = —0.5+;0.866 (6.83)

Similarly, multiplying the phasor al by a which gives a new phasor a*I, which is
represented by the line OC. This new phasor @I is leading phasor I by 240° in the
phasor diagram, which can be mathematically expressed as,

a1 =1 [240° (6.84)

Fig. 6.19 Representation of unsymmetrical and symmetrical components of current
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Fig. 6.20 Phasors with B
counterclockwise direction

a* =1[240° = —0.5 — j0.866 (6.85)
A similar approach can lead us to the following expression:
@ =1360° =1 (6.86)
Adding Egs. (6.83), (6.85), and (6.86) yields,
l+d*+a*=0 (6.87)

Comparing Fig. 6.16 with Fig. 6.20, the positive phase sequence components of
the current can be represented as,

Iy =1, ‘m (688)
Iy = Iy [240° = @I, (6.89)
Iy = Iy [120° = al, (6.90)

Again, comparing Fig. 6.17 with Fig. 6.20, the negative phase sequence com-
ponents of the current can be represented as,

[a2 = IaZ Iﬁ (691)
Iy =1 [120° = al, (6.92)
Lo = I [240° = d*I,, (6.93)

The magnitudes of the zero phase sequence components are the same, and it can
be written as,

Lo =10 = Lo (6.94)
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From Fig. 6.19, the unsymmetrical currents can be represented by the sym-
metrical components of current as,

L,=10+1,,+1, (695)
Iy =L+ 1 + 1 (6.96)
I.=1¢g+1,1+1, (6.97)

where the suffixes 0, 1, and 2 indicate the zero sequence, positive sequence, and
negative sequence components, respectively. Equations (6.96) and (6.97) can be
replaced by the symmetrical components of the current of phase a. Substituting
Eqgs. (6.89), (6.92), and (6.94) into Eq. (6.96) yields,
I, =10+ azlal +al, (698)
Again, substituting Egs. (6.90), (6.93) and (6.94) into the Eq. (6.97) yields,
I =Io+aly +dl, (6.99)

Equations (6.95), (6.98), and (6.99) can be rearranged in the matrix form as,

1, 1 1 1 Lo
Ib = 1 Cl2 a Ial (6 100)
1. 1 a d )

In Eq. (6.100), let’s represent the following symmetrical component transfor-
mation matrix as A, where

1 1
A=1|1 & a (6.101)
a &
Equation (6.100) can be modified as,
Ia IaO
I, | =A|I, (6.102)
Ic IaZ

Taking the inverse of A, Eq. (6.102) can be written as,

IaO Ia
In| =A711, (6.103)
Ia2 Ic
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From Eq. (6.103), the inverse of the A can be derived as,

L1 1 12
A"==|1 a a (6.104)
3 @ a

Lo It [
Ial = g 1 a a2 Ib (6105)
1 1 & a 1.

From Eq. (6.105), the following expressions for the current components can be
found,

1
Ia() - g (Ig +Ib +Ic) (6106)
1 2
L :§(1a+a1b+a 1) (6.107)
1 2
lo =3 (I, + &I, + al.) (6.108)

Similarly, the mathematical expressions for voltage components can be written
as,

—

Vao =5 (Va + Vo + Vo) (6.109)
1 2
Val = g (Va + aVb +a Vc) (6 1 10)
1 2
Va2:§(Va+a V,+aV,) (6.111)

In a three-phase Y-connection system, the magnitude of the neutral current can
be calculated as,

L=1,+1,+1. (6.112)
Substituting Eq. (6.112) into Eq. (6.106) yields,

1
Lo = 31 (6.113)

I, = 31,0 = 31 (6.114)
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Example 6.5

A three-phase system is having phase voltages V, = 90 |0° kV, V, = 66 |—100° kV,
and V, = 22 |85° kV. Calculate the symmetrical voltage components of for phases
a, b, and c.

Solution
The magnitude of the zero sequence voltage component is calculated as,

Va =

(90466 [—100° +22 |85° ) = 30.42 |-28.17° kV (6.115)

W | =

The magnitude of the positive sequence voltage component is calculated as,

1
Va =3 (9o+66 |=100° + 120° +22 \85°+2400) = 56.21 [3.35° kV (6.116)

The magnitude of the negative sequence voltage component is,

1 1
Vo = 3 (Va+a*Vy+aV,) = 3 (90+ 66 |—100° 4 240° +22 |85° + 120°)
= 12.69 |59.51° kV
(6.117)
For phase b:
The zero sequence voltage component is calculated as,
Vpo = 30.42 |-28.17° kV (6.118)
The positive sequence voltage component is calculated as,
V1 = a?V, = 56.21 [240° +3.35° = 56.21 |243.35° KV (6.119)

The negative sequence voltage component is calculated as,

Vir = Vap [120° = 12.69 [120° +59.51° = 12.69 [179.51° kv (6.120)

For phase c:
The zero sequence voltage component is,

Voo = 30.42 |-28.17° kV (6.121)

The positive sequence voltage component is determined as,

Ver = Var [120° = 56.21 [120° +3.35° = 56.21 |123.35° kV (6.122)
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The negative sequence voltage component is calculated as,

Voo = Vip [240° = 12.69 [240° 4+ 59.51° = 12.69 [299.51° kV (6.123)

Example 6.6

The symmetrical voltage components of a three-phase system are given by Vo =
94 |150° kV, Va1 =56 [80° kV, and V,, = 122 [55° kV for phase a. Find the
three-phase unbalanced voltages.

Solution
The positive phase sequence voltage components can be determined as,

Vo1 = Vi [240° = 56 |80 +240° = 56 [320° kV (6.124)
Ver = Va1 [120° = 56 |80° + 120° = 56 [200° kV (6.125)

The negative phase sequence voltage components are calculated as,

Viz = Vap [120° = 122 |55° 4+ 120° = 122 [175° kV (6.126)
Vo = Vo [240° = 122 |55° + 240° = 122 |295° kV (6.127)

The zero phase sequence voltage components can be calculated as,
Vao = Vo = Veo = 94 [150° kV (6.128)
Unbalance three-phase voltage components can be determined as,
Ve =94 [150° +56 [80° + 122 [55° = 202.09 [90.48° kV (6.129)
Vo= 94 [150° +56 320° 4122 [175° = 161.50 [172.5° kv (6:130)

Ve =94 [150° 456 [200° + 122 [295° = 116.81 |—134.91° kv (6:131)

Practice Problem 6.5

A Y-connected three-phase load draws current from the source as I, = 15 [0° A,
I, =25 [20° A, and I, = 30 |40° A. Calculate the symmetrical current components
for the phases a, b, and c.

Practice Problem 6.6

A three-phase system has the following symmetrical current components: Positive
sequence current components are I;; = 6 [10° A and I,; = 6 [250° A. The nega-
tive sequence current components are I, = 5 |53.13° A, Ip =5 [173.13° A, and
I, =51293.13° A. The zero sequence current components are I,0 = Ipo = l.o =
4 |35° A. Calculate the unsymmetrical current components.
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The product of the voltage and the conjugate of the current is known as complex
power, and it is denoted by the capital letter S. The expression of the complex

power is,

S =P+jQ = VI" = VIcos ¢+ VIsin ¢

(6.132)

Based on Eq. (6.132), the expression of the complex power for the three-phase

lines can be written as,
P+jQ =V, I, + Vil + V.I.

Equation (6.133) can be rearranged in the matrix form as,

L1 (v, 1,1"
P+.1Q = [Va+vb+vc] Ib = Vb Ib
I. v.| | L

According to Eq. (6.100), the unbalanced voltages can be written as,

v, 1 1 1 Vao
V| = @ a Va | =AVon
V. 1 a d Vo
where
Va()
Var | = Vo2
VaZ

Taking transpose of Eq. (6.135) yields,

V T

Vo | = (AVor) = ATVE,

V.
v,1" 1 1 1
Vb = |1 (12 a [Vao Val Vuz]
V. 1 a d

Taking conjugate of Eq. (6.100) yields,

(6.133)

(6.134)

(6.135)

(6.136)

(6.137)

(6.138)
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*

LY [t 1 11 [Le]” [1 1 17 [lo
L| =1 & a Inyl =11 a &\ |1, (6.139)
I. 1 a d Lo 1 @* all|ln
Substituting Eqgs. (6.137) and (6.138) into Eq. (6.134) yields,
11 1 1 1 1] [lo]”
P +]Q = 1 a2 a [ VaO VbO VCO ] 1 a a2 Ial (6 140)
a a 1 & a %
1 1 1771 1 1][Iol”
P+jO=[V Va Vaol|l & a 1 a &||Iy (6.141)
1 a & 1 & a 1,

Equation (6.141) can be modified as,

14141 l4a+d® 14+d+al[lo]”
P+jO0=[Vao Va Val|l+d*+a 1+&+a 1+ad*+a | |la
l4+a+d®> 1+ad+ad* 1+P+a | | 1o

(6.142)
30 0][Lol”
P+jO=[Va Va Val|l0 3 0| (6.143)
00 3|1,
IaO '
P+JQ:3[VL10 Val VaZ] L1 (6144)
Ia2
P+jQ =3[Vally+ Vall + Vol (6.145)

Equation (6.145) can be used to find the real power and reactive power from the
symmetrical components of voltage and current. According to Eq. (6.132), the
expressions of real and reactive power from Eq. (6.145) can be written as,

P = 3Vl cos ¢g + 3Vailai cos ¢y + 3Viualsn cos ¢y (6.146)

Q = 3Vl sin g+ 3V, 1, sin ¢y + 3V,0l,5 sin ¢, (6.147)
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6.8 Sequence Impedance of Power System Equipment

The sequence impedances of a power system equipment are defined as the impe-
dance offered by the equipment to the flow of sequence (positive or negative or
zero) current through it. These sequence impedances are zero, positive, and nega-
tive sequence impedances. The zero sequence impedance of equipment is defined as
the impedance offered by the equipment to the flow of the zero sequence current,
and it is represented by Z,. The impedance offered by the power system equipment
to the flow of the positive sequence current is known as the positive sequence
impedance, and it is denoted by Z;. The impedance offered by the power system
equipment to the flow of the negative sequence current is known as the negative
sequence impedance, and it is denoted by Z,. In the case of a synchronous machine,
positive sequence impedance is equal to the synchronous impedance of the
machine, whereas the negative sequence impedance is much less than the positive
sequence impedance. If the zero sequence impedance is not given, then its value is
assumed to be equal to the positive sequence impedance. For the transformer,
positive sequence impedance, negative sequence impedance, and zero sequence
impedances are equal. In the case of the transmission line, positive sequence
impedance and negative sequence impedances are equal. The zero sequence
impedance is much higher than the positive sequence impedance or the negative
sequence impedance. The balanced Y-connected load and the neutral impedance are
shown in Fig. 6.21. The current in the neutral point is,

L=1,+1,+1. (6.148)

The voltage between the phase a and the ground point is,

Vag = 1.Zy+ Zu1, (6.149)

Fig. 6.21 Balanced
Y-connected load
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Substituting Eq. (6.147) into Eq. (6.149) yields,
Vae =12y +Z,(I, + 1, + 1) (6.150)
Vag = 1(Zy +Z1) + Zuly + Zal, (6.151)
Similarly, the voltages of phase b and phase ¢ to the ground point are,
Vg = Znla + (Z, + Z,) 1, + Z, 1, (6.152)
Vee = Zply + 2,1y + (2, + Z,)1. (6.153)

Equations (6.151), (6.71), and (6.153) can be expressed in the matrix format as,

V“g Z” + Zy Zn Zn Ia
Vg | =| Zv ZutZd, Z, I (6.154)
Vg Z, Zy  Za+7Z,| | I

Substituting the expression of unsymmetrical voltages into Eq. (6.154) yields,

1 17 [V Z,+2,  Z, Z, I,
@ al|l|Val|l=| Z. Z,+z, 2, I (6.155)
a a@||Va Z, Zi  Zy+Zy| | L

Again, substituting the expression of unsymmetrical currents into Eq. (6.155)
yields,

Vo [t [zt 2z Zn 1 1 17 /Lo
Va | = 3 1 a & Z, Z,+Z, Zy @ a 1,
Vo 1 & a Zn Zn Z+Z, | |1 a & ||la
(6.156)
Vao [ U [3Z0+2, Zut+Zy+Zi(d®+a)  Zy+Zy+Z,(d’ +a) Lo
Val =3 1 a & ||32,+2, Z,+d*(Z,+Z)+aZ, Z,+a(Z,+Z,)+a*Z, | | la
Var 1 @ a||32,+2, Z,+&Z,+a(Z,+2Z) Z,+aZ,+d*(Z,+Z,) ] |1l
(6.157)
Vol 1 1 17[3Z2+2 2 2 |[lo
Va | =31 a @\ 132, +2, @z, aZ, ||Ia (6.158)
Az 1 @& a|l|32,+2, az, d*Z,||ln
Vol 97, +3Z, Z(a@®+a+1)  Z(a*+a+1) Lo
Va | =3 | 32, +2,) (@+a+1) Z,+a’Z,+a’Z, Z,+a*Z,+ad'Z, | |Ia
Vo | (3Z,+2)(@*+a+1) Z,+ada*Z,+ad’Z, Z,+a’Z,+a’Z, | |le

(6.159)
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Fig. 6.22 Sequence L 1,
networks > .a:
+ Zy +
V.o Zy =Zy+3Zn V., Z, =Zy Zy
- 3z, -
Zero sequence 7 Positive sequence
a2
>
+
VaZ 22 = Z)’ VA
y
Negative sequence
Vo 1 9Z,+3Z, O Lo
Var | =3 0 37, L (6.160)
Va2 0 0 Ia2
VaO 3Zn + Zy 0 IaO
Va | = 0 Z, 1 (6.161)
Vu2 0 0 Ia2

From Eq. (6.161), the expressions of symmetrical components of voltage for the

phase a can be written as,

VaO = (3Zn +Zy)1a0

Va = Zylal

Voo = ZyIaZ

(6.162)
(6.163)

(6.164)

The sequence circuits based on Eqgs. (6.162), (6.163), and (6.164) are shown in
Fig. 6.22. The neutral impedance of the Y-connection would be zero if it is solidly

grounded. Equation (6.162) can be modified as,
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Vao = Zylu() (6 165)

The neutral impedance of the Y-connection will provide an infinite quantity if it
is not grounded. That means zero sequence circuit will provide an open circuit and
nonzero sequence current will flow through an ungrounded Y-connection.

6.9 Zero Sequence Models

In transmission lines, there is no effect on the impedance due to positive and native
sequence components of voltages and currents. In this case, positive sequence and
negative sequence impedances are equal to each other, that is,

Z =2 (6.166)

The zero sequence impedance is much higher than the positive or negative
sequence impedance due to its ground return path. In this case, the expression can
be written as,

Zo=27,+32Z, (6.167)
Similarly, the zero sequence reactance can be written as,
Xo = X; +3X, (6.168)

where the neutral reactance (per mile) can be expressed as,

D,, ,
X, =2.02 x 10’3flnF Q/mile (6.169)

s

where

D,, is the geometric mean distance (GMD),
D, is the geometric mean radius,
f s the frequency.

The sequence networks for transmission lines are shown in Fig. 6.23. There are
three impedances, namely subtransient, transient, and direct axis reactance. The
positive and negative sequence impedances are equal to the subtransient reactance
during a fault condition.

The generator offers a very small reactance due to the leakage flux. Therefore,
the zero sequence impedance is smaller than the others. The following equations for
a generator can be written as,
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ground ground
Zero sequence 7 Positive sequence
2
I

2 IYY Y

ground

Negative sequence

Fig. 6.23 Sequence networks for the transmission line

o

Zero sequence Positive sequence
I,

__,_NYY\_

Negative sequence

Fig. 6.24 Sequence networks for generator

7 =2,=7! (6.170)
Zo =12 (6.171)

The sequence networks for the generator are shown in Fig. 6.24. In the trans-
former, the zero sequence current flows if the neutral is grounded. In this case, the

positive and the negative sequence impedances are equal to the zero sequence
impedance, that is,
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A
Z
B ~ 0. ~ a
C g
Symbol Connection diagram Equivalent circuit
Fig. 6.25 Sequence networks for Y-Y-connection with both sides grounded
Zy =2 =17 (6.172)

Y-Y-Connection with both neutral grounded: In this connection, both neutrals
are connected to the ground. Therefore, zero sequence current will flow in the
primary and the secondary windings through the two grounded neutrals. As a result,
the zero sequence impedance connects the high voltage and the low voltage ter-
minals as shown in Fig. 6.25.

Y-Y-connection with only one grounded: In this arrangement, one side of the
Y-connection is not grounded. If anyone of the Y-Y-connection is not grounded,
then the zero sequence current will not flow through the ungrounded wye.
Therefore, an open circuit will appear between the high voltage and low voltage
sides, as shown in Fig. 6.26.

Y-Y-connection with no grounded: In this arrangement, the sum of the phase
current in both cases is zero. As a result, no zero sequence current will flow in any
of the windings. Hence, there is an open circuit between the high voltage and the
low voltage sides, as shown in Fig. 6.27.

Grounded Y- and A connections: In this connection, zero sequence current will
flow in the Y-connection as its neutral is connected to the ground. The balanced
zero sequence current will flow within the phases of the A connection, but this

A a
ZO
B b A _a
ﬁ( Yc c &

Symbol Connection diagram Equivalent circuit

Fig. 6.26 Sequence networks for Y-Y-connection for one side grounded
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A a
ZO
B — b 4 _a
¢ ] ‘ ¢

Symbol Connection diagram Equivalent circuit

Fig. 6.27 Sequence networks for Y-Y-connection with no ground

Z
A 0 a
g
Symbol Connection diagram Equivalent circuit

Fig. 6.28 Sequence networks for grounded Y- and delta connection

current will not flow out of the terminal. Therefore, no zero sequence current will
flow in the line as shown in Fig. 6.28.

Ungrounded Y- and A connections: In this case, there will be no connection
between the neutral and the ground. Therefore, the zero sequence current will not
flow in the windings of both transformers. As a result, an open circuit will exist
between the high and low voltage sides as shown in Fig. 6.29.

A-A connection: In this connection, no zero sequence current will leave or enter
the terminals. However, it is possible for the current components to circulate within
the windings. Therefore, there is an open circuit between the high voltage and the
low voltage windings. The zero sequence impedance will form a closed path with
grounding terminals as shown in Fig. 6.30.

Example 6.7
Figure 6.31 shows a single-line diagram of a three-phase power system. Draw the
positive sequence, negative sequence, and zero sequence networks.

Solution

The generator is represented with a voltage source and a series reactance in the
positive sequence network. The transformer and transmission lines are also repre-
sented by the respective reactance quantities as shown in Fig. 6.32.
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A
Z
B A 0 a
Symbol Connection diagram Equivalent circuit
Fig. 6.29 Sequence networks for ungrounded Y- and delta connection
A Z a
Symbol Connection diagram Equivalent circuit

Fig. 6.30 Sequence networks for delta-delta connection
Bus 1 Bus 2 Bus 3 Bus 4
® AE | | 3°E o
Line
S E
G, T, T,

Fig. 6.31 A single-line diagram for Example 6.7

By omitting the voltage sources from the positive sequence network and by
replacing the generator reactance components with negative sequence reactance
components as shown in Fig. 6.33 has been derived.

The equivalent reactance of the generator G is Xg +3X, as it is grounded
through a reactance. The total equivalent reactance of the generator G, is zero as it
is solidly grounded. The primary sides of both the transformers 7', and T, are delta
connected. The zero sequence network is, therefore, in an open circuit near the bus
1 and bus 4. The secondary sides of both the transformers are wye-connected and
solidly grounded. The zero sequence network is shown in Fig. 6.34.

Practice Problem 6.7
Figure 6.35 shows a single-line diagram of a three-phase power system. Draw the
positive sequence, negative sequence, and zero sequence networks.
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X X
LT1 1L X, .72

Reference

Fig. 6.32 A positive sequence network for Example 6.7

X X
2,T1 2,L X 272

Reference

Fig. 6.33 A negative sequence network for Example 6.7

Bus 1

Xor1 Xo1 Xor Bus 4
Y Y Y L YYY L _/YYY
JX g0.01 .
./XO,gZ
J3X, o1 G,
G
Reference

Fig. 6.34 A zero sequence network for Example 6.7

283
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Bus 1 Bus 2 Bus 3 Bus 4
PAN 14“ L ﬁ A M
G T L, T

Fig. 6.35 A single-line diagram for Practice Problem 6.7

C
LL
SLG l DLG

Fig. 6.36 Different types of unsymmetrical faults

6.10 Classification of Unsymmetrical Faults

Unsymmetrical faults are the most common faults that occur in the power system.
Due to this fault, the magnitudes of the line currents become unequal, and also these
current components observed a phase displacement among them.

In this case, symmetrical components are required to analyze the current and
voltage quantities during the unsymmetrical faults. These unsymmetrical faults can
be classified into three categories, namely single-line-to-ground fault (SLG),
line-to-line fault (LL), and double-line-to-ground fault (DLG). The unsymmetrical
faults are shown in Fig. 6.36.

6.11 Sequence Network of an Unloaded Synchronous
Generator

A three-phase unloaded synchronous generator is having a synchronous impedance
of Z, per phase, and its neutral is grounded by an impedance Z, as shown in
Fig. 6.37.

In balanced condition, the negative sequence and zero sequence voltages are
zero [1, 2]. The expression of neutral current is,

L=1,+1,+1. (6.173)
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Fig. 6.37 Unloaded three-phase synchronous generator
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Applying KVL to the circuit shown in Fig. 6.37, the following equation can be

found:
Vo=E, — 2,1, — Z,1,
Substituting Eq. (6.173) into Eq. (6.174) yields,
E.=V,+Z,+Z,(I,+1,+1)
E.=V.+(Z,+Z,), +Z,1, + Z,I,
Similarly, the expression of other voltages can be found as,
Ey = Vy+Zdy+ (Zy+Z) 1y + Z,,

E.=V.+Z,1,+Z,0,+ (Z,+ Z,)I,

(6.174)

(6.175)

(6.176)

(6.177)

(6.178)
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Equations (6.176), (6.177), and (6.178) can be written in the matrix form as,

E, V, Zy+7Z, 7 Z, I,
El=|Vw|+| 2. 2z+z 2z I, (6.179)
E. Ve Z, Z, Zy+2Z, | |1

More concisely, Eq. (6.179) can be written as,
[E]abc: [V]abc + [Z}abc [I]abc (6180)

where the following terms can be expressed as,

Elype= [Ea Ey Ec]' (6.181)
Ve = [Va Vi VeI" (6.182)
Npe = I L L] (6.183)

Multiplying Eq. (6.180) by [A] " yields,
AT Eluse = (A7 VIage + (A7 1Z] syl (6.184)
Let us consider the generator voltage,
E,=E (6.185)
According to the a operator, the following relationships can be affirmed,
E, = &’E (6.186)
E.=aE (6.187)

The left-hand side of Eq. (6.184) can be modified as,

1 1 E
1
A [Elye = 3|1 a @] |@E (6.188)
a a aE
1+a+a? E 0 0
Al [Elye = 5 |1+ +d | =5 |3|=|E (6.189)
3 1+a*+d? 310 0

The first part of the right-hand side of Eq. (6.184) becomes,
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[A]_l [V]abc = [V}mz (6-190)
The second part of the right-hand side of Eq. (6.184) can be written as,
[A]71 [Z]abc[l}abc = [A]il [Z}abc [A] [1]012 (6 191)
However, the following relation can be written as,
[A]il[z]abc [A] = [Z]ou (6~192)

Substituting Eq. (6.192) into Eq. (6.191) yields,

[A]il[z]abc[l]abc = [Z]oummz (6~193)
where
32,+z, 0 O Zo 0 O
[Z]012 = 0 Z, 0 = 0 7z O (6.194)
0 0 z 0O 0 2

In Eq. (6.194),

Zy = Z,+3Z, is the zero sequence impedance,
Z, =127, is the positive sequence impedance,
7, =27, is the negative sequence impedance.

Substituting Egs. (6.189), (6.192), and (6.194) into Eq. (6.184) yields,

0 Vo Z() 0 0 I()
E|l=|Vi|+]0 2z o0]||L (6.195)
0 V, 0 0 2% o)

Equation (6.195) can be modified as,
VO 0 ZO 0 0 IO
Vil=|E|—-10 Z 0 I (6.196)
Vs 0 0 0 Z||L

From Eq. (6.196), the voltages are expressed as,

Vo =0—InZ (6.197)

Vi=E-1LZ (6.198)
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V,=0-1L2 (6.199)

The sequence networks are shown in Fig. 6.24.

6.12 Single-Line-to-Ground Fault

A three-phase Y-connected unload generator is shown in Fig. 6.38. Initially, the
neutral of the generator is grounded with a solid wire. In this case, consider that a
single-line-to-ground fault occurs in phase a of the unloaded generator which
disturbs the balance of the power system network [3]. For this scenario, the
boundary conditions are,

V,=0 (6.200)
I, =0 (6.201)
=0 (6.202)

Lol ([t 1 1][k
Ial = g 1 a a2 Ib (6203)
Lo 1 & a|l|lL

Substituting Egs. (6.201) and (6.202) into Eq. (6.203) yields,

Lo 1 1 1 1,
L =3 1 a a&||0 (6.204)
Lo 1 &* a 0
Fig. 6.38 Unloaded a
generator
b
c
Ve

— =
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From Eq. (6.204), the symmetrical components of the current of phase a can be
written as,

I
Ioy=1,=1Ip= 3 (6.205)
From Eq. (6.205), it is observed that the symmetrical components of current are
equal in a single-line-to-ground fault.
Substituting the values of symmetrical components of current in Eq. (6.195)
yields,

VaO 0 ZO 0 0 Ial
Val=|E|-]10 2z 0| (6.206)
Va2 0 0 0 Z| |1

From Eq. (6.206), the symmetrical components of voltage can be written as,

Vao = —Zola1 (6.207)
Va = Es — Z1la (6208)
Vo = =22l (6.209)

However, we know that the unbalanced voltage for phase a is,
Va=Vao+Va+Va=0 (6210)

Substituting Egs. (6.207), (6.208), and (6.209) into Eq. (6.210) yields,

_ZOIal +Ea - leal - ZZIal =0 (6211)
E,
In=——"——r (6.212)
ZO +Zl +Z2

For a single-line-to-ground fault, the positive sequence current, negative
sequence current, and the zero sequence current are equal and can be determined
from Eq. (6.212).

From Eq. (6.205), the expression of fault current in phase a can be determined
as,

A (6.213)

Substituting Eq. (6.212) into Eq. (6.213) yields,
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Fig. 6.39 Sequence

networks for I
single-line-to-ground fault 7ero L —
without fault impedance sequence Vo
I al
positive .V
sequence al
I a2
negative [ >
sequence Vi

E
= L (6.214)
2o+ + 2,

The sequence network connection for the single-line-to-ground fault without a
fault impedance is shown in Fig. 6.39.

If a single-line-to-ground fault occurs in phase a through the impedance Z;, then
the expression of fault current from Eq. (6.210) can be derived as,

Va = VaO + Val + Va2 - IaZf (6215)
Substituting Egs. (6.187), (6.188), (6.189), and (6.193) into Eq. (6.195) yields,
—Zoly +E, — Zily — 2ol = 371, (6.216)

p— Ea
Lo+ Zi+2,+3Z

I (6.217)

Again, substituting Eq. (6.217) into Eq. (6.213), the fault current in phase a can

be determined as,

_ 3E,
C Zo+Zi+2,+3Z

(6.218)

1o

The sequence network connection for the single-line-to-ground fault with a fault
impedance is shown in Fig. 6.40.
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Fig. 6.40 Sequence
networks for
single-line-to-ground fault Zero
with fault impedance sequence
positive
sequence I 3Zf
negative
sequence

Example 6.8

A three-phase 15 MVA, Y-connected, 11 kV synchronous generator is solidly
grounded. The positive, negative, and zero sequence impedances are j1.5 €, jO.8 Q,
and jO.3 Q, respectively. Determine the fault current in phase a if the
single-line-to-ground fault occurs in that phase.

Solution
The value of the generated voltage per phase is calculated as,

11
E, =19 _ 63508 v (6.219)

V3

The value of the symmetrical component of the current is determined as,

B E, B 6350.8
 Zo+Z1+7Z, j1.5+j0.8+,0.3

L = —j2442.6 A (6.220)

The value of the fault current in phase « is calculated as,

I, =31, =3 x —j2442.6 = —j7327.8 A (6.221)

Example 6.9

Figure 6.41 shows a Y-connected, three-phase synchronous generator whose neu-
tral is earthed with solid wire. A single-line-to-ground fault occurs in phase a, and
the current in this phase is found to be 100 A. Find the positive sequence, negative
sequence, and zero sequence currents for all three phases.
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Fig. 6.41 A Y-connected
synchronous generator for
Example 6.9

Solution
During fault, the currents in different phases are,

I, =100 A (6.222)
I,=0A (6.223)
IL=0A (6.224)

The zero sequence components of the current are determined as,

1

1
Lo=1=10= g(la +1 —‘y—IC) = 3 x 100 = 33.33 A (6225)

The positive sequence components of the current can be determined as,

1 1

I =3 (la+ aly +a'le) = 3 x 100 = 33.33 A (6.226)
Iyt = @’la = 33.33 [240° A (6.227)

Iy = alq = 33.33 [120° A (6.228)

The negative sequence components of the current can be determined as,

1 1
lo =3 (I, + I, +al,) = 3% 100=3333 A (6.229)
Ib2 = Clluz = 3333 1200 A (6230)

Lo = d*I,, = 33.33 [240° A (6.231)
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Fig. 6.42 A circuit for
Practice Problem 6.5

Practice Problem 6.8

A three-phase 20 MVA, 11 kV synchronous generator is having a subtransient
reactance of 0.20 pu, and its neutral is solidly grounded. The negative and zero
sequence reactance are 0.30 pu and 0.15 pu, respectively. Determine the fault
current if a single-line-to-ground fault occurs in phase a.

Practice Problem 6.9

The neutral of a three-phase Y-connected synchronous generator is solidly
grounded as shown in Fig. 6.42. A single-line-to-ground fault occurs in phase b,
and the current in this phase is found to be 150 A. Calculate the positive sequence,
negative sequence, and zero sequence currents for all three phases.

6.13 Line-to-Line Fault

A three-phase synchronous generator whose line-to-line fault occurs between phase
b and phase c as shown in Fig. 6.43. In this condition, the voltages at phases b and
¢ must be the same, whereas the currents in phase b and phase ¢ must be equal but
in opposite direction to each other [4].

In the line-to-line fault, the boundary conditions are,

L,=0 (6.232)
I, =—I, (6.233)

V,=V. (6.234)
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Fig. 6.43 Line-to-line fault
on an unloaded synchronous
generator

Substituting Egs. (6.232) and (6.233) into Eq. (6.203) yields,

Lo 1 I 1 1 0
Ial = g 1 a a2 Ib (6235)
Iag 1 112 a _Ib

Lo 1 O+1, — 1
In|==|0+(a—a (6.236)
Iaz 0+ (Cl2 — a)Ib

From Eq. (6.236), the symmetrical components of current in phase a can be
written as,

Lo=0 (6.237)
1 2

Ial = g (a —da )Ib (6238)
1 2

Ip = 3 (a” —a)l, (6.239)

From Eq. (6.237), it is seen that the zero sequence component of current is zero.
Hence, the value of the zero sequence voltage can be written as,

Vao = 10Zo = 0 (6.240)

From Egs. (6.238) and (6.239), it is also seen that the positive sequence com-
ponent of current is equal to the negative sequence component of current but in
opposite direction.
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The symmetrical components of voltage can be determined as,

Vi = Vao + @V +aVy (6.241)

Ve = Vi +aVy +a*Vy (6.242)

Substituting Eqgs. (6.241) and (6.242) into Eq. (6.234) yields,

Vo +@Va +aVe = Vo +aVa +a* Ve (6.243)
(@ —a)Vy = (> — a)Va (6.244)
V=V (6.245)

Substituting Egs. (6.208) and (6.209) into Eq. (6.245) yields,

E,—1nZ) = —lpnZ, (6.246)

E,—1nZ,=1,12, (6.247)
E,

I, = 6.248

T Zi+ 7 ( )

If there is a fault impedance Z in between lines b and c, then the following
expression can be written as,

V=V + 1,2 (6.249)

Substituting Egs. (6.98), (6.241), and (6.242) into Eq. (6.249) yields,
Vo +a*Va +aVo = Voo +aVa + @V + (Lo + @la +alp)Zy  (6.250)
Again, substituting Egs. (6.237), (6.238), and (6.239) into Eq. (6.250) provides,
(@* = a)Vy = (&* — @)V + (@ — a)luZ (6.251)
Var = Vo +1uZy (6.252)
The interconnection of the sequence network without a fault impedance is shown

in Fig. 6.44.

The interconnection of the sequence network with a fault impedance is shown in
Fig. 6.45.
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Fig. 6.44 Sequence network
for line-to-line fault without
fault impedance

Fig. 6.45 Sequence network
for line-to-line fault with a
fault impedance

Example 6.10

6 Symmetrical and Unsymmetrical Faults

IaO
+
Zero
sequence Vao
Ial
.. A
positive Vv
sequence al
1a2
negative
sequence Vi
zero
sequence |
positive
sequence |
negative
sequence |

Z, I

QY

Ia2

The positive sequence, negative sequence, and zero sequence reactance of a 15
MVA, 13 kV three-phase Y-connected synchronous generator are 0.4 pu, 0.3 pu,
and 0.1 pu, respectively. The neutral point of the generator is solidly grounded and
is not supplying current to the load. Calculate the fault current and the actual
line-to-line voltages if a line-to-line fault occurs between phase b and phase c.

Solution

Let us consider that the base values are 15 MVA and 13 kV. The per unit generator

voltage can be determined as,

13
E:—:l °
3= 0% pu

(6.253)
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The zero sequence component of current is,
Io=0 (6.254)
The values of the positive and negative sequence components of current are,

CZ1+2Z, j0.44j03

Ial = —Iaz —jl.42pu (6255)

The value of the fault current can be determined as,

Iy = Lo+ @y +aly = 0+1240° x 1.42 [=90° +1 [120° x 1.42 |90°
(6.256)

I, =0+ 142 [150° +1.42 |210° = —2.44pu (6.257)

The value of the base current can be calculated as,

15 x 1000000
Tose = —2 0 666,17 A (6.258)
V3 x 13 x 1000

The actual value of the fault current is,

I, =2.44 x 666.17 = 1625.45 A (6.259)

The sequence voltages for phase a can be determined as,

Vao = —1a0Zo = 0 [0° pu (6.260)
Vai =E —IaZ = 1[0° +j1.42 x j0.4 = 0.432 |0° pu (6.261)
Vo = —1iaZp = —j1.42 % j0.3 = 0.436 |0° pu (6.262)

The phase voltages of the generator are calculated as,

Vi = Vao + Var + Vo = 0+0.432 4+ 0.436 = 0.87 |0° pu (6.263)
Vi = Vo + @ Var +aVap = 0+0.432 [240° +0.436 [120° =[0° pu  (6:264)
Ve = Vg +aVa + Vo = 040432 [120° +0.436 [240° =[0° pu  (6:265)

The line-to-line voltages of the generator are determined as,

Vi = Vo — Vi = 0.87 [0° — |0° = 0.87 |0° pu (6.266)
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Voe =V =Ve=00°-01[0° =01[0° pu (6.267)
Vea=Ve=Va=0[0° —0.87 [0° = 0.87 |-90° pu (6.268)

The value of the line-to-neutral voltages is calculated as,

Vin = \1/—3§ =7.51kV (6.269)
The actual line-to-line voltages are calculated as,
Vap = 7.51 x 0.87 [0° = 6.53 |0° kV (6.270)
Voe =7.51 x0[0° =0 |0° kV (6.271)
Vo = 7.51 x 0.87 |—90° = 6.53 |—90° kV (6.272)

Practice Problem 6.10

The positive sequence, negative sequence, and zero sequence components of the
reactance of a 20 MVA, 13.8 kV synchronous generator are 0.3 pu, 0.2 pu, and 0.1
pu, respectively. The neutral point of the generator is solidly grounded, and the
generator is not supplying current to load. Find the line-to-line voltages of the
generator if the fault occurs between phases b and c.

6.14 Double-Line-to-Ground Fault

The connection diagram of an unloaded synchronous generator is shown in
Fig. 6.46. Consider that a double-line-to-ground fault occurs between phases b and
c. The voltages at phase b and phase ¢ should be equal to zero, and the current in the
phase a is equal to zero [5, 6]. In this case, the boundary conditions are,

I,=0 (6.273)
Vy=V.=0 (6.274)

According to Eq. (6.105), the symmetrical components of voltage for phase
a can be expressed as,

V.o 1 1 1 1 V.,
Va | = 3 1 a d Vi (6.275)
Vo 1 & a V.



6.14 Double-Line-to-Ground Fault

Fig. 6.46 Double-line-to-line

fault on an unloaded generator

VaO 1
Val ==1|1
vo| 31

a

Vo =Va =Va ==

Initially, the following relation can be written as,
Vo = Var

—lawZy = E; — lnZ,
E,— 1.2
IaO __ La al&l
%
Finally, the following relation can be written as,

Va2 = Val
Substituting Egs. (6.208) and (6.209) into Eq. (6.280) yields,

Ea - Ialzl - - aZZZ

Iaz _ Ea - Ialzl

Z

Substituting Eq. (6.274) into Eq. (6.275) yields,

1
a

Substituting Eqgs. (6.207) and (6.208) into Eq. (6.277) yields,

299

b
1
v b
c
15;
Va ° Vb VL‘
1 |
|| o (6.276)
a 0
2
. (6.277)
(6.278)
(6.279)
(6.280)
(6.281)

(6.282)

(6.283)
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Fig. 6.47 Sequence network —-

for double-line-to-line fault o I,

without a fault impedance 7Zero L — 7 v
0 a0

sequence VaO

positive %
sequence E

negative
sequence | Va2

The unsymmetrical current for phase a is,
L=1o+I1a+1n (6.284)

The sequence network for double-line-to-line fault without a fault impedance is
shown in Fig. 6.47.
Substituting Egs. (6.273), (6.280), and (6.283) into Eq. (6.284) yields,

Ea - Zl[ul Ea - leal
O =———+1;) — 6.285
Zy Tla Z ( )
7 7 1 1
Lil1+=+=)=E,| = + = 6.286
l( JrZo Zz) (Zo+22> ( )
E (ZZ+ZU)
a\ ZvZ»
Ial - (1 4 lez+leo) (6287)
707>
7+ 7
al = H+ 2D+ 722 '
ZoZy
E (2, +Z
I (Z2+2) (6.289)

= ZoZs + Z1Zs + 7170
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E.(Z, + Zy)

= 6.290
N 7+ 7, (Z+7Zy) ( )
E,
Ly=— (6.291)
Zl + Zzzo+20

From Eq. (6.291), it is observed that the zero sequence impedance and negative
sequence impedance are connected in parallel, and then it is connected in series
with the positive sequence impedance as shown in Fig. 6.47. By applying current
divider rule to the circuit shown in Fig. 6.47, the negative sequence and positive
sequence currents can be found as,

Zoy

Ip=—-1,)—— 6.292
2 IZZ +Zy ( )
Z
lo=—1,)—— 6.293
0=y 2 (6.299)

Again, consider that the double-line-to-ground fault occurs between phases
b and c through the ground impedance Z; as shown in Fig. 6.48. The voltage
between the fault terminal and the ground is,
V=V, = (Ib +Ic)Zf (6294)
According to Egs. (6.98) and (6.99), the following equations can be derived,
Viy = Voo +a*Va +aVy (6.295)

Ve = Voo +aVy+a*Vy (6.296)

Fig. 6.48 Double-line-to-line
fault on an unloaded generator
with a fault impedance
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Substituting Egs. (6.98), (6.99), and (6.295) into Eq. (6.294) yields,

Vao +a*Vay +aVay = (Lo + @ Ly + alp + Lo + alyy + a* 1) Zf (6.297)
Vo + @V +aVey = 2107 + (@ + @)l Zs + (a+ a*) 107 (6.298)
Vo + a2Va1 +aV,y = 2],10Zf — I,IlZf - Ia2Zf (6299)

Again, substituting Eq. (6.281) into Eq. (6.299) yields,
Vo + (@ +a)Vay = 2L0Zr — (Iy +1,2)Z; (6.300)
Vao = Va1 = 20u0Zp — (I +10)Zf (6.301)

Substituting Eq. (6.273) into Eq. (6.284) yields,

0=1I+1s+1p (6.302)
Iy +1p = —1y (6.303)

Again, substituting Eq. (6.303) into Eq. (6.301) yields,
Vao — Va1 = 31a0Zy (6.304)

The sequence network with the fault impedance is shown in Fig. 6.49.

Example 6.11

The positive sequence, negative sequence, and zero sequence reactance of a 20
MVA, 11 kV three-phase Y-connected synchronous generator are 0.24 pu, 0.19 pu,
and 0.18 pu, respectively. The generator’s neutral point is solidly grounded.
A double-line-to-line fault occurs between phases b and c. Find the currents in each

Fig. 6.49 Sequence network —>-
for double-line-to-line fault Iy 1,
, . S —
with a fault impedance Zero Z, Vo
sequence Vao
|EZ
‘M |
I al I 1
.. N - =
positive 7
sequence Va :
d Eﬂ Val
_>_f["2 ~
negative Lo N
sequence Vaa
ZZ VaZ
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phase during the subtransient period immediately after the fault occurs, and
line-to-line voltages.

Solution
Consider that the base values are 20 MVA and 11 kV. Then, the per unit generator
voltage is,

1

E=7=110" pu (6.305)

The value of the positive sequence component of the current is determined as,

E 1

= j0.18 % jO.19
(Zl + %) JO.24+ 7019

Iy = = —j3.01pu (6.306)

The value of the negative sequence component of the current is calculated as,

z . j0.18 .
Lo= Iy —jp301—— 2% _ 146 6.307
2 '‘Zovzo 0091018 P (6:307)

The value of the zero sequence component of the current can be determined as,

7> . j0.19 .
ILo=-11————=j30l ———=j1.55 6.308
0=y vz, 70191018 0P (6.308)
The value of the base current is calculated as,
20 x 1000
=" 104973 A (6.309)
V3 x 11

The per unit values of the phase currents can be calculated as,
I, =1Lo+ 14+ 1p=j155—-73.014;1.46 =0pu (6.310)

I = Lo+ Ip) + Iy = Lag + @Iy +al, = j1.55 — 3.01 [90° 4 240° + 1.46 [90° + 120°

=4.52 [149.01° pu
(6.311)

Ic = L0 +Icl +IC2 = IaO +alal +a21a2 :]155 —3.01 ‘900 + 120° +1.46 |90O +2400

= 4.52 (30.99° pu
(6.312)
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The value of the actual fault current during the subtransient period is,
I, =1. =4.52 x 1049.73 = 474478 A (6.313)
The value of the sequence voltages of phase a can be determined as,
Va =E—-14Z = 1+3.01 xj0.24 = 0.28 pu (6.314)

In the double-line-to-ground fault, the symmetrical components of voltage are
the same, and it can be written as,

Vao = Val = Vag =0.28 pu (6315)

The values of the phase voltages of the generator can be determined as,

Ve =V +Va+Vpy=0.28+0.28+0.28 = 0.84 |0° pu (6.316)
Vi = Vo + Vit + Via = Vg + @ Vir +aVa = 0.28 +0.28 [240° +0.28 [120°
=01[0° pu
(6.317)
Ve = Veo + Ve + Vea = Vao + aVar + @ Vaa = 0.28 +0.28 [120° +0.28 [240°
=010 pu
(6.318)
The per unit line-to-line voltages are determined as,
Vab = Va — Vi = 0.84|0° pu (6.319)
Voe = Vi — Ve =010° pu (6.320)
Vea = Ve — Vo= —0.84 [0° = 0.84 [180° pu (6.321)
The value of the phase voltage is determined as,
V, *2*635kV (6.322)
=56 .
The actual line-to-line voltages of the generator can be determined as,
Vo = 0.84 x 6.35 = 5.33kV (6.323)

Vhe = 0 x 6.35 = 0KV (6.324)
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V.o =0.84 x 6.35 =5.33kV (6.325)

Practice Problem 6.11

The positive sequence, negative sequence, and zero sequence reactance of a 50
MVA, 16.8 kV, three-phase Y-connected synchronous generator are 0.22 pu, 0.17
pu, and 0.15 pu, respectively. The neutral of the generator is solidly grounded.
A double-line-to-line fault occurs between phases b and c. Calculate the currents in
each phase during the subtransient period immediately after the fault occurs.

Example 6.12
Figure 6.50 shows a single-line diagram of a three-phase power system. The ratings
of the equipment are as follows.

Generator G4 100 MVA, 11 kV, X; = X, = 0.25pu, Xo = 0.05pu
Generator G, 80 MVA, 11 kV, X; =X, = 0.15pu, Xop = 0.07pu
Transformer 77 100 MVA, 11/66 kV, X; = X, = Xy = 0.09 pu
Transformer 7, 80 MVA, 11/66 kV, X; = X; = Xy = 0.09 pu

Line X[:X2:15 Q,XOZ3OQ

Answer the following questions by considering the power system is initially
unloaded.

(i) Draw the positive sequence, negative sequence, and zero sequence networks.

Also, find the equivalent sequence impedances.

(i) A single-line-to-ground fault occurs in line a at bus 3. Find the subtransient
fault current.

(iii) A line-to-line fault occurs in lines b and c¢ at bus 3. Calculate the subtransient
fault current.

(iv) A double-line-to-ground fault occurs in lines b and c at bus 3. Determine the
subtransient fault current.

Solution

Consider that the base values are 100 MVA and 11 kV for the low voltage side and
66 kV for the high voltage side of the transformer. Based on the common base, the
new reactance for the generators and transformers can be determined in the fol-
lowing ways.

Fig. 6.50 Single-line Bus 1 Bus 2 Bus Bus 4
\L
3
3

3
diagram for Example 6.12 N A , | ?\_@Gz
E: Line \L
O 3]
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The new reactance for the generator G is,

100
XIZXZZWXOZSZOZSpu
100
Xo=— .05 =0.
b =1g0 * 0-05 = 0.05 pu

The new reactance for the generator G, is,

100
X] = X2 - @ X 015 - 01875pu
100

The new reactance for the transformer 77 is,

100
Xl = X2 = X() = m x 0.09 = 009pu

The new reactance for the transformer 75 is,

100
X1 :X2 :XO :% x 0.09 = 01125pu

The base voltage for the line can be calculated as,

11
V;,:—:11><§:66kV
a 11

The value of the base impedance can be determined as,

V2 662
=t _-—"_—-43560Q

b= s, T 100

The values of the new line reactance are determined as,

15
Xl = X2 = M = 03443 pu
30
Xo = —— = 0.6887
* = 43.56 b

(6.326)

(6.327)

(6.328)

(6.329)

(6.330)

(6.331)

(6.332)

(6.333)

(6.334)

(6.335)
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j0.09  j0.3443

j0.09 70.3443 j0.1125
j0.25 j0.1875

E,
Reference Reference
Positive sequence Negative sequence
70.6887 T Lao
70.09 j0.1125
j0.25 j0.1875
Reference

Zero sequence

Fig. 6.51 Sequence networks for Example 6.12

(1) Figure 6.51 shows the sequence networks. The equivalent positive sequence
and negative sequence impedances can be determined as,

4 _ . _J(025+0.00+0.3443) xj(0.1125 +0.1875)
e 7(0.6843+0.3)

—j0.2085pu  (6.336)

The value of the equivalent zero sequence impedance can be calculated as,

(009 +0.6887) x j(0.1125)
0 T (0.7787 +0.1125)

= j0.0982 pu (6.337)

(i1) Figure 6.52 shows the sequence network for a single-line-to-ground fault. The
sequence components of the current are determined as,

. E 1]0°
C Zi+7Z,+7Zy  j0.2085 +0.2085 + j0.0982

= 1.94 |=90° pu
(6.338)

Iy =1 = Iy



308 6 Symmetrical and Unsymmetrical Faults

Fig. 6.52 Positive sequence
networks for Example 6.12

The value of the fault current in the phase a can be determined as,

I, =1y + 1+ 10 =194 [-90° +1.94 —90° +1.94 |—90° = 5.82 -90° pu

(6.339)
The value of the base current can be calculated as,
100 x 1000
Ihpse = ————— = 87477 A 6.340
base \/§ % 66 ( )

For a single-line-to-ground fault, the actual value of the fault current can be
determined as,

I(s—1—g) = 5.82 x 874.77 = 5091.16 A (6.341)

Figure 6.53 shows the simulation result by IPSA software, and the value of the
fault current in the busbar 3 is found to be 5119.86 A.

Busbarl Busbar2 Busbar3 Busbard
5429.300 5119.86 12306.412

Fig. 6.53 Simulation circuit by IPSA software for Example 6.12
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0 MW
5 2 3 4

0 Myar

Fig. 6.54 Simulation circuit by PowerWorld software for Example 6.12

O Fault Analysis

Fault Data | Fauk Options | Matrices

Choose the Fauted Bus Fault Location Faudt Type Duata Type Shown Fault Current
© Sort by Name ® Soet by Number © s Pt (® Single Line-to-Ground E:)"::‘ Unks P Magrituds:
[Juse AreafZone Fiters Ouinetordine - - 5.700 pu.
[ OlntneFodk (O3 Phase Balanced
T 1 L ) Double Line-to-Ground Oneline Dizplay
202 [e6 @normal Ophasen  Ophasa C Anghe:
Y] Oatphases Ohases e

Buses |Lines | Generstors | Loads | Swikched Sunts
B B Ak 8 2% | 8 88 Records~ Geo~ Set~ Cobmns~ Hf- @R~ T~ T B [ B optens-

| Mumber | Mame | PhaseWokA | PhaseVokB | PhasevoltC | PhaseAngA | PhaseAngB | Phase AngC
1 11 0.70919 0.93581 093581 0.00 -112.27 112.27
2 22 0.39550 1.00567 1.00567 0.00 -120.55 120.55
3| 33 0.00000 052102 0.92102 0.00 -ios.s0 [ Toasg
[ 44 045903 0.90125 0.90125 0.00 -106.07 106,07
(Goeton) (fiom) (7%

Fig. 6.55 Simulation results by PowerWorld software for Example 6.12

Fig. 6.56 Sequence network
for line-to-line fault

The “PowerWorld” software is also used to calculate the fault current as shown
in Fig. 6.54. The values of the sequence reactance of the generators, transformers,
and transmission lines are placed in the respective places. Figures 6.54 and 6.55
shows the simulation result for the single-line-to-ground fault, and its value is found
to be 6.68 pu. The results are found to be 6.76 pu, which is approximately the same
as that of the simulation result.

(iii) Figure 6.56 shows the sequence network for the line-to-line fault. In this
case, the value of the positive sequence current can be determined as,
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E 10>
Ly = - — 2.398 |—90° 6.342
'"“Z+2Z,  j0.2085+0.2085 90 pu (6.342)

The value of the negative sequence current is determined as,
Lo = —Iq = —2.398 |=90° pu = 2.398 |90° pu (6.343)
The value of the zero sequence current is,
I =01[0° pu (6.344)
The value of the fault current in phase b is calculated as,

Iy = Iy + Ipy + Iy = Lo + @’y +aln = 2.398 [240° — 90° +2.398 |120° + 90°
=4.153 [180° pu
(6.345)

The value of the fault current in phase ¢ can be calculated as,
I. = —I, = —4.153 [180° =4.153 [180° — 180° = 4.153 [0° pu  (6.346)
The actual value of the fault current for line-to-line fault can be determined as,
In_; = 4.153 x 874.77 = 3632.919 A (6.347)

Figure 6.57 shows the IPSA simulation result for line-to-line fault, and the value
of the fault current is found to be,

If(l—l)IPSA = 363933 A (6348)

Figure 6.58 shows the PowerWorld simulation result for line-to-line fault and
per unit magnitude of the fault current is the same.

Busbarl Busbar2 Busbar3 Busbar4
7718.586 3639.33 17495.461

Fig. 6.57 IPSA simulation result for the line-to-line fault
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O Fault Analysis

Choase the Faubed Bus Fauk Location Fanst Type Data Type Shown Fault Current
5 @® O Single Line-to-Ground Current Uinits ;
O Sort by Name (&) Sort by Number (&) Bus Paikt b \ S o Magnitude
[CJuse Aveafzons Fiters >/ Lia-to-Line 4.142 puu.
I () InvLine Fault Os =
| Oneline Displ
1) (11 () Double Line-to-Ground ""h i
2(2) [66 @normal  OPhase s (OPhasaC Anghe:
-180.00 deg.
404) (1] O aphases O Phase B
Buses |lines | Generators | Loads | Switched Stunts
S Bl s 5 MM Records - Geor Set- Coumns+ D~ ER- SR ¥ OB UV B options-
Mumber |  MName | PhasevokA | PhasevokB | PhasevokC | PhassAngA | PhaseAngB | PhaseAngC |
1 11 1.00000 0.74457 0.74457 0.00 132,16 132.16
2 22 1,00000 065734 0.65735 0.00 -139.52 139.52
3| E 1,00000 0.50000 0.50000 0.00 180.00 180.00
4 44 1,00000 0.59231 0.59231 0.00 -147.58 147.58
Goren) (fioe) (2]

Fig. 6.58 PowerWorld simulation result for the line-to-line fault

Ial Zz IuZ ZO [HO
+ +
Va2 VaO

Fig. 6.59 Sequence network for the double-line-to-ground fault

(iii). Figure 6.59 shows the sequence network for the double-line-to-ground fault,
and the value of the positive sequence current can be determined as,

E 10>
Lo = 2z, ; 02085 oom — 5-033 [=90° pu (6.349)
Zi+ 25 02085+ 00

The value of the negative sequence current can be determined as,

Zy j0.0982

Lp = —Iy =22 — _3.633 |_g0° — 1163 |90° 6.350
2 'Zo+ 2 " 70,3067 190° pu (6:350)
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Busbarl Busbar2 Busbar3 Busbard
7718.587 4895.94 17495.464

Fig. 6.60 IPSA simulation circuit for the double-line-to-ground fault

The value of the zero sequence current can be calculated as,

A j0.2085
Lo = —u =22 — —3.633 |-90°
0 'Zo+ 2 =90 %% 3067

= 2.469 \ﬂpu (6.351)

The value of the fault current in phase b is determined as,

Iy = Iyo + Iyt + Iy = Lo + @ Ly +alp
= 2.469 [90° +3.633 |=90° +240° + 1.163 [90° + 120° = 5.565 |138.27° pu
(6.352)

The value of the fault current in phase ¢ can be determined as,

I =10+ 1+ 1o = Iy +aly + azlaZ
= 2.469 [90° +3.633 |—90° 4+ 120° +1.163 [90° + 240° = 5.565 |41.73° pu
(6.353)

The actual value of the fault current can be determined as,
I(g—i—g) = 5.565 x 874.77 = 4868.095 A (6.354)

Figure 6.60 shows the IPSA simulation result for the double-line-to-ground
fault, and the value of the fault current is found to be,

Iiar—gpsa = 4866.46 A (6.355)
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Exercise Problems

6.1 Calculate the quantities for (i) a8, (ii) a'® 4+ a — 3, and (iii) a'> + 3a — 2 by
considering a = 1 [120° and a*> = 1 [240° .

6.2 A three-phase system is having the currents of I, = 10 [30° A, [, = 15|
40° A and I. = 20 |35° A. Calculate the symmetrical components of current
in phases a and b.

6.3 A three-phase system has the phase voltages of V, =100 [35° V, V}, =
200 [45° V and V. = 280 [55° V. Find the zero sequence, positive sequence
and negative sequence components of the voltage for phase a.

6.4 A three-phase system is having the symmetrical components of the voltage
of Voo=75145°V, Va =155164° V and V,, =325(85° V for phase
a. Find the phase voltages V,, V;, and V..

6.5 The unbalanced currents of a three-phase system are [, =50A,
I, =30+/50A, I, = 40+ ;70 A. Calculate the zero, positive and negative
sequence components of the current in phase b.

6.6 A three-phase system is having the symmetrical components of the current of
Io=454+j35A1,; =534+;1.45A and I, = 1.67 — j1.85 A for phase
a. Calculate the unbalanced currents I, I, and I, if the total neutral current of
this system is zero.

6.7 Figure 6.61 shows a three-phase wye-connected unloaded synchronous
generator. A single line to ground fault occurs in phase g, and the current in
this phase is found to be 1500 A. Calculate the symmetrical components of
current in phase b.

Fig. P6.1 Circuit for
Problem 6.7
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Fig. P6.2 Circuit for

45A a
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Fig. P6.3 Single-line Bus 1
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diagram for Problem 6.12 2 \Ll . Y
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6.8 A source delivers power to a delta-connected load as shown in Fig. P6.2. The
current in phase a is found to be 45 A and phase b is open circuited.
Calculate the symmetrical components of the currents in all three phases.

6.9 The positive sequence, negative sequence and zero sequence reactance of a
30 MVA, 11 kV three-phase synchronous generator are measured to be 0.5
pu, 0.4 pu and 0.22 pu, respectively. The generator’s neutral is solidly
grounded. A single line-to-ground fault occurs in phase a. Find the fault
current.

6.10 A 15 MVA, 13.8 kV three-phase synchronous generator is having the pos-
itive sequence, negative sequence and zero sequence reactance of 0.3 pu, 0.2
pu and 0.1 pu, respectively. The generator’s neutral is solidly grounded and
line-to-line fault occurs in phases b and c. Calculate the fault current,
sequence voltages for phase a, and phase voltages of the generator.

6.11 A 25 MVA, 13.8 kV three-phase Y-connected synchronous generator is
having the positive sequence, negative sequence and zero sequence reactance
of 0.34 pu, 0.22 pu and 0.15 pu, respectively. The generator’s neutral is
solidly grounded and the double line-to-line fault occurs between phases
b and c. Calculate the currents in each phase during the sub-transient period
immediately after the fault occurs.

6.12 Figure P6.3 shows a single-line diagram of a three-phase power system and
the ratings of the equipment are shown below.

Generators Gy, G, 100 MVA, 20 kV, X; = X, = 0.20 pu, Xp = 0.06 pu
Transformers 77, T, 100 MVA, 20/138 kV, X; = X, = Xy = 0.08 pu
Line 100 MVA, X; = X, =0.11pu, Xo = 0.55pu

A fault occurs at bus 4. Determine the fault currents in the faulted bus by any
simulation software (IPSA/Powerworld) for the single line-to-ground,
line-to-line, and double line-to-ground faults.
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\Lli ) 2 < Line 3 ;_\_@
G, T,& | | 31‘ G,

Fig. P6.4 Single-line diagram for Problem 6.13
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Fig. P6.5 Single-line diagram for Problem 6.14

6.13 A single-line diagram of a three-phase power system is shown in Fig. P6.4.
The ratings of the equipment are shown below.

Generator Gy 100 MVA, 11 kV, X; = X, = 0.20pu, Xp = 0.05pu

Generator G, 100 MVA, 20kV, X; =X, =0.25pu, Xo=0.03pu,
X, =0.05pu

Transformer 77 100 MVA, 11/66 kV, X; = X; = Xy = 0.06 pu

Transformer 7, 100 MVA, 11/66 kV, X; = X, = Xy = 0.06 pu

Line 100 MVA, X; = X; = 0.15pu, Xp = 0.65pu

A single line-to-ground, line-to-line, and double line-to-ground fault occur at
bus 6. Find the fault currents in each case.

6.14 Figure P6.5 shows a single-line diagram of a three-phase power system and
the ratings of the equipment are shown below.

Generator G 100 MVA, 11 kV, X; = X, = 0.20pu, Xp = 0.05pu

Generator G, 100 MVA, 20kV, X; =X, =0.25pu, Xo=0.03pu,
X, = 0.05pu

Generator Gj 100 MVA, 20 kV, X; = X, = 0.30pu, Xy = 0.08 pu

Transformer 77 100 MVA, 11/66 kV, A-Y, X; = X, = Xo = 0.06 pu
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Fig. P6.6 Single-line diagram for Problem 6.15

6.15

Transformer 7, 100 MVA, 20/66 kV, both sides earthed Y-Y,
X1 = Xz = X() = 0.06pu

Transformer 75 100 MVA, 20/66 kV, Y-Y, X; = X, = Xo = 0.04 pu

Line 1 100 MVA,X; = X, = 0.15pu, Xp = 0.65pu

Line 2 100 MVA.X; = X, = 0.10pu, Xy = 0.45pu

Calculate the fault currents in case of single line-to-ground, line-line and
double line-to-ground faults occurring at bus 6.
A single-line diagram of a three-phase power station is shown in Fig. P6.6.
The ratings of the equipment are shown below.

Generator Gy 100 MVA, 11 kV, X; = X, = 0.24 pu, Xy = 0.06 pu

Generator G, 100 MVA, 20kV, X; =X, =022pu, Xy, = 0.03pu,
X, =0.05pu

Generator Gj 100 MVA, 20 kV, X; = X, = 0.35pu, Xp = 0.07 pu

Transformer 7; 100 MVA, 11/66 kV, A-Y, X; = X, = Xy = 0.06 pu

Transformer 7, 100 MVA, 20/66 kV, both sides earthed Y-Y,
X1 = X2 = X() = 0.06pu

Transformer 75 100 MVA, 20/66 kV, Y-Y, X; = X, = Xp = 0.04 pu

Line 1 100 MVA, X; = X, = 0.15pu, Xy = 0.65 pu
Line 2 100 MVA, X; = X; = 0.10pu, Xo = 0.45pu
Line 3 100 MVA, X; = X; = 0.16pu, Xp = 0.65pu

Find the fault currents in each of single line-to-ground, line-line and double
line-to-ground faults occurring at bus 6.



Chapter 7 )
Load Flow Analysis e

7.1 Introduction

Load flow or power flow study is one of the important aspects that is used for power
system planning, operation, maintenance, and control. In the planning stage, load
flow studies are used to determine if and when the specific power system elements
become underloaded and overloaded. In operating studies, load flow studies are
used to ensure that each generator runs at their maximum operating point. Based on
the load flow study, major investment decisions begin.

In load flow studies, power flows from sending end to the receiving end through
transmission lines. The equations in terms of power are known as power flow
equations. These power flow equations are normally nonlinear and must be solved
by some iterative techniques. Load flow studies are performed to determine the
voltage drop on each feeder, voltage magnitude and phase angle at each bus, real
and reactive powers flowing in all branches. The total power losses in the system, as
well as the power losses in each branch, are also calculated by the load flow study.
Also, load flow studies are done before transient stability and contingency studies.
Sometimes, a load flow study shows an overloaded connection or transformer; then,
preventive actions are taken in the real network to stop this situation. In this case, a
large number of load flow analysis is carried out that is called contingency study.
Simulation software such as ETAP, CYME, IPSA, and PowerWorld are often used
for the studies. In this chapter, the basics of load flow study, some numerical
methods are discussed.
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7.2 Classification of Buses

An arrangement of conductor that serves as a common connection for the con-
ductors of two or more circuits is known as bus or busbar. In a bus, voltage and
frequency are the same. In a load flow analysis, the four parameters, such as the real
power, reactive power, bus voltage, and phase angle, are considered. According to
these parameters, busses are classified as load bus, generator bus, and slack bus.
A brief description of each bus is given below.

Load bus: The real power (P) and the reactive power (Q) are known in the load
bus. It is often known as PQ bus. The magnitude of the bus voltage (V) and its
phase angle (8) are calculated from the load flow study. The real and reactive
powers supplied to the power system are considered positive, while the real power
and reactive power consumed from the power system are considered negative.

Generator bus: The generator bus is also known as a voltage-controlled or
regulated bus. The voltage-controlled bus of a power system in any bus is that the
magnitude of the voltage can be controlled. The generated voltage (V) and power
(P) are known, and it is often known as the PV bus. The reactive power Q and the
phase angle 6 are not known and need to be computed.

Slack bus: The voltage magnitude and its phase angle are specified. In the
slack bus, the magnitude and phase angle of the voltage are normally considered
1 |0° pu. This bus is often known as a swing bus or reference bus. The real power
(P) and reactive power (Q) are not known and need to be computed from the load
flow study. The known and unknown parameters of different types of buses are
shown in Table 7.1

7.3 Power Flow in Two-Bus System

A short transmission line is connected between two buses, as shown in Fig. 7.1.
Bus 1 represents the sending end, and bus 2 represents the receiving end [1, 2].
Applying KVL to the circuit in Fig. 7.1 yields,

Vi =V, +I(R+jX1) (7.1)
Table 7.1 Known and Types of buses Known Unknown
unknown parameters of buses parameters parameters
Slack bus [V], & P, 0
Load bus P, 0 [v], &
Generator bus P, |V| 0,9
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Fig. 7.1 Short transmission Bus 1 Bus 2
line with the two buses R L

The value of the resistance of the transmission line is very small, as compared to
inductive reactance. Therefore, the resistance is negligible and Eq. (7.1) is modified
as,

Vs =V,
I =— (7.2)
JXL
Taking conjugate of Eq. (7.2) yields,
Vi—V.\"
Ijl*lj(‘, ) (7.3)
JXL
Vi-V:
=r=Ir=-_-" (7.4)
‘ —JXL
Let the receiving end and the sending end voltages are written as,
Vi=V | (7.5)
vV, =V, 0> (7.6)
Substituting Egs. (7.5) and (7.6) into Eq. (7.4) yields,
Vild) = (V. [0°)*
popop oW -0 (1)
—JXL
Vil=6 -V, |0°
r=r=r-= A (7.8)
—JXL
Vi 90° =6 — V, |90°
[ G A LI e 7 E (7.8)
p XL
The sending end complex power is defined as,
Ss = Ps +]Qs = VSI; (79)

Substituting Eq. (7.8) into Eq. (7.9) yields,
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Vi [90° — 8 — V, |90°
X
VE190° =645 ViVi[5490°
s = Ps Qs = . —— 7.11
S =P, +jO X, X, (7.11)
. V? o s anoy  VsVr ° . o
Sy =Py +jOs = A (cos 90° +sin 90°) — ¥ [c0s(90° + ) +j sin(90° + 9)]
L L
(7.12)
V2 A2
Sy = Ps+j0, =2 (0+j1) — (—sind +jcosod) (7.13)
Xr Xr
ViV, . VWV,
Sy =Py +jOs = X, Sln5+j(X_2_ X, cos&) (7.14)
Equating real and imaginary parts of Eq. (7.14) yields,
VsVr .
P, =——sind (7.15)
X
0O, = V—‘2 strcosé (7.16)
s — XL XL S .
Similarly, the receiving end complex power is expressed as,
S, =V.I (7.17)
Substituting Eq. (7.7) into Eq. (7.17) yields,
Vs 90° — 6 — V, [90°
S, =V, x 190° -0 190" (7.18)
Xz
V.V, . o V2 C
S, = ——[cos(90° — &) +jsin(90° — 3)] — A [c0s 90° 4 j sin 90° (7.19)
L L
ViV . %
S, = X, [sin 0 +jcos I fX—Z[Oqul] (7.20)
/A V.V, V2
P, +0,= XLA s1n6—|—j[ XL‘ cosé—X:J (7.21)

Again, equating real and imaginary parts of Eq. (7.21) yields,
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Fig. 7.2 Phasor diagram for V.
a two-bus short transmission
line
X,

1
90o
ViVs .
P, = sin J (7.22)
Xz
0, =YV Vi (7.23)
= cosd — = .
Xr X,

The phasor diagram is drawn by considering negligible resistance and receiving
end voltage as a reference phasor as shown in Fig. 7.2.

The real power at both ends will be maximum when the torque angle (d) is equal
to 90°. The expression of maximum real power at both ends is,

/A2
Pgn = P = - (7.24)
XL
The average reactive power flow through the line is expressed as,
w:&;@ (7.25)

If the torque angle is zero, the expression of sending end reactive power is
modified as,

v Vv,
= — — 0 7.26
0 XX, (7.26)
VZ
03 (727)
Again, at 6 = 0, Eq. (7.16) is modified as,
V.V Vr2
0, = x 0—-L (7.28)

X1, X
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V2
0, =- X_r
L
Substituting Eqgs. (7.27) and (7.29) into Eq. (7.25) yields,

_ L 2 Y2
Qav - 2X; (Vs Vr)

The line loss of the short transmission line is expressed as,
Pine = I°R
The general expression of the complex power is,

S=P+j0=VI"

p_PtiQ
Y
P
;_P-iQ
v

Multiplying Eqgs. (7.33) and (7.34) yields,

P—jO P+j
Ixp o P-iQ PHjO
4 4

P+
=

12
Substituting Eq. (7.36) into Eq. (7.31) yields,

P+
V2

Piine = R

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

From Eq. (7.37), it is concluded that both real power and reactive power play an

important role for line loss.

Example 7.1

A short transmission line is having the sending end voltage 95 V and receiving end
voltage 75 V. Calculate the average reactive power of the line if the reactance of the

line is 15 Q.
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Solution
The average reactive power is calculated as,

L V) = b (95 — 75%) = 113.33 Var (7.38)

Qav:z—xL( s T ) TN T5

Practice Problem 7.1

A short transmission line is having the sending end voltage 80 V and receiving end
voltage 50 V. Calculate the line reactance if the average reactive power of the line
is 180 Kvar.

7.4 Load Flow Equations for Two-Bus

Consider a transmission line which is connected between bus i and bus j, as shown
in Fig. 7.3. Let the voltage at bus i is V; = |V;| [, and the voltage at bus j is
V= |V,| |9j . The voltage and admittance of these two buses can be written as [3],

V; = |Vi| |9i = |Vi|(cos d; +jsind;) (7.39)
V= |V]| @ = |Vj’(coséj+jsin5j) (7.40)

The self and mutual admittances between bus i and bus j are written as,

Y = |Yi| [0i = |Yiil(cos 0;; +jsin 0;) (7.41)
Y; = ‘Yij‘ |05 = |Y;|(cos 05 +j sin 0;) (7.42)

Again, consider the three-bus single-line where the currents are injected at bus 1,
bus 2, and bus 3, as shown in Fig. 7.4.
Applying KCL at bus 1, bus 2, and bus 3 of Fig. 7.4 yields,

YiuVi+ YW +YiVs =1 (7.43)
Yo lVi+YoVo+YuVi=1L (7.44)
3Wi+YnaVh+YVs=14 (7.45)

Fig. 7.3 Two-bus single-line
diagram
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Bus 2

Fig. 7.4 Three-bus Bus 1
single-line diagram I Zi
Z3 Zy
Bus3 __|

Equations (7.43), (7.44), and (7.45) can be arranged in the matrix form as,

Yo Yo Yi3| | W I
o0 Yo Y || V2| =D
Y3i Y Y3 || W3 L

In general, Eq. (7.46) can be written as,

N
L= YV
=1

General expression of the complex power is,
S=P+jOo=VI"
The complex power at bus i is written as,
Pi+jQ: = Vil
P —jOi =Vl

Substituting Egs. (7.39) and (7.47) into Eq. (7.50) yields,
N
Pi— jOi = [[Vil(cos & +jsin 6,)] > _ ¥yV;
j=1

Again, substituting Egs. (7.40) and (7.42) into Eq. (7.51) yields,
P; — jQ; = [|Vi|(cos &; +jsin §;)]"

N
Z [| Y3 (cos 0+ sin 0;)] [| V;| (cos 6; +j sin §;)]
=1

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)

(7.51)

(7.52)
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N
P; —jO; = Z Vil | V|| Y| (cos 6; — jisin &;) [cos (0 + &;) + jsin(0; + ;)] (7.53)
=1

N
Pi—jQi =Y [Vil[Vl[Yy| [eos (6 +6; — &) +jsin(0y+ & — ;)]

J=1

From Eq. (7.54), equating real and imaginary parts yields,

N
Pi= Y |VillVj[| ¥y| cos (0 + 3 — &)
=1

N
0 ==Y Villvj||Yy] sin(05 + 6 — 5:)
=1

(7.54)

(7.55)

(7.56)

Based on Eq. (7.48), for bus 2, the following relation can be modified as,

Py +j0r = WVal,

I = Py +.]Q2

r =22
Vs

Py —jO

L="212
Vi

Substituting Eq. (7.59) into (7.44) yields,

P
Yo1Vi+ Y Vo + Y3 V3 227*]Q2
Vi

P, — jO

Y»nVs :2—W*(Y21V1+Y23V3)
Vi

1 [P, —jO

V2:Y—22 2V—232—(Y21V1+Y23V3)

In general, the expression of voltage at bus i can be written as,

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)
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1 i
Vi = JQ Z Y,V (7.52)
j=1
JF#i

7.5 Load Flow Equations for Three-Bus

Consider the three-bus single-line diagram of a power system where the first
generator (G1) is connected to bus 1, and the second generator (G,) is connected to
bus 2 as shown in Fig. 7.5. Here, the load is connected to bus 3.

The equivalent circuit is shown in Fig. 7.6. Applying KCL at node 1 yields,

I =Viyio+ (Vi = V2)yia + (Vi = Va)yis (7.53)

o +y+y)Vi —yuVoa—yiVa =1 (7.54)
Applying KCL at node 2 yields,

L= Vayao+ (Va2 = V3)yas + (Va2 — Vi)ynz (7.55)

—y2Vi+ (Y20 +y12 +323)Va —y23V3 = I (7.56)
Again, applying KCL at node 3 yields,

Vayzo = (Vi = Va)yz1 + (V2 — Va)yns (7.57)

—y13Vi = y253Va+ (30 +y31 +y32)V3 = 0 (7.58)

Equations (7.54), (7.56), and (7.58) can be arranged in the matrix form as,

Fig. 7.5 Single-line diagram Bus 1 Bus 2
of a three-bus system
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Fig. 7.6 Equivalent circuit bus 1 bus 2

node 1

Yio+ Y12 +y13 —Vi2 —Vi3 Vi Il
—y12 y20 + Y12 + 23 —y23 Vol=|h (7.59)
—Y13 —y23 yao+yiz+ys | | V3 0
Yi Yo Yi3| | W I
Yo1 Yo Yo3 Vol =15 (760)
Y31 Y3 Y3 | | V3 0

where, the following relations are,

Yiu =ywo+yi+ys (7.61)
Y22 = y20 +y12+y23 (7.62)
Y33 = y30 +y13 + 23 (7.63)
Yo=Y =—yn2 (7.64)
Yi3=Y31 =—y3 (7.65)
Y3 =Y =—yx3 (7.66)

Equation (7.60) can be expressed in a generalized form as,

Yous Vous = 1 (767)

where,

Yius 1s the bus admittance matrix of any specific power system,
Vius 1s the bus voltage measured from the reference node.

In Eq. (7.59), the diagonal elements are equal to the sum of all elements that are
connected to the different nodes in Fig. 7.6. This element is known as
self-admittance or driving point admittance, and it can be expressed as,
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Yii = Z Vij (7.68)
j=0
Jj#i
The off-diagonal elements are equal to the negative of the admittances, which are

connected between the nodes. This element is known as the mutual or transfer
admittance, and it can be expressed as,

Example 7.2
The per unit line impedances of a three-bus system is shown in Fig. 7.7. Calculate
the Yy, matrix.

Solution
The corresponding line admittances are calculated as,

1
& 400 770
Y12 = 0154053 74.20 (7.70)
108 |_7365° 771
Y3 = 02247075 13.65 (7.71)
1
136 7008 772
Y3 =025 +0.69 70.08 (7.72)

The values of self-admittances are calculated as,
Yii =y +yi3 = 1.82 [=74.20° +1.36 |—70.08° =3.18 |—72.43°  (7.73)
Y =yi2+y3 =182 |-74.20° +1.28 |-73.65° = 3.10 |-73.97° (7.74)

Y33 = y31 +y23 = 1.36 |=70.08° +1.28 |-73.65° = 2.64 |—71.81° (7.75)

Fig. 7.7 Single-line diagram bus 3
for Example 7.2

23, =0.25+ j0.69 [] [] 2y =022+ j0.75

bus 1 bus 2

I

2z, =0.15+ j0.53
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Fig. 7.8 Single-line diagram bus 1 _ o
for Practice Problem 7.2 s Y2 3|3—5 bus|2
4y = 9]45° [ yy3 =2|55°
bus 4 Y34 = 4|2—5° bus 3
el |
The values of mutual admittances are calculated as,
Yip =Y = -y =—1.82|=74.20° (7.76)
Yo3 = Y3 = —yx3 = —1.28 |-73.65° (7.77)
Y31 = Y13 = —y13 = —1.36 |-70.08° (7.78)

The bus admittance matrix can be written as,

Y Yo Y3
Ypus = | Y21 Yo Yo3
Y31 Y3 Vi3

3.18 [=72.43° —1.82|-74.20° —1.36 |-70.08°
= | —1.82[-74.20° 3.10[-73.97° —1.28|-73.65° (7.79)
—1.36 |=70.08° —1.28 |-73.65° 2.64 |-71.81°

Practice Problem 7.2
A four-bus single-line diagram is shown in Fig. 7.8. The units of the admittances
are in per unit (pu). Find the Y}, matrix.

7.6 Gauss—Seidel Method

Gauss—Seidel is one of the simplest iterative methods that is widely used to solve
the linear equation in power systems. This method works perfectly when the
diagonal elements are dominating. Consider a three-bus system to derive the
Gauss—Seidel algorithm for power flow equations [4].

Yiu Yo Yi3| | W I
Yo Yoo Y3 || V2| =|L (7.80)
Y3i Y Y3 || W3 L
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The current equation for bus one (bus 1) can be written as,
Yuvi+rpVa+YinVs =14 (7.81)
The power injection at any bus is defined as,
Py +j01 = Vil} (7.82)
Taking conjugate of Eq. (7.82) yields,
Py —jor =1LV} (7.83)

Substituting Eq. (7.83) into Eq. (7.81) yields,

p_i
YnVi+YoVa+Yi3V3 = ITJQI (7.84)
1
The voltage at bus 1 is calculated as,
Py —joO
Yuvy :1V7*]l_ Y1,Vo — Y13V3 (785)
1
1 [P —jO
Vi= Y_H [IT*JI — YV, — Y13V3:| (786)
Using (k + 1)th iteration, the voltage at bus 1 is calculated as,
1 [P —jO:
Vil — |y, VE -y VE 7.87
1 Yii [ (Vl*)k 2 3V3 ( )
The current equation for bus 2 can be written as,
iVi+ Yoo+ YuVs=15 (7.88)
The voltage at bus 2 is calculated as,
1 [Py—j
Vo= — [27’& — Yo V) — Y23V3} (7.89)
Y2 V;

Using (k + 1)th iteration, the voltage at bus 2 is calculated as,

k1 L

2 Y

.
e Yv] (7.90)
v3)
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The current equation for bus 3 can be written as,
Vit YV +YnVs =10 (7.91)

Using (k + 1)th iteration, the voltage at bus 3 is calculated as,

1 |P3—jOs
| e LS R N 7.92
3 Y3 (VS*)k IV 2 ( )

In general, the voltage at bus i can be calculated as,

1 JQ,
Vil = i Zl Y;VE (7.93)
i=

Jj#i

Example 7.3
The two linear equations are given by 8V;+3V, =12 and 6V;+5V, = 18.
Calculate the unknown voltages by the Gauss—Seidel method.

Solution
The voltage equations can be rearranged as,

12-3V,

Vi 2 (7.94)
18 — 6V,
Vy=— 1 (7.95)
5
Considering the initial guess value of the V; is,
Vi=0 (7.96)
The first iteration values of the voltages are calculated as,
18 -0
V, = —5— =36 (7.97)
12-3x3.6
Vie ST 2200004 (7.98)
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The second iteration values are calculated as,

Vi= w =3.312 (7.99)
Vi= w =0.528 (7.100)

The third iteration values are calculated as,
Vi = w = 2.9664 (7.101)
Vi = w =0.62016 (7.102)

The fourth iteration values are calculated as,

Vi = w = 2.855808 (7.103)
1273 x52'855808 — 0.6865152 (7.104)

The fifth iteration values are calculated as,
V3= 18-6x 2'6865152 =2.77618176 (7.105)
Vs = 12 -3 x2.77618176 073429 (7.106)

5

The sixth iteration values are calculated as,

18 — 6 x 0.73429
Ve = + — 2718852 (7.107)

12— 3 x 2.718852
Vo = X ; — 0.76868 (7.108)

The seventh iteration values are calculated as,

18 — 6 x 0.7686

Vi = + —2.6776 (7.109)
12 -3 x 2.6776

Vi= 272X 20T 07934 (7.110)

5
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The eighth iteration values are calculated as,

18 — 6 x 0.7934
v = + — 2.6479

Vi =———F—=028112

g 12-3x2.6479
1
5

The ninth iteration values are calculated as,

18 — 6 x 0.8112
V= + — 2.6265
12— 3 x 2.6265
Vo = + — 0.8241

The tenth iteration values are calculated as,

o 18—6x0.8241

V, = ————F =2.61108
5
12 -3 x2.61108
V0= =0.8333
5
The eleventh iteration values are calculated as,
18 — 6 x 0.8333
V2ll 2070 X PeI 2.6
5
12-3x2.6
Vlll = — s =0.84
The twelfth iteration values are calculated as,
18 — 6 x 0.84
V212 — 07O xPoR 2.592
5
12 —3 x2.592
vi2 = + — 0.844

333

(7.111)

(7.112)

(7.113)

(7.114)

(7.115)

(7.116)

(7.117)

(7.118)

(7.119)

(7.120)

From the eleventh and twelfth iteration values, it is seen that the values of V; and
V, are not changing. Therefore, the real solutions are V; = 0.84 V and V, = 2.6 V.

Practice Problem 7.3

The three sets of linear equations are given by 12V;+3V,+4V; = 10,
2V + 8V, +3V3 =12, and 4V, + 2V, + 10V3 = 18. Determine the voltages by the

Gauss—Seidel method.
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Example 7.4

A 12.2 MW, 11 kV (line voltage), 2-pole synchronous generator with 9 MW active
generation, 1 Mvar maximum reactive power, and 0.85 power factor is connected
to bus 1. The length of the line is 1 mile, and the per unit impedance of the line is
0.12450.23. A load of 50 MW and 30 Mvar is connected to bus 2, as shown in
Fig. 7.9. Consider bus 1 is a slack bus and use the Gauss—Seidel method to cal-
culate the voltage at bus 2, slack bus real and reactive powers, line flows, and line
loss.

Solution
The node current equation of Fig. 7.9 is,

el =] .12
The self-admittances are calculated as,

Y1 =Yyn =178 —;3.42 (7.122)
The mutual admittances are calculated as,

Y12 = Y21 = V12 = —1.78 +]342 (7123)

From bus 2, the real power and reactive power are supplied to the load.
Therefore, these powers will be negative as P, = —0.5 pu and Q, = —0.3 pu. The
voltage at bus 2 is calculated as,

1 [P, —jO 1 ~0.5+j0.3 ,
Vo= 2222y oy | = — (—1.78+/3.42)V
2 Yzz{ A 2 1} 178 —j3.42[ Vi ( 342
(7.124)
0.1512 |— o
v, = V*l48'46 v (7.125)
2

For a slack bus, V; =10°, and let the initial guess Vg = 1|0°. The first
iteration is calculated as,

0.1512 |— o
V) = 1&148'46 +1=0.8747 |-5.18° (7.126)

Fig. 7.9 Single-line diagram bus 1 bus 2

for Example 7.4 | _ ;
2, =0.12+ j0.23pu oad

av —1
z | o
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The second iteration is calculated as,

V2 = 0.1512 | —148.46°

= 1 =0.8485 |— ° 7.127
2 0.8747 |5.18° * [=s.18° ( )
The third iteration is calculated as,
0.1512 |—148.46°
Vi = 1 =0.8440 |—5.37° 7.128
2 08485 5.180 + ‘ﬂ ( )
The fourth iteration is calculated as,
0.1512 |— o
Vi = 148467 | | _0.8429 |-537° (7.129)

27 0.8440 |5.37°

The fifth iteration is calculated as,

0.1512 |— o
e L +1=0.8427

= — ° 7.130
2 0.8429 [5.37° 538" ( )
The sixth iteration is calculated as,
0.1512 | —148.46°
6
= 1 =0.8427 |— ° 131
V, 0.8427 |5 38° + 0.8427 |—5.38 (7.131)

The voltage at the fifth and sixth iteration is the same. Therefore, the voltage at
bus 2 is,

V, = 0.8427 |-5.38° pu (7.132)
The slack bus power is calculated as,

P1 —jQ1 = Vfll = VT(VIyIZ — V2y21) = 1[1 X (178 —]342) —0.8427
—5.38° x (1.78 — j3.42)] (7.133)

P, —jO, = 0.5568 — j0.4100 (7.134)
The value of the real power and the reactive power are calculated as,
P, =0.5568pu = 55.68 MW (7.135)

01 =0.4100pu = 41 Mvar (7.136)



336 7 Load Flow Analysis

The line currents are calculated as,

Lo = yia(Vi — V) = (178 — j3.42)(1 — 0.8427 |=5.38° ) = 0.6914 |—36.36°

(7.137)
Ly = —I;; = —0.6914 | —36.36° (7.138)
The line flows calculated as,
S =Vilj, =1 x 0.6914 |36.36° = 0.5567 +0.4099 pu (7.139)
Si2 = 55.67 MW +j40.99 Mvar (7.140)

Sa1 = Val3, = 0.8427 |=5.38° x (—0.6914 [36.36° ) = —0.4995 — j0.2999 pu
(7.141)

Sr1 = —49.95 MW — j29.99 Mvar
The line loss is determined as,

Si_12 = Sip + 821 = 55.67 MW +j40.99 MVar — 49.95 MW — j29.99 Mvar
(7.142)

Si_12 = 5.72MW + j10.96 Mvar (7.143)

A two-bus system along with synchronous generator and load is drawn in the
CYME software. Then the relevant data are entered, and simulation is carried out
using the Gauss—Seidel technique. The CYME simulation results are in Fig. 7.10.

From Fig. 7.10, the voltage at bus 2, line loss, and slack bus real and reactive
powers are calculated as,

Vacyme = 0.843 [—5.37° pu (7.144)
Sti2cyme = 5.74 MW +j11 Mvar (7.145)
Picyme = 55.74 MW (7.146)
Oicyme = 41 Mvar (7.147)

Again, a two-bus system single-line diagram is drawn by Interactive Power
System Analysis (IPSA) software and is simulated by entering all necessary data.
The simulation results are shown in Fig. 7.11.
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BUS1
1.000 (0.00)
BUS2
55.74 MW 3631.7A ©
41.004IVAR % g
55.74 MW -50.00 MW o
; 41.00 MVAR _———— -30.00 MVAR =]
: ) 28 i
Fig. 7.10 CYME simulation results for Example 7.4
Fig. 7.11 IPSA simulation e
results for Example 7.4 Busbarl 0.842
1.000 _5.381
0.000
55.748 50.000
41.018 30.000
> > >

From Fig. 7.11, the voltage at bus 2, line loss, and slack bus real and reactive
powers are calculated as,

Vaipsa = 0.842 [=5.4° pu (7.148)
Stizipsa = 5. 75 MW +11.02 Mvar (7.149)
Pipsa = 55.75 MW (7.150)

Qupsa = 41.02Mvar (7.151)

Example 7.5

A 15 MW, 11 kV (line voltage), 2-pole synchronous generator with 11 MW active
generation, 2 MW maximum reactive power, and 0.90 power factor is connected to
bus 1. The length of the line is 1mile, and the per unit impedance of the lines is
given as shown in Fig. 7.12. The load 1 of 30 MW and 10 Mvar is connected to
bus 2, and the load 2 of 25 MW and 9 Mvar is connected to bus 3. Consider bus 1
is a slack bus and use the Gauss—Seidel method to calculate the voltage at bus 2, bus
3, and slack bus real power and reactive power.
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bus 1 bus 2

=0.12+;0.34
a2 | 212 J pu Load 1
——
G

2, =0.09+ j0.46 pu

23, =0.15+ j0.65pu
bus 3

Load2

Fig. 7.12 Single-line diagram for Example 7.5

55.10 MW
19.29 MVAR

10.00 MVAR

30.00 MW

©

52.70 MW
18.84 MVAR

29378 A 15394 A

-52 .83 MW
-18.62 MVAR

27.63 MW
9.62 MVAR

25.00 MW
9.00 MVAR

Fig. 7.13 CYME simulation results for Example 7.5

Solution

The three-bus system, along with synchronous generator and loads, is drawn in the
CYME software. Then the relevant data are given input and carried out simulation
using the Gauss—Seidel technique. The CYME simulation results are in Fig. 7.13.
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From Fig. 7.13, the voltage at bus 2, bus 3, line loss, and slack bus real and
reactive powers are calculated as,

Vacyme = 0.996 [—0.29° pu (7.152)
Vierme = 0.997 [=0.19° pu (7.153)
Sti2cyme = 0.01 MW +50.02 Mvar (7.144)
Stascyme = 0.01 MW +j0.06 Mvar (7.145)
Staicyme = 0.07 MW +0.22 Mvar (7.146)
Picywe = 55.10 MW (7.147)
Qicyme = 19.29 Mvar (7.148)

Practice Problem 7.4

A 20 MVA, 11 kV (line voltage), 2-pole synchronous generator with 14 MW
active generation, 3 Mvar maximum reactive power, and 0.85 power factor is
connected to bus 1. A load of 90 MW and 30 Mvar is connected to bus 2, and the
generator is connected to the slack bus 1. The line impedance is 0.02 + j0.06 pu on
a 100 MVA base, and the length of the line is 1 mile. A three-phase 11 kV, 4 MVar
shunt capacitor is connected to bus 1 and a three-phase 20 Mvar shunt capacitor is
connected to the bus 2 as shown in Fig. 7.14. Use the Gauss—Seidel method to
determine the voltage at bus 2 and slack bus real and reactive powers.

Practice Problem 7.5

A 25 MVA hydro generator 11 kV (line voltage) and 0.95 power factor are con-
nected to bus 1. The first load of 250 MW and 135 Muvar is connected to bus 2 and
the second load of 115 MW and 90 Mvar is connected to bus 3 as shown in
Fig. 7.15. Consider that the generator is connected to the slack bus 1. The lines
impedance is in pu on a 100 MV A base, and the length of the line is 1 mile. Use the
Gauss—Seidel method to determine the voltage at bus 2, bus 3, and slack bus real
and reactive powers.

Fig. 7.14 Single-line bus 1 bus 2
diagram for Practice

Problem 7.4 C} a2 =0 02+] 0.06 _"_0 ”
H|_o 04

Load
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Fig. 7.15 Single-line bus 1 bus 2
diagram for Practice

z;, = j0.03
Problem 7.5 @ | 2= /7 Load 1

7.7 Newton-Raphson Method

Newton—Raphson (N-R) method is one of the well-known and powerful methods
used for finding solution of a given nonlinear equation. Considering a general
nonlinear equation as [5],

Fx)=0 (7.149)

Considering a geometry of N-R method for Eq. (7.149) is shown in Fig. 7.16.
Let xo be the initial guess of the real solution r. Let f'(xo) be the slope of the line
L and it can be determined as,

-0
£ (o) =T (7.150)
X0 — X1
f(xo)
—x = 7.151
Ty ’(x0) ( )
[f(x0)
=xg— 7.152
=0 =g (7.152)
Fig. 7.16 Representation of A
nonlinear equation with a Y
tangent line for the N-R y=f(x)
method
(0, f(x0)
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The second iteration of the real solution is written as,

= x4 01)
f(x)
The third iteration of the real solution is written as,
s xy - 1)
f'(x2)
Similarly, the nth iteration can be written as,
Y= — J (1)
n n—1 f/(xn—l)

Taking Taylor expansion of Eq. (7.149) yields,

£ = F30) + 1 (20) (5~ 30) + 31 f (o) o — ) .

341

(7.153)

(7.154)

(7.155)

=0 (7.156)

Equation (7.156) is again modified by neglecting al higher terms of (x — xo) as,

f(x) =f(x0) + ! ’(x0) (x — x0) = 0

1!
F(x) =f(x0) +f (x0)(x — x0) =0
—f"(x0) (x — x0) = f(x0)

x = _ flxo)

f'(x0)
f(xo)

X=Xy —
O F(x)
Therefore, the first and the second iterations can be written as,

_ f(xo0)

T )

—x (x1)

f(x)

(7.157)

(7.158)

(7.159)

(7.160)

(7.161)

(7.162)

(7.163)
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In general, the expression for nth iteration can be expressed as,

f(xnfl)
fl(xnfl>

(7.164)

Xn = Xp—1 —

Example 7.6
Calculate the solution of the nonlinear equation f(x) = xsinx+ 5 by the Newton—
Raphson method.

Solution
Let the initial guess of the true solution is,

Xo=5 (7.165)

The value of x in the first iteration is calculated as,

f(xo) =5sin5+5=0.205 (7.166)
£ (x) = xcosx+ sinx (7.167)
f' (x0) =5cos5+ sin5 = 0.459 (7.168)
7 (%) 0.205
=X — =5— = 4.5533 7.169
TR 0 0.459 (7.169)

The value of x in the second iteration is calculated as,

f(x1) = 4.55335in4.5533 + 5 = 0.504 (7.170)

' (x1) = 4.5533 cos(4.5533) + sin4.5533 = —1.708 (7.171)
f(x1) 0.504

= — = 4.5533+ 2 — 4.8483 7.172

T 1708 (7.172)

The value of x in the third iteration is calculated as,

F(x2) = 4.8483 5in 4.8483 + 5 = 0.1963 (7.173)

£ (x2) = 4.8483 cos(4.8483) + sin4.8483 = —0.3338 (7.174)
0.1963

PR (o P yre = 5.4363 (7.175)

 f(x) 0.3338
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The value of x in the fourth iteration is calculated as,
Sf(x3) =5.4363sin5.4363 + 5 = 0.927
f(x3) = 5.4363 cos(5.4363) + sin5.4363 = 2.8513

f(x3) 0.927
=x3— o — =154363 — ———=5.1111
WEBT 00) 2.8513

The value of x in the fifth iteration is calculated as,
f(xsa) =5.1111sin5.11114+5 = 0.2898
f'(x4) =5.1111cos(5.1111) + sin5.1111 = 1.0627

Flx) 0.2898
=5.1111 — =" = 4.8383
F(xa) 1.0627

X5 = Xq4 —

The value of x in the sixth iteration is calculated as,
f(xs) =4.8383sin4.8383+5 = 0.2
f'(xs) = 4.8383 cos(4.8383) + sin4.8383 = —0.3844

f(X5) 0.2
=4.8383 + ——— = 5.3565
7(xs) * 03844

X6 — X5 —

The value of x in the seventh iteration is calculated as,
f(x6) =5.35655sin5.3565 4+ 5 = 0.7167
f'(x6) = 5.3565 c0s(5.3565) + sin 5.3565 = 2.4168

71
X =x F1x6) _ 5 3565 07107

AL =5.0599
07 F(xe) 2.4168

343

(7.176)

(7.177)

(7.178)

(7.179)

(7.180)

(7.181)

(7.182)

(7.183)

(7.184)

(7.185)

(7.186)

(7.187)

The difference between the seventh iteration and the sixth iteration is very less.

Therefore, the true solution is x = 5.06.

Practice Problem 7.6

Use Newton—-Raphson method to determine the solution of the equation

5x% + 11x — 17 = 0 correct to four decimal places.
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7.8 Newton—Raphson Method for Two Nonlinear
Equations

Newton—Raphson (N-R) method is a powerful tool for solving nonlinear equations
as its convergence rate is very high compared to the Gauss—Seidel method.
Considering two nonlinear equations as [5],

P =p(x,y) (7.188)

Q =qlx,y) (7.189)

Let xp and yo be the initial values of the functions p(x,y) and g(x,y), respec-
tively. Taking Taylor expansion of Egs. (7.188) and (7.189) with neglecting all
higher terms yields,

P = p(x0,y0) + 11' (‘;P)O(x —xo) + % (Z—i)o(y — o) (7.190)
0 = q(xo,y0) + 11' <gq>0(x —x0) + % (Z—Z)O()’ ) (7.191)

For further simplification, again, considering the following relations as,

Axo = x — Xo (7.192)
x=x0+ Axp (7.193)
Ayo =y —yo (7.194)
y=yo+ Ay (7.195)

Substituting Eqgs. (7.192) and (7.194) into Eqs. (7.190) and (7.191) yields,

P —p(x0,0) = (g ) Axo+ (g’y’) Ayo (7.196)
0 — q(x0,y0) = (gx> Axo + <Zy> Ay (7.197)

Again, for further simplification, considering the following relations,
P — p(x0,y0) = Apo (7.198)

Q — q(x0,¥0) = Aqo (7.199)
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Substituting Egs. (7.198) and (7.199) into Eqgs. (7.196) and (7.197) yields,

Op Oop
Apy = | — =] A )
Po <8x>0Axo+ (3)’>0 . (7.200)
_ (94 Jq
o= () st () o 0

Equations (7.200) and (7.201) can be expressed in the matrix form as,

w1 (@), (@),
{ALIO]_ (5, (%),

[iZZF gg E%:% O[i;g] (7.203)
|

R)yﬂ (7.202)

ng = ol [ﬁiﬂ] (7.204)
{ﬁ;ﬂ =l |:§lq)2:| (7.205)

where, [Jo] is called the Jacobian matrix.
The better estimation of the solution can be written as,

X1 = xo + Axo (7206)
yi =Yo+Ay (7.207)

The iteration will be continued until to get required solutions.

Example 7.7
Calculate the solution of the two nonlinear equations given by 2x> +3y*> — 7 = 0
and x*> +4y> — 10 = 0 by the Newton—Raphson method.

Solution
Let the initial guess of the true solution are,

X0 = Yo = 1 (7208)

p(xo,y0) =2x 1> +3x 1> =5 (7.209)
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q(x0,y0) = P +4 x 12 =5
Apo =P —p(xo,y0) =7—-5=2
Ago = Q — q(x0,y0) =10 -5=15

The Jacobean matrix can be written as,

» 9
- (& 8] -5 8]
ch 8*(; 2x 8y
Jo — 4X0 6y0 o 4 6
0= 2x0 Sy() o 2 8
Axo -1 AP()}
= |J
{Ayo} ol {Aqo

I R R HE Yy

7 Load Flow Analysis

(7.210)
(7.211)

(7.212)

(7.213)

(7.214)

(7.215)

B

Axg=04x2-03x5=07 (7.217)
Ayp=—0.1x2+02x5=0.8 (7.218)
First updated values are calculated as,

x1=x0+Ax=1+07=17 (7.219)
yi=yo+Ayp=1+08=18 (7.220)

Apy =P —p(xi,n) =7 —[2(1.7) +3(1.8)%] = —8.5 (7.221)

Agy = Q — q(x1,y1) = 10 — [(1.7)* + 4(1.8)*] = —5.85 (7.222)
= ][ razs

Ay, 34 144| |-585

Av] [68 108] '[-857 [ 0234 —0.176
- = 1-0055 0.111

} [__58_'855] (7.234)

Ax; = 0.234(—8.5) + (—0.176)(—5.85) = —0.959 (7.235)
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Ay, = —0.055(—8.5) +0.111(—5.85) = —0.181 (7.236)

Second updated values are calculated as,

Xy = x4+ Ax; = 1.7 — 0.959 = 0.741 (7.237)

y2 =y1+Ay; = 1.8 —0.181 = 1.619 (7.238)

Apy = P —p(x2,y2) = 7 — [2(0.741)* +3(1.619)*] = —1.96 (7.239)

Agy = Q — q(x2,v2) = 10 — [(0.741)> + 4(1.619)*] = —1.03 (7.240)

A B et IRt

{sz] _ [2.96 9.71 ]‘[1.96] _ [ 0.54 0.40} [1.96] (7.242)
Ay, 1.48 12.95 —1.03 —0.06 0.12 || -1.03

Axy = 0.54(—1.96) + (—0.40)(—1.03) = —0.646 (7.243)

Ays = —0.06(—1.96) +0.12(—1.03) = —0.006 (7.244)

Third updated values are calculated as,
X3 =X+ Ax, = 0.741 — 0.646 = 0.095 (7.245)
v3 =y2+ Ay, = 1.619 — 0.006 = 1.613 (7.246)

The values of the third iteration are close to the second iteration values.
Therefore, the solutions are,

x = 0.095 (7.247)

y=1613 (7.248)

Practice Problem 7.7
The two nonlinear equations are given by 2x*>+5y*> —8=0, and
x* — 4y* — 7 = 0. Use the Newton—Raphson method to find the solution.

7.9 Newton—Raphson Method for Power Flow Cases

Newton—Raphson (N-R) method can also be applied to calculate the power flow in
different buses, lines, and loads. Consider bus i and bus j as shown in Fig. 7.3. For
these buses, the following relations can be written as [4],
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Vi =|Vil |6; (7.249)

V= Vil 8; (7.250)

Yy = Yy 105 (7.251)

L=>Y"Y;V; (7.252)
j=1

The expression of complex power is,

P, —jQ; = Vi1, (7.253)

1

Substituting Eqgs. (7.249) and (7.252) into (7.253) yields,
P —jO;i =Y [ViVi¥y| 10,4 0; — &, (7.254)
J=1 -

n

P —jO; = Z |ViV;Y;|[cos(0y + 6; — 6;) + jsin(0; + 6; — &) (7.255)

j=1

After equating real and imaginary parts of Eq. (7.255) yields,

Pi=" " [ViVyYy| cos(0;+ 6 — &) (7.256)
J=1
Qi = = D [ViViYy| sin(05 +0; — &) (7.257)
j=1

Expanding Egs. (7.256) and (7.257) in Taylor series and neglecting all higher
terms and the set of linear equations can be arranged in matrix form as,

—APZ_ __0P2.__0P2 [OPy, .. 0Py 77 i _

. 96,95, V2l OVl Ad,

; op, 0P | | 9Pu .. 0P, '

ap, || Los, s, | Lol o Ao, (7.258)
A% | T Too, 00, T02 . 00T | | AV, '

. 95, 9o, EARRCIA

3 00, .. .00, | | 90, . . 90, | | LAV,
—AQn- L [ 95, 99, L O|Va| Vv, 14
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Equation (7.258) can be reduced as,

where,

AP
AQ

_|h
=7

Al

A
AV

349

(7.259)

AP and AQ are the mismatch vectors whose values are known,
A¢ and A|V| are the correction parameters whose values are known.

The Jacobian submatrix can be defined as,

J>

J3 =

Jy =

Py

2.

P, ]

opP
00

~ 9P
T oV

90
=90

~ 90
TV

(7.260)

(7.261)

(7.262)

(7.263)

The diagonal and off-diagonal elements of Jacobian submatrix consist of the
partial derivatives of P and Q with respect to each of the variables in the Egs. (7.256)
and (7.257). Equation (7.258) can be reduced for the three-bus system as,

AP,
AP;
AQ»
AQ,

[ OP,
D6y
OP;
00,
00>
09,
003

| 95

oP,
95,
OP;
003
90,
003
90;
093

oP,

o|Va|
OP;

o|Va|
00,
0| Vs
003

9| Va|

OP> T
o|Vs|
OP;

o|Vs|
00,
o|Vs|
003

o|Vs] |

Ao,
Ads
Al V3|
AV

(7.264)
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The following procedures need to be considered for N-R method.

e Read the data and form Ybus
e Choose the initial values of |V|0 for all buses and 0° of the voltages of all buses
except the slack bus

e Calculate the total injected real power P’

0 and real power mismatch APY as

AP,‘ = Pi, specified — PiA calculated (7265)

e Calculate the total injected reactive power Q7 and reactive power mismatch

AQ°
AQi = Qi, specified — Qzﬁ, calculated (7266)

e Check if AP;<¢g, AQ; <&, AV = |Vl-k+1 — Vl"’ < &3. Then, the latest calcu-
lated values of voltages are the real solution

e Estimate the Jacobian matrix and solve for AV; and A¢ for all PQ buses, and Ad
all PV buses

e Update voltage and angles at each bus as

ST =6+ A (7.267)

V1] = [V + AV (7.265)

Example 7.8

A single-line diagram of the three-bus power system is shown in Fig. 7.17. All the
admittances in the single-line diagram are in per unit values with a base voltage of
11 kV and base 100 MVA. The first generator is connected to the slack bus 1, and
the second generator is considered as a fixed generation.

Solution
The values of self-admittances are calculated as,

Yii =y +ys = —j30=30|-90° (7.269)
Y2 = yi2+y23 = —j26 = 26 | -90° (7.270)
Y33 = y31 +y23 = —j36 = 36 [-90° (7.271)

The values of the mutual admittances are calculated as,

Y12 = Y21 = V12 2110 =10 \ﬂ (7272)
Y23 = Y32 = —y23 2]16 = 16 w (7273)
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Fig. 7.17 A single-line bus1 bus 2
diagram for Example 7.8 v =1lo° 2, = jO.1
— Load
v o
Gl 120 MW
23, = j0.05 50 Mvar
Y31 =-j20 Va3 =—j0.16
25, = j0.062
bus 3 =11
G2 300 MW
Y3 = Y13 = —yi3 =20 = 20 |90° (7274)

According to Egs. (7.256) and (7.257), the expression of real power and reactive
power at bus 2 can be written as,

P2 = |V2||V1||Y21| COS(QZI + d;
— 82) + [Val* Y2 | cos Oy + | V2 |V3]| Yas| cos(0a3 + 65 — 82)  (7.275)

P2 =1 x 10V;c08(90° — 83) 4 26V; cos 90° + (1.1)(16) V5 cos(90° + 65 — 5,)

(7.276)

p2 = 10V5¢08(90° — 02) + 17.6V, cos(90° + 93 — J2) (7.277)
g2 = —|Va||[Vi||Yar | sin(0a1 + 81 — 82) — |Va|*| Y2 sin 0

— V2| V3]|Ya3] sin(023 + 05 — 62) (7.278)

g2 = —10V, 5in(90° — 8,) — 26V3 sin(—90°) — (1.1)(16)V, sin(90° + &3 — 1)
(7.279)

g2 = — 10V, 5in(90° — 3,) +26VZ — 17.6V, sin(90° + 53 — ) (7.280)

The expression of real power at bus 3 can be written as,

p3 = |V3|[V1]|Y31| cos(031 + 61 — 93) + |V3]| V2| Va2 cos(03, + 0>
—53)—|-|V3|2|Y33|COS 933 (7281)

p3 = (1.1)(1)(20) cos(90° — d3) + (1.1)(16)V, cos(90° + 6,
— 83) +36(1.2) cos(—90°) (7.282)

p3 = 22¢08(90° — d3) + 17.6V, cos(90° + 9 — J3) (7.283)
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The partial derivatives of Eqs. (7.277) and (7.283) with respect to related angle

and voltage are calculated as,

% = 10V, 8in(90° — ;) + 17.6V, sin(90° + 33 — &)
2
8p2 . o
——==—17.6V,sin(90° + 03 — 9,)
993
022 = 10¢0s(90° — 95) 4+ 17.6V, cos(90° + 03 — 92)
A
9p3 = —17.6V,sin(90° + 9, — J3)
09,
% = 225in(90° — d3) + 17.6V, sin(90° + J, — J3)
3
3) - 0n°
5‘LVZ = 17.6sin(90° + 6, — 93)
% = 10V, ¢c08(90° — 02) + 17.6V, c0os(90° + 93 — 97)
2
94 = —17.6V,c0s(90° + d3 — 07)
053
% = —105in(90° — &) + 52V — 17.65in(90° + 85 — &)
2

Considering the following initial guesses as,

ER

The initial updated values are calculated as,
Py =10 x 1c0s(90°) +17.6 x 1c0s(90°) =0
Py = 22c0s(90°) +17.6 x 1¢c0s(90°) =0

g5 = —10 x 1sin(90°) +26 x 1 — 17.6 x 15in(90°) = —1.6

(7.284)

(7.285)

(7.286)

(7.287)

(7.288)

(7.289)

(7.290)

(7.291)

(7.292)

(7.293)

(7.294)
(7.295)

(7.296)
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Apy =P, —p)=—-12-0=—1.2 (7.297)
AP =P;—p}=3-0=3 (7.298)

The initial Jacobian matrix is calculated as,

0

Op2 Op2 Op2
géz gés sz 276 —176 0
Jo= |3 s I _ | 176 396 0 (7.300)
96, 063 IV, 0 0 24.4
992 Oq2 Og |
96, 005 OV,

The initial correction parameters are calculated as,

AS, 1° 276 —176 0 ] '[-12
AS; | = =176 396 0 3
AV, 0 0 244 1.1

0.0067 0.3838°
0.0787 | = | 4.5091°

0.0450 0.0450
(7.301)
The first updated values are calculated as,
& = 38 + A8 = 0 + 0.3838° = 0.3838° (7.302)
8y = 8 + A8 = 0 + 4.5091° = 4.5091° (7.303)
Vy, = Vi) + AV) =1 + 0.0450 = 1.0450 (7.304)
py = 10 x 1.0450c0s(90° — 0.3838°) + 17.6
x 1.0450c0s(90° + 4.5091° — 0.3838°)
= —1.253 (7.305)
pi =22¢0s(90° — 5.5091°) + 17.6 x 1.0450 cos(90° 4 0.3838° — 4.5091°)
= 3.0526
(7.306)
1 : o o 2
= —10 x 1.0450sin(90° — 0.3838°) +26 x 1.0450
i sin{ ) (7.307)

— 17.6 x 1.0450in(90° +4.5091° — 0.3838°) = —0.4014
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The first updated mismatch parameters are calculated as,

Apy = Py —py = —1.2 — (—1.253) = 0.053 (7.308)
Ap; = P3 — p} = 3 —3.0526 = —0.0526 (7.309)
Ag = Q> — g5 = —0.5 — (—0.4014) = —0.0986 (7.310)

The first Jacobian matrix is calculated as,

o2 Op2 Op27’
00, 995 OVa 287941 —18.3443 —1.1991
Jh= a—? % a—"’f — | —183443 402762  1.2661 (7.311)
Y VO Ve 1253 1323 26.7858
6, 33y IV,

The first correction parameters are calculated as,

1 -1

A6, 28.7941  —18.3443 —1.1991 0.053 0.0013
Ady | = | —18.3443 402762  1.2661 —0.0526 | = | —0.0005
AV, —1.253 1323 26.7858 —0.0986 —0.0035
0.0744°
= | —0.0286°
—0.0035
(7.312)
The second updated values are calculated as,
83 = 8y + Ady = 0.3838° +0.0744° = 0.4582° (7.313)
83 = 83+ Ady = 4.5091° — 0.0286° = 4.4805° (7.314)
V3 =V, + AV, = 1.0450 — 0.0035 = 1.0415 (7.315)
P2 =10 x 1.0415 cos(90° — 0.4582°) + 17.6 x 1.0415 cos(90° + 4.4805°
—0.4582°)
= —1.2024

(7.316)

p% = 22c08(90° — 4.4805°) 4+ 17.6 x 1.0415 cos(90° 4 0.4582° — 4.4805°)
= 3.0044

(7.317)
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gy = —10 x 1.04155in(90° — 0.4582°) +26 x 1.0415%

_ (7.318)
— 17.6 x 1.04155in(90° + 4.4805° — 0.4582°) = —0.4971
The second mismatch parameters are calculated as,
Apy = Py —py = —1.2 — (—1.2024) = 0.0024 (7.319)
Ap} = P5 —pj = 3 — 3.0044 = —0.0044 (7.320)
AG = Q) — 3 = —0.5 — (—0.4971) = —0.0029 (7.321)
The second Jacobian matrix is calculated as,
o> Opr Op27’
252 253 ‘3"2 28.6999 —18.2852 —1.1545
2= % % 6—”3 = | —182852 40218  1.2345 (7.322)
2 003 OV, 12024 12857  26.6016
9q2 0q2 Oqa
96, 093 OV,
The second correction parameters are calculated as,
AS, 17 28.6999 —18.2852 —1.15457 ' 0.0024
Ay | = | —18.2852  40.218 1.2345 —0.0044
AV, —1.2024  1.2857  26.6016 —0.0029
0.0009°
= | —0.0056° (7.323)
—0.000103
The third updated values are calculated as,
03 = 85+ A5 = 0.4582° +0.0009° = 0.4591° (7.324)
03 = 03 + A3 = 4.4805° — 0.0056° = 4.4749° (7.325)
V3 = V5 +AV; = 1.0415 — 0.000103 = 1.0413 (7.326)
The third Jacobian matrix is calculated as,
o2 Ip2 Ip2)’
252 253 gV2 28.6945 —18.2818 —1.1524
B = 87’;3 87’;3 87”3 = | —18.2818 402148  1.2325 (7.327)
2 003 OV ~12 12834 265911
992 042 Oq2

00, 003 0OV,
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p3 = 10 x 1.0413 cos(90° — 0.4591°) + 17.6 x 1.0413 cos(90° + 4.4749°

—0.4591°)
=-12
(7.328)
P3 =22c08(90° — 4.4749°) + 17.6 x 1.0413 cos(90° +0.4591° — 4.4749°)
=2.999
(7.329)
¢ = —10 x 1.0413sin(90° — 0.4591°) +26 x 1.0413* (7.330)
— 17.6 x 1.0413 5in(90° + 4.4749° — 0.4591°) = —0.5026 '
The third mismatch parameters are calculated as,
Apy =P, —p3=—-12—(-12)=0 (7.331)
Ap3 = P3 — p3 =3 —2.999 = 0.001 (7.332)
Ag = 0r — g3 = —0.5 — (—0.5026) = 0.0026 (7.333)
The third correction parameters are calculated as,
AS, ]? 28.6945 —18.2818 —1.15247°'T o 0.0011°
Ad; | = | —18.2818 40.2148  1.2325 0.001 | = | 0.0017°
AV, -1.2 1.2834  26.5911 0.0026 0.00009
(7.334)
The fourth updated values are calculated as,
85 = & +Ad; = 0.4591° +0.0011° = 0.4602° (7.335)
83 = 6+ A5} = 4.4749° +0.0017° = 4.4766° (7.336)
Vi = V3 +AV; = 1.0413 +0.00009 = 1.0413 (7.337)
P4 =10 x 1.0413 cos(90° — 0.4602°) + 17.6 x 1.0413 cos(90° + 4.4766°
— 0.4602°)
=—12

(7.338)
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P3 = 22c0s(90° — 4.4766°) + 17.6 x 1.0413 cos(90° + 0.4602° — 4.4766°)

= 3.0007
(7.339)
g5 = —10 x 1.04135in(90° — 0.4602°) + 26 x 1.0413* (7.340)
— 17.6 x 1.0413 5in(90° 4 4.4766° — 0.4602°) = —0.5025 '
The fourth mismatch parameters are calculated as,
Apy =P, —p3=—12—(-12)=0 (7.341)
Aps = P3 — p3 = 3 — 3.0007 = —0.0007 (7.342)
Agy = 02 — g5 = —0.5 — (—0.5025) = 0.0025 (7.343)
The fourth Jacobian matrix is calculated as,
op> Opr Op27"
00: 995 OV 28.6945 —18.2818 —1.1524
T = 8—1;3 % 6—1’3 = | 182818 402147  1.2327 (7.344)
2 003 OV ~12 12836 26.5911
Oq: Oq, O
D6y 063 OV,
The fourth correction parameters are calculated as,
AS, 1" T 28.6945 —18.2818 —1.15247" 0
Ady | = | —18.2818 40.2147  1.2327 —0.0007
AV, 1.2 1.2836  26.5911 0.0025
—0.000012 —0.0006°
= | —=0.000026 | = | —0.0014° (7.345)
0.000094 0.000094
Fifth updated values are calculated as,
8 = 83+ Ad; = 0.4602° — 0.0006° = 0.4596° (7.346)
8 = 83+ Ad; = 4.4766° — 0.0014° = 4.4752° (7.347)

V3 = Vy +AV; = 1.0413 — 0.000094 = 1.0412 (7.348)
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The value of the voltage and the angle at the bus 2 are calculated as,
V, =1.0412 = 1.041 pu (7.349)
0, = 0.46° (7.350)

The single-line diagrams drawn using CYME and IPSA power system analysis
software. Simulations are carried out after entering necessary data and the simu-
lation results are shown in Figs. 7.18 and 7.19, respectively.

Vacyme = 1.01 pu (7.351)
Sy = 0.41° (7.352)
Varpsa = 1.04 pu (7.353)
Sreyme = 0.47° (7.354)

BUS2
1.0%0 (0.41)

1.000 (0.00)

s@oDA TBMW

7MW 10.41 MVAR
1025 MVAR gy
A

140,00 MW
10452 MVAR

50.00 MVAR

120.00 Mw

WRTSA 2T MW

11348 MVAR 12T 2B/MW
F ! T2 MVAR
A ——
mnuw
427 VAR

TIATA

BUSY
1.050 (4 64

Fig. 7.18 CYME software simulation results for Example 7.8
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Fig. 7.19 IPSA software Busbarl Busbar2
simulation results for 1.000 1.042
Example 7.8 0.000 0:37%
e 120.000
i 8.649 50.000
N e 41.663 >
180.001
234.978

171.352 128.647
193.317 107.921

| Busbar3 |

T |

300.000 - il
334.606

Practice Problem 7.8

A 20 MVA, 11 kV (line voltage), 2-pole synchronous generator with 9 MW active
generation, 4 Mvar maximum reactive power, and 0.85 power factor is connected to
bus 1. A load of 60 MW and 20 Mvar is connected to bus 2, and the generator is
connected to the slack bus 1. The line impedances (€2/mile) and the loads are shown
in Fig. 7.20. A three-phase 67 HP, 0.42 kV, 0.91 pf induction motor is connected at
the bus 2. Consider zj; = 0.024 +;0.0726 Q/mi, zp3 = 0.036+0.0961 Q/mi,
713 = 0.01 +j0.08 Q/mi, and the load of 30 MW and 15 Mvar. Use the Newton—
Raphson method with any simulation software to calculate the voltages at the bus 2,
bus 3, and slack bus real and reactive powers.

7.10 Fast Decoupled Load Flow Method

The transmission lines of a power system have a high ratio of reactance to resis-
tance. This ratio is usually greater than 10, i.e., X/R > 10 for transmission lines to
reduce the line loss. Whereas, this ratio is in between 2 and 3 for distribution lines
to reduce the lines voltage drop. In power system, the changes in the real power is

Fig. 7.20 Single-line bus 1 bus 2
diagram for Practice Problem V= 1& 2z
Gl 39 IM
Z31 223
bus 3
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solely controlled by the changes in the phase angle but not the voltage magnitude.
The changes in the reactive power are fully controlled by the changes in the voltage
magnitude but not on the phase angle. In the transmission lines, the value of the
resistance is very small as compared to the reactance. Therefore, the conductances
are quite small as compared the suscentances (G; < B;j). The differences in angles
((0; — 0;) = 0,0;; =~ 0) between the two buses are very small under normal
steady-state condition and it is considered negligible. Rearrange Eq. (7.256) as
(4, 5],

n

P,' = V,'V,'Y,',' COS(H,‘,’ + (3,- - 5,) + Z |V,VJY,]‘ COS((‘),']' + 5j — (3,) (7355)

j=1
i
Pi = VZZY” CoS 05,'-'- Z |VleYU‘ COS(—(&,' - 51' — 9,1)) (7356)
i=1
JFi
P; = Vl.zY,-i cos 0;; + Z |ViVlechos(5i — ;) cos 0 + sin(d; — ;) sin 0]
j=1
J#i

(7.357)

P, = VizY,-,- cos 0;; + Z ‘V,'VjHCOS(éi — 5j)’Yij| cos 0; + sin(d; — 5j)’Y,-j| sin 0;]

j=1
J#i
(7.358)
P;=ViGi+ Y |ViVi|[Gjcos(d; — &)+ Bysin(5; — 3;)] (7.359)
j=1
J#i
Differentiating Eq. (7.359) with respect to V; yields,
aPlj = 2V,'G,‘,‘ + zn: ‘VJHGU COS((S,' - 5J) +B,'j sin(é,» - 5j)] (7360)
A%

j=1
j#i
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Differentiating Eq. (7.359) with respect to V; yields,

Z |Vi|[Gjj cos(6; — ;) + Bjj sin(0; — 0;)] (7.361)
j=1
J#i

Setting G;; =0, cos(d; — 6;) = 1, and sin(d; — J;) = 0 in Egs. (7.360) and
(7.361) yields,

oP;
—=0 7.362
- (7.362)
OP;

=0 7.363
o (7.363)

According to Egs. (7.261), (7.362), and (7.363), the Jacobian submatrix can be
expressed as,

J,=0 (7.364)

Again, Eq. (7.257) can be modified as,

== Y |ViviYy|sin(— (3 — & — 0;)) (7.365)
j=1
J#i
j=1
JF#i
Z |ViV;Y;|[sin(8; — 6;) cos 0 — cos(d; — &;) sin 0] (7.367)
j=1
J#i
Q,’ = Z |V,Vj} [GU Sin(&,‘ — 51) — Blj COS(&,’ — 5])] (7368)
j=1
J#i

Differentiating Eq. (7.368) with respect to 6; and J; yields,
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an n

35, = -; |ViVi| [Gijcos(d; — &) + By sin(3; — 6y)] (7.369)
i

aQ’— Z |ViVj| [=Gij cos(8; — ;) — By sin(6; — 9;)] (7.370)
J#l

Setting G; =0, cos(d; — d;) ~ 1, and sin(d; — J;) ~ 0 in Egs. (7.369) and
(7.370) yields,

00;
5, =" (7.371)
00;
55, = 0 (7.372)

According to Eqgs. (7.262), (7.371), and (7.372), the Jacobian submatrix can be
expressed as,

J3=0 (7.373)

Substituting Eqs. (7.364) and (7.373) into Eq. (7.259) yields,

{ﬁg] B [Jd JOJ mﬂ = {J(l)l ;2)2] [ﬁg] (7.374)

Equation (7.374) can be rearranged as,

AP = J1AS = J;1AS :%Aé (7.375)
as = |9F 71AP (7.376)
BREH '
AQ = LAV = JpAV = g—QAv (7.377)
_[o0]™"
AV = {a_v} AQ (7.378)

Again, differentiating Eq. (7.256) with respect to J; and d; yields,
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363
OP; - .
55, = Z |V,V]Y,,| sin(0;; + 0; — 0;) (7.379)
1 ] — 1
J#I
OP; . . C
i > ViViYy|sin(0+ 68— 6) A (7.380)
J ,]: 1
j#i
Equation (7.379) can be reduced as,
oP; - .
5. = D [Vivivylsin(0; — (3 - 9)) (7.381)
1 j: 1
J#i
OP; < . .
% = Z |VzV]YZJ| Sll’l(@ij — (5, — 5])) — |V,V,Y”‘ Sll’l(@ij — (5, — 51)) (7382)
1 J: 1
JF#i
api - . 2 .
o5 > ViViYy|sin(0; — 6;+ 6;) — |V?|[Ya] sin 6 (7.383)
l j: 1
J#i
OP; 1 . 2
55 = > |Vivivy|sin(0; — 6i+0;) — |V7|By (7.384)
l ]: 1
J#I
Replacing the first term of Eq. (7.384) by Q; yields,
OP;
55 = Qi |VZ|Bj (7.385)

As O, K |V12{B,] and assumed ’Vﬂ = |Vi| so that Eq. (7.385) is again simplified
as,

OP;

(7.386)
Equation (7.380) is again modified as,
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P; .
?)5 = —|ViVi¥y|sin(0;+6; — 6;)  j#i (7.387)
J

P; . .
gé = —|ViV;Yy|[sin 0y cos(8; — 6;) + cos sin(5; — ;)] j#i  (7.388)
J

Zgi = —|ViVj| [B,‘j COS(éj - 5,) + Gij sin(éj — 5,)] JFEi (7389)
J

Setting G;; = 0, cos(d; — 6;) ~ 1, sin(5; — ;) ~ 0, and |V}| ~ 1 in Eq. (7.389)
yields,

OP; .

Equation (7.257) can be written as,

Q,- = —|VlV/YU| sin(Oii +5i — 5,) — Z ’V,V/YU| sin(OU+5j — 5,) ]Z I

j=1
J#i
(7.391)
Differentiating Eq. (7.257) with respect to V; yields,
an' = —2|V;||V;] sin 0;; — Z |V;Yy| sin(0;+ 6; — ) j=i (7.392)
aV; ;
j=1
j#i
0y, _ —2|V?|B;i — Z ViV, Yy sin(0; 4 6; — ;) j=i (7.393)
8V1 i ) 7ty i J
j=1
J#i
8Qi 2 . .
.= —2|V2|B; : = 7.394
gy, Vi=2ViBat 0 =i (7.394)
6Qi 2 . .
— V; = =2|V7|B; = 7.395
oV, | l| J=1 ( )
90

— _2|VIB. P )
v, |Vi|Bii j=1i (7.396)
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Again, assuming 2V; = V; and Eq. (7.396) is modified as,

90
8V,- - _|Vl|Bu (7397)

Again, differentiating Eq. (7.257) with respect to V; yields,

90; . o
gv, = ~IVi¥ilsin(@+0;—0)  j#i (7.398)
Z‘Q/i = —|ViYy|[sin 0 cos(5; — &;) + cos Oysin(d; — &;)]  j#i  (7.399)
J
Z‘Q,i = —|Vil[Bjjcos(9; — &) + Gysin(d; — 6;)]  j#i (7.400)
J

Setting G;; = 0, cos(d; — J;) ~ 1, and sin(d; — J;) ~ 0 in Eq. (7.400) yields,

00
7

=—|VilB;  j#i (7.401)

From Egs. (7.386), (7.390), (7.397), and (7.401), it is seen that values of% and

g—‘Q, are negatives. Hence, Egs. (7.376) and (7.378) can be modified as,

opP] !
AS = — [%} AP (7.402)
_[oo"
AV = — [W} AQ (7.403)

Substituting Eq. (7.390) into Eq. (7.402) yields,

AP
Ad = [B] "= (7.404)
1%
Again, substituting Eq. (7.397) into Eq. (7.403) yields,
1A
AV = [B] 17Q (7.405)

where B is the susceptance or imaginary part of the Yy,,s = G + jB. The elements of
B and B’are the negative parts of the bus admittance matrix. For three-bus system,
the susceptance matrix B can be expressed as,
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By B
B = 7.406
[332 B33 } ( )

If bus 3 is voltage regulated bus, then the value of B’ is,
B' = [By] (7.407)

For the three-bus system, Egs. (7.404) and (7.405) can be extended as,

APy

[ﬁgj =" l%l (7.408)
AQy

[ﬁm =[B]" [é} (7.409)

Example 7.9
Determine the voltage at bus 2 of the single-line diagram as shown in Fig. 7.17 by
Fast Decoupled Load Flow method.

Solution
From Eqgs. (7.269)—(7.274), the susceptance matrix B can be expressed as,
o Bzz 323 . —-26 16
B= {332 333} = { 16 —36] (7.410)

Equation (7.408) can be rearranged as,
—11 AP, _ _ AP,
Ad, _ -26 16 2 0.052 0.023 A (7.411)
Ad3 16 —36 % —0.023 —-0.038 %

The expressions of the angles are written as,

AP AP AP

AS; =0.052=-2 +0.023=2 = 0.052=-2 + 0.0209AP; (7.412)
v 1.1 v
AP AP AP

Ady = 0.023 72 + 0.0381—13 =0.023 72 +0.0345AP; (7.413)
2 . 2

The bus 3 is a voltage-controlled bus. In this case, only the bus 2 is considered
and other buses are removed. Equation (7.409) can be modified as,
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AQ:
V,

AO, 1A A
180 VA% ag4 002 (7.414)

AV, = —[B' —
2 5] Vo 26V, Vv,

—[B2]

Let the initial guesses are 53 =0, 5(3) =0, and Vg = 1. Then, the initial updated
values are calculated as,

Py =10 x 1c0s(90°) +17.6 x 1c0s(90°) =0 (7.415)
Py = 22c0s(90°) 4+ 17.6 x 1¢c0s(90°) =0 (7.416)
g5 = —10 x 15in(90°) +26 x 1> — 17.6 x 15in(90°) = —1.6 (7.417)
AP =P, —p)=-12-0=-12 (7.418)
Ap=P3s—p]=3-0=3 (7.419)
Ay =0y —¢)=-05—(—1.6)=1.1 (7.420)
AP —1.2
AS) = 0.052‘/—02 +0.0209AP) = 0.052(—1) 40.0209(3) = 0.0003 = 0.0171°
2
(7.421)
AP) —-12
AdY = 0.023 V—OZ +0.0345AP) = 0.023 (—1) +0.0345(3) = 0.0759 = 4.3487°
2
(7.422)
AgS 1.1
AV = 0.0384 L2 — 00384 LY _ 0,042 (7.423)
1% 1
The first updated values are calculated as,
8 =8+ Ad =0+0.0171° = 0.0171° (7.424)
03 = 89+ AS) = 0+4.3487° = 4.3487° (7.425)
Vy = VY +AVY) = 140.0423 = 1.0423 (7.426)
Py = 10 x 1.0423 c0s(90° — 0.0171°) 4 17.6 x 1.0423 cos(90° + 4.3487°
—0.0171°)
= —1.3824

(7.427)
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P =22c0s(90° — 4.3487°) + 17.6 x 1.0423 cos(90° +0.0171° — 4.3487°)

= 3.0537
(7.428)
¢y = —10 x 1.04235in(90° — 0.0171°) +26 x 1.0423% — 17.6
x 1.0423 sin(90° + 4.3487° — 0.0171°) (7.429)
g5 = —0.4689 (7.430)
Apy =P, —p) = —12 — (—1.3824) = 0.1824 (7.431)
Ap} = P3 —pj = 3 — 3.0537 = —0.0537 (7.432)
Agh =0y — ¢3 = —0.5 — (—0.4689) = —0.0311 (7.433)
AP} (0.1824)
A8y = 0.052—2 +0.0209AP} = 0.052 """~ +0.0209(—0.0537) = 0.0079
z Vi * 3 10423 ( )
= 0.4526°
(7.434)
AP} 0.1824
Asy = 0.023—2 +0.0345AP} = 0.023 (0.1824) +0.0345(—0.0537) = 0.0021
2 1.0423
=0.1203°
(7.435)
Ag} (—0.0311)
AV} =0.0384—2 = 0.0384~—— = = —0.0011 7.436
: Vi 1.0423 (7.436)
The second updated values are calculated as,
85 = 85+ Ady = 0.0171° +0.4526° = 0.4697° (7.437)
83 = 85+ Ady = 4.3487° +0.1203° = 4.469° (7.438)
V=V, +AV) =1.0423 — 0.0011 = 1.0412 (7.439)
2 o o
= 10 x 1.0412¢c0s(90° — 0.4697
P2 cos( ) (7.440)

+17.6 x 1.0412 cos(90° +4.469° — 0.4697°) = —1.1927
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P = 22c0s(90° — 4.469°) + 17.6 x 1.0412 cos(90° + 0.4697° — 4.469°)

=2.9923
(7.441)
¢ = —10 x 1.04125in(90° — 0.4697°) +26 x 1.0412% — 17.6
x 1.04125in(90° + 4.469° — 0.4697°) (7.442)
g5 = —0.5056 (7.443)
Ap} =Py, —p5 = —12 — (—1.1927) = —0.0073 (7.444)
Ap; = P3 —p3 =3 —2.9913 = 0.0077 (7.445)
AGE = 0y — ¢35 = —0.5 — (—0.5056) = 0.0056 (7.446)
AP} (—0.0073)
2 2 2
= 0.052—32 +0.0209AP% = 0.052————— +0.0209(0.0077
A0, =0.052 V3 * 3 rosz ( )
= —0.0002 = —0.0114° (7.447)
AP} (—0.0073)
2 2 2
=0.023—32 +0.0345AP% = 0.023—— - 40.0345(0.0077) = 0.0001
A& = 0.023 V2 +0.0345AP; = 0.023-—7-5= +0.0345(0.0077) = 0.000
=0.0057°
(7.448)
Ag3 (0.0056)
AV; = 0.0384 —2 = 0.0384————~ = 0.0002 7.449
2 V3 1.0412 (7.449)
The third updated values are calculated as,
8 = 85+ Ad; = 0.4697° — 0.0114° = 0.4583° (7.450)
83 = 85+ Ad; = 4.469° — 0.0057° = 4.4633° (7.451)
Vi = Vi +AV; = 1.0412 — 0.0002 = 1.041 (7.452)

P2 =10 x 1.041 cos(90° — 0.4583°) + 17.6 x 1.041 cos(90° + 4.4633° — 0.4583°)
= —1.1963
(7.453)
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Py = 22c0s(90° — 4.4633°) 4+ 17.6 x 1.041 cos(90° + 0.4583° — 4.4633°)

=2.9916
(7.454)
@ = —10 x 1.0415sin(90° — 0.4583°) +26 x 1.041> — 17.6
x 1.0415in(90° + 4.4633° — 0.4583°) (7.455)
g = —0.5108 (7.456)
Apy =P, —p3 = —12 — (—1.1963) = —0.0037 (7.457)
Apj = P3 —pj =3 —2.9916 = 0.0084 (7.458)
Ag = 0r— ¢ = —0.5— (—0.5108) = 0.0108 (7.459)
AP} (—0.0037)
A3 = 0.052—2 +0.0209AP3 = 0.052—————= +0.0209(0.0084
g V3 - } o4l ( ) (7.460)
= —0.000009 = —0.00005°
AP} —0.0037
AS3 =0.023 V—f +0.0345AP3 = 0.023(10% 40.0345(0.0084) = 0.0002
3 .
=0.0114°
(7.461)
AG (0.0108)
AV; =0.0384—2 = 0.0384 = 0.0003 7.462
2 V3 1.041 (7.462)
The fourth updated values are calculated as,
55 = 83 + A3 = 0.4583° — 0.00005° = 0.4582° (7.463)
83 = 63+ AJ; = 4.4633° — 0.0114° = 4.4519° (7.464)
Vi = V3 +AV; = 1.041 — 0.0003 = 1.0407 (7.465)
4 o o
= 10 x 1.0407 cos(90° — 0.4582
Pa= 0 cos( ) (7.466)

+ 17.6 x 1.0407 cos(90° +4.4519° — 0.4582°) = —1.1924

P3 = 22¢0s(90° — 4.4519°) + 17.6 x 1.0407 cos(90° 4 0.4582° — 4.4519°)
= 2.9833

(7.467)
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g5 = —10 x 1.0407 sin(90° — 0.4582°) + 26 x 1.0407*

. (7.468)
— 17.6 x 1.0407 sin(90° 4 4.4519° — 0.4582°) = —0.5190
Aps =Py —p3 = —1.2 — (—1.1924) = —0.0076 (7.469)
Ap; = P3 —p3 =3 —2.9833 = 0.0167 (7.470)
Ag5 = 02 — g5 = —0.5 — (=0.5190) = 0.019 (7.471)
AST =0 052A—Pg +0.0209AP% = 0 052 (=0-0076) +0.0209(0.0167)
S P 1.0407 ' '
= —0.00003 = —0.0017° (7.472)
AP} —0.0076
A8 = 0.023—2 +0.0345AP; = 0023 =0:0076) +0.0345(0.0167) = 0.0004
: V3 1.0407
=0.0229°
(7.473)
Ag} (0.019)
AV = 0.0384 —2 = 0.0384 = 0.0007 7.474
: 2 1.0407 (7.474)
The fifth updated values are calculated as,
8 = 83+ Ad; = 0.4582° — 0.0017° = 0.4565° (7.475)
8 = 63+ AJ; = 4.4519° — 0.0229° = 4.429° (7.476)
V5 = V34 AVy = 1.0407 — 0.0007 = 1.04 (7.477)
Therefore, the final solutions are as,
9, = 0.4565° (7.478)
53 = 4.429° (7.479)
V, = 1.04 (7.480)

Practice Problem 7.9

A 30 MVA, 11 kV (line voltage), 2-pole synchronous generator with 9 MW active
generation, 4 Mvar maximum reactive power, and 0.85 power factor is connected to
bus 1. The length of the line is 1mile, and the per unit impedance of the lines are
given, as shown in Fig. 7.21. The load 1 of 70 MW and 25 Mvar is connected to
bus 2, and the load 2 of 45 MW and 25 Myvar is connected to bus 3. Consider bus 1
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Fig. 7.21 Single-line bus 1
diagram for Example 7.9 =10

<

Gl

bus 2

2z, =0.02+ j0.09Q/ mi

e
Load 1

231 =0.06+ 0.09Q/ mi 25, =0.05+ j0.08Q / mi

bus 3 Load 2

Fig. 7.22 Single-line _bus1
diagram for Example 7.10 v =10

—
@ —1 Load

: —Hr

bus 2

is a slack bus and use the Fast Decoupled Load Flow method to calculate the
voltage at bus 2, bus 3, and slack bus real power and reactive power.

Example 7.10

A 15 MVA, 11 kV (line voltage), 2-pole synchronous generator with 10 MW
active generation, 5 Mvar maximum reactive power, and 0.85 power factor is
connected to bus 1. A load of 50 MW and 25 Muvar, and a three-phase static Var
compensator of 25 Mvar is connected to bus 2, as shown in Fig. 7.22. Consider bus
1 is a slack bus and use the Fast Decoupled Load Flow method to calculate the
voltage at bus 2, and slack bus real power and reactive power. Consider base values
11 kV and 100 MVA. The line impedances are given as,

Line 1 z; =zp = 0.084 +0.976 Q/mi
Line 2 z; = zo = 0.0605 +j0.8687 Q/mi,

Solution
After drawing the network with CYME power system software, relevant data are
given as input. Then, simulate the network as shown in Fig. 7.23.

The voltage and angle at bus 2 are,

Vacyme = 0.965 pu (7.481)

O2cyme = —11.35° (7.482)
Slack bus real and reactive powers are,

Pgack = 50.79 MW (7.483)

Ogack = 10.19 Mvar (7.484)
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B2
0.965 (-11.35)

B1
1.000 (0.00)

1279.5A

25.00 MVAR

50.00 MW

-23.53 MW
0.20 MVAR

23.94 MW
4.59 MVAR

50.79 MW
10.19 MVAR

-26.47 MW
-0.20 MVAR

26.85 MW
5.60 MVAR

0.00 MW

25.00 MVAR
1439.4 A

Fig. 7.23 CYME simulation results for Example 7.10
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Exercise Problems

7.1 A short transmission line has the sending end and receiving end voltages
80 V and 60 V, respectively. Calculate the line average reactive power if the
line reactance is 6 Q.

7.2 A short transmission line has the sending end voltage, receiving end voltages
and average reactive power 80 V, 60 V, 80 Var, respectively. Determine the
value of the reactance.

7.3 The sending end voltage and average reactive power of a short transmission
line are 80 V, and 100 Var. If the line reactance is 10, calculate the
receiving end voltage.

7.4 The per unit impedances of a circuit are shown in Fig. P7.1. Determine the
Yp,s matrix.
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Fig. P7.1 Circuit for
Problem 7.4

Fig. P7.2 Circuit for
Problem 7.5

Fig. P7.3 Single-line
diagram for Problem 7.6

Fig. P7.4 Single-line
diagram for Problem 7.7

Fig. P7.5 Single-line
diagram for Problem 7.8

7 Load Flow Analysis

0+ /1

O+j0.2° 0+,1.3
Jj2 Jjs
J3 % % Jj4

bus 1 bus 2
212 |
bus 1I Zy5 | bus 2
231 Zp,
bus 3
bus 1 Z)5 bus 2
Zn Z31 Zps
bus 3
bus 4 —
234

7.5 Fig. P7.2 shows a circuit where the admittances are in per unit admittances.

Calculate the Y, matrix.

7.6 A two-bus single-line diagram is shown in Fig. P7.3. The per unit impedance
is given by z;5 = 0.04 4-j0.08. Calculate the Y,s matrix.

7.7 The per unit impedances are given by z;, = 0.04 4-j0.08, z;3 = 0.05 +0.10,
z31 = 0.06 40.12. Find the Y}, matrix of the single-line diagram as shown

in Fig. P7.4.

7.8 The per unit impedances are given by z;» = 0.04 +j0.08, z,3 = 0.05 + j0.10,
234 = 0.06 4j0.12, z;3 = 0.07 +0.15, z41 = 0.08 4-j0.14. Calculate the Yyys
matrix of the single-line diagram as shown in Fig. P7.5.
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Fig. P7.6 Single-line bus 1 bus 2

diagram for Problem 7.11

ok

Load

Fig. P7.7 Single-line bus 1 bus 2

diagram for Problem 7.12 | 75 _"_
Q = .

7.9

7.10

7.11

7.12

7.13

G | Load

Two simultaneous equations of voltages are given 5V; 42V, =11 and
2V, + 6V, = 15. Consider the initial guesses V;(0) =1 and V,(0) = 1.
Calculate the voltages by using the Gauss—Seidel method.

A voltage equation is given by V> —5V +2 = 0. Use the Gauss—Seidel
method to solve the equation by considering the initial guess V(0) = 1.

A load of 125 MW and 55 Mvar is connected to bus 2, and a generator of
15 MVA, 11 kV, 0.85 pf, 2-pole with 8 MW active generation, 4 Mvar
reactive power is connected to bus 1 as shown in Fig. P7.6. A transmission
line is connected between the two buses whose impedance is 0.04 + j0.08 pu
on a common 100 MVA base and 11 kV base. The transmission line is
charging by 10 Mvar shunt capacitor at each end.

Use the Gauss—Seidel method to calculate the voltage at bus 2, and the slack
bus real and reactive powers.

A load of 125 MW and 50 Mvar is connected to the bus 2, and a generator of
20MVA, 11 kV, 0.85 pf, 2-pole with 10 MW active generation, 5 Mvar
reactive power is connected to the slack bus 1 as shown in Fig. P7.7. The
transmission line impedance is 0.03 + j0.08 pu on a common 100 MVA and
11 kV base values. A shunt capacitor of 20 Mvar is connected to the bus 2.
Use the Gauss—Seidel method to calculate the voltage at bus 2, the slack bus
real and reactive powers, line loss, and power supplied by the capacitor.
Fig. P7.8 shows a three-bus single-line diagram where the impedances are in
per unit on a common 100 MVA and 11 kV base values. The first load of
100 MW and 50 Mvar is connected to bus 2, and the second load 150 MW
and 60Mvar is connected to bus 3. A generator of 25 MVA, 11 kV, 0.85 pf,
2-pole with 15 MW active generation, 10 Mvar reactive power is connected
to the slack bus 1, as shown in Fig. P7.8. Calculate the voltage at bus 2, and
bus 3, and slack bus real and reactive powers using the Gauss—Seidel
method.
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Fig. P7.8 Single-line bus 1

diagram for Problem 7.13 V= l|0»°

21, =0.02+ j0.06 bus 2

@ -

G

Load 1
zy; =0.0172+ ;0.043 Z,; =0.04+ j0.08
bus 3 |—>Load 2

Fig. P7.9 Single-line v, = 1|0_° bus 1 bus2  [.ad

diagram for Problem 7.16

7.14

7.15

7.16

7.17

=15

3ph-IM

A voltage function is given by f(V)=eV+V —2. Use the
Newton-Raphson method to calculate the true solution by using the initial
guess Vy = 1.83.

A voltage function is given by f(V)=5V?+11V —17 =0. Use the
Newton-Raphson method to calculate the true solution by using the initial
guess Vo = 1.

Fig. P7.9 shows a two-bus single-line diagram of a transmission line. The
impedance per mile of a line is given by z;; = 0.024 +;0.0726 Q/mi and
B =4.1 uS/mi. A three-phase 11 kV, 10725HP, 93% pf and a load of
90 MW and 50 Mvar are connected in bus 2. Use the Newton-Raphson
method to find the magnitude of the voltage and angle at bus 2 at any
simulation software.

A three-bus single-line diagram is shown in Fig. P7.10. A 128MVA,
13.8 kV, 0.85 pf, 2-pole, 15 MW active generation, 5 Mvar reactive gen-
eration steam generator is connected at bus 1. A 20 MVA, 13.8 kV
delta-11 kVwye, Z; =Zy =8.25%, X|/Ri = Xo/Ro =22, single-phase
liquid-filled transformer is connected between bus 1 and bus 2. An
11.5 kV shielded hardcore cable is connected between bus 2 and bus 3.
A load of 140 MW and 60 Muvar is connected to bus 3. Calculate the slack
bus power, voltage and angle at bus 3 using the Newton Raphson method
with any simulation software.

Fig. P7.10 Single-line bus 1
diagram for Problem 7.17 v, = 1@ Tr bus2 . ple bus3

-
Load
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©

Fig. P7.11 Single-line diagram for Problem 7.18

7.18 A five-bus single-line diagram is shown in Fig. P7.11. The following
equipment is connected as below.

Generator (bus 1): 40 MVA, 13.8 kV, 0.85 pf, 2-pole, 20 MW active gen-
eration, 10 Mvar reactive generation

Trl (bus 1-2): single-phase liquid filled, 20MVA, delta (13.8 kV)-wye
(1 KV), Z; = Zy = 9%, 3 =2 =25

Tr2 (bus 2-4): single-phase liquid filled, 35 MVA, delta (11 kV)-wye
042kV), Z) = Z) = 8%, gt = = 15

Line (bus 2-3): Z; = Zy = 0.04 + 1.5 Q/mi, B = 0.66 puS/mi

Line (bus 4-5): Z; = Zy = 0.036 +0.098 Q/mi, B = 1.02 uS/mi

Load (bus 5): 85 MW, 45 Mvar

Calculate the slack bus power, voltage and angle at bus 3 and bus 5 using the
Fast Decoupled method with any simulation software.



Chapter 8 M)
Underground Cables e

8.1 Introduction

Electrical power is transferred from one place to another either by overhead
transmission or distribution lines or high voltage underground cables. Underground
cables have several advantages such as less prone to mechanical damage, elimi-
nation of lightning strikes as well as flashover, increase in reliability of supply, less
maintenance cost, fewer chances of faults, less voltage drops, and reduction of
visual impact. However, the main drawback of the underground cables is that the
high initial investment compared to overhead transmission lines. Underground
cables are usually used in highly populated areas where overhead transmission lines
are difficult to install. High voltage cables are used in the power station, industries,
and all other electrical systems when the overhead transmission system is not
suitable for use. The primary use of underground cables is in the distribution of
electric power in the populated urban areas at low voltages. These cables are laid in
ducks or may be buried in the cable trance. Recent improvements in the design and
manufacture resulted in an increase in demand for underground cables among the
electric utilities and industrial sectors. In this chapter, construction, classification,
different types of grading, electrical stress, insulation resistance, etc., will be
discussed.

8.2 Construction of Cables

An underground cable consists of three or four conductors, which are surrounded
by different types of insulations, as shown in Fig. 8.1. The main components of an
underground cable are discussed [1, 2] below.
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Armouring
Serving

Bedding
Conductor Lead sheath

Fig. 8.1 Eight strands cables and cross section of a three-core copper cable

Conductor: The conductor is made of either copper or aluminum. Copper is
extensively used for cables. However, the conductor made of aluminum with proper
insulation is being used in the overhead transmission line. A cable has one or three
cores depending on the type of service voltage. The conductors are usually stranded
to get better flexibility of the cable. Electrolytic copper and aluminum ensure a
longer life for the conductor.

Insulation: The performance of the cable depends mainly on the insulation,
whereas the layer of the insulation depends typically on voltage tolerances. The
insulating materials provide grease/oil-resistant property, high dielectric strength,
immunity to fire hazards as well as protection from chemicals and microbiological
growths. It also provides no damage due to severe bending during laying and safe to
fluctuations in temperatures. Different types of rubber and polyvinyl chloride
(PVC) are used for cable insulation, which is discussed next.

Vulcanized rubber: Vulcanized rubber has high insulating properties that absorb
moisture. When vulcanized rubber is mixed with sulfur and other materials, it does
not absorb moisture. As a result, it provides better performance.

Polyvinyl chloride: The polymerization process normally obtains this type of
material from the proper mixture of acetylene and plasticizer. The plasticizer is a
liquid material that has a high boiling point. PVC has different grades, and it has
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high insulation resistance, high dielectric strength, and mechanical strength a wide
range of temperatures.

Cross-linked polyethylene: It is abbreviated as XLPE. Due to good water resis-
tance and excellent electrical properties, it is used as insulation for many power
cables. It has many advantages such as low melting point, high flexibility, light-
weight, can carry large current, minimizes the need for armoring, and excellent
protection (mechanical, electrical, and chemical) properties.

PVC Filler: The empty spaces between the cores are filled with polyvinyl chloride
(PVC) material known as PVC filler. The filler usually is of non-hygroscopic, softer
material, and fire-retardant material than cable insulation.

Binder Tape: Separate binder tape is used in the cores to protect conductors from
penetration of moisture, chemicals, and jacket compounds. It is also used to
maintain cable concentricity and firmness of conductor bundles.

Armoring: Steel wire is used around the binder taped of the cables to provide
additional protection for preventing it from any damage. It is used to protect the
cables from mechanical damage during direct laying in water-filled ducks and
termites attack. Steel tape and steel wire armoring are the two types of armoring that
are usually used in the cables. In steel tape armoring, steel tape is wound around the
cable in two layers with opposite directions, whereas in steel wire armoring, strong
steel wires are used in one or two layers. Cables with aluminum sheath are not
armored.

Bedding: Bedding is provided by jute or hessian tape to protect the metallic sheath
from mechanical damage due to armoring.

PVC Outer Sheath: PVC sheath is the last stage of the cable, which protects from
moisture, gases, and termite in the soil as well as all kinds of external stresses.

Serving: Serving is a kind of protection of armoring from atmospheric conditions.
A layer of fibrous material is provided over the armoring, which is known as
serving.

8.3 C(lassification of Cable

Cables are classified according to the number of cores, voltage rating, construction,
type, and thickness of insulation and installation types. According to the type and
thickness of insulation, cables are classified as polyethylene (PE), polyvinyl chlo-
ride (PVC), cross-linked polyethylene (XLPE), low smoke zero halogen (LSZH)
insulation materials, and armored instrumentation cables.

Depending on the core, cables are classed as single-core and multi-core
(three-core, four-core), whereas according to the voltage rating, underground cables
are classified as,
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Low voltage cables up to 1 kV

High tension cables up to 11 kV

Supper tension cables from 22 kV to 33 kV
Extra high tension cables from 33 kV to 66 kV
Extra super tension cables above 132 kV.

8.4 Insulation Resistance of Single-Core Cable

Consider a single-core cable whose length is /, conductor radius is », and the sheath
radius is R. Again, consider small thickness dx of insulation layer at a distance
x from the center of the conductor as shown in Fig. 8.2.

The circumference area of the cable at a distance x is written as,

A =2mxl (8.1)

The insulation resistance of considered small layer is,

dx
dRis = p—— 8.2
P 2nxl (8.2)
The insulation resistance of the whole cable is calculated as,
R
Rins = /dRins (83>
Substituting Eq. (8.2) into Eq. (8.3) and integrating yields,
; d.
x
Ris = — 8.4
= [ (8.4)
Fig. 8.2 Cable cross section
with a small thickness Conductor
Dielectric

Sheath
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p . R
Ris = ~—In— 8.5
27l f r (8:5)

The value of the insulation resistance can be calculated from Eq. (8.5) if the
other parameters are given.

Example 8.1

The insulation thickness and radius of a 5 km cable are 8 mm and 14 mm,
respectively.  Calculate the insulation resistance of a cable with
p=4x10"°Q —m.

Solution
The insulation radius of a cable is calculated as,

R=8+14=22mm=0.022m (8.6)

The insulation resistance of a cable is calculated as,

Rips =

R 4x100 0022
PR X107 0022 s g Mo (8.7)
;

2™ = 27 % 5000 "0.014

Practice Problem 8.1

The insulation thickness diameter and the core diameter of 10 km cable are 3 cm
and 7 cm, respectively. Calculate the cable resistivity if the insulation resistance is
500 MQ.

8.5 Electric Stress of a Single-Core Cable

Figure 8.3 shows a cross section and stress distribution of a single-core cable.
Consider 7 is the radius of the conductor and R is the inner radius of the sheath.
Again, consider a small cross section at a distance x from the center of the con-
ductor, whose thickness is dx. If the induced charge on the conductor ¢, the electric
flux density (D) at a distance x is defined as [3, 4],

q 2
D=— C(/ 8.8
2nx m (8.8)

The electric flux density is related to the electric field as,

D =¢E (8.9)
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Fig. 8.3 Cable cross section
with stress distribution

Sheath

g 8Emax

Emin =

Substituting Eq. (8.8) into Eq. (8.9) yields,

E=-1 vm
2mex

= Emax

min

8 Underground Cables

Conductor

Dielectric

V><

(8.10)

The voltage difference between the conductor and outer sheath can be deter-

mined as,

R

V:/de

r

Substituting Eq. (8.10) into Eq. (8.11) yields,

14 q

In%
;

Substituting Eq. (8.14) into Eq. (8.10) yields,

_ 1%
_xln5;

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)
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From Fig. 8.3, it is seen that the stress distribution over the dielectric is not the
same. The maximum stress occurs at the surface of the conductor. It will decrease
slowly toward the sheath of the cable, whereas the minimum stress occurs at the
outer surface of the sheath. At a distance x = r, the expression of maximum electric
field or stress is calculated as,

Epaoy = — 8.16
rin® (8.16)
At x = R, the expression of minimum electric field or stress is
Vv
Epin = — 8.17
RIn& (8.17)
Dividing Eq. (8.16) by Eq. (8.17) yields,
I
=— 8.18
Emin r ( )

The maximum stress is usually considered during the design of the high voltage
cables.

8.6 Economical Size of Conductor

It is already seen that the maximum stress occurs at the surface of the conductor. For
reliable and safe operation, the dielectric strength of the cable should be more than the
maximum stress. For designing, working voltage and sheath radius need to be
considered constant up to certain values, whereas the core radius needs to vary.
Therefore, for a given voltage and sheath radius, the most economical size of the
conductor can be determined if the denominator of Eq. (8.16) is minimum. The
minimum value of the denominator can be obtained if differentiation of the
denominator of Eq. (8.16) with respect to r is equal to zero and it can be obtained as,

d R
R 1 R

R
In=—1=0 (8.21)
r
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R
In==1 (8.22)

r

R
—=¢' =2718 (8.23)

r

From Eq. (8.23), the most economical conductor radius is written as,

r=—— (8.24)

Emax - 7 (825)

The insulation thickness can be determined as,
tinsu = R —1 (826)
Substituting Eq. (8.24) into Eq. (8.26) yields,

tinsu = 2.718r — r = 1.718r (8.27)

Example 8.2

The line-to-neutral voltage, conductor radius, and the sheath radius of a single-core
cable are 35 kV (rms), 0.85 cm, and 2.5 cm, respectively. Calculate the maximum
stress, minimum stress, most economical conductor size, and insulation thickness.

Solution
The value of the maximum stress can be determined as,

1% 35

R~ 25
rin:  0.85Ings:

Epnax =

= 38.16kV/cm (8.28)

The value of minimum stress can be determined as,

1% 35

RInE = 75125
RInE ™~ 2525

Ein = = 12.97kV/cm (8.29)

The value of the most economical size of the conductor can be determined as,

R 2.5
TR T 0.92cm (8.30)
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The value of the insulation thickness can be determined as,

tinsy = 1.718r = 1.718 x 0.85 = 1.46cm (8.31)

Practice Problem 8.2

The core diameter, line-to-neutral voltage, and maximum stress of a single-core
cable are 2.5 cm, 15 kV (rms), and 20 kV/cm, respectively. Calculate the sheath
radius, minimum stress, and the most economical conductor size.

8.7 Grading of Cables

Dielectric strength and its homogeneous distribution in the cable are very important
for safe and reliable operation. The dielectric materials are usually used in the
cables to optimize the difference between the maximum and minimum stresses.
Unequal distributions of stresses may trigger insulation breakdown as well as an
increase in the insulation thickness, which in turn increases the cable size.
Therefore, it is necessary to distribute the stresses uniformly in the dielectric
throughout the cables. The process of achieving uniform stress distribution in the
dielectric of cables is known as grading. There are two methods of cable grading
that are normally used for the optimization of the stresses. These are capacitance
grading and intersheath grading.

8.7.1 Capacitance Grading

Two or more layers of different dielectrics are used in the capacitance grading. The
process of achieving uniformity in the dielectric of cables is known as capacitance
grading. Consider a conductor that is surrounded by the three layers of dielectrics
and the permeabilities ¢, &, €3 at the radii 7, », and R, respectively. The core with
three layers of dielectrics is shown in Fig. 8.4. The stress at any distance x can be
expressed as [3, 6],

Fig. 8.4 Cable core with
three layers of insulation
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. q
=
2MENELX

(8.32)

The stress for insulation layer one which starting from x=r to x =r is
expressed as,

q

E = 8.33
2meger ( )

q
Epepy = — 8.34
27‘680817‘1 ( )

The stress for insulation layer two, which starting from x =r; to x =1 is
expressed as,

q
E_, =—— 8.35
' 2mepenrr ( )

q
B, ——9 8.36
> 2megears ( )

The stress for insulation layer three which starting from x =7, to x =r3 is
expressed as,

q

E—, =———
e 2megesrs

(8.37)

q
E _p =
=k 27[80 83R

(8.38)

Assuming all operating at the same electric field, equating Egs. (8.33), (8.35),
and (8.37) yields,

q q q

= = 8-39
2meger  2megear; 2mepesrs ( )
1 1 1
—_— == (8.40)
er &ry &3
817 = &1 = &0 (8.41)

The total voltage between the core and the outer sheath is calculated as,

V=Vi+V,+V3 (8.42)



8.7 Grading of Cables 389

r r R
V= / E.dx + / E.dx + / E.dx (8.43)
x=r x=ry X=r

Substituting Eq. (8.32) for three layers into Eq. (8.43) yields,

r rn R
q q q
V= d d. dx. 8.44
/ 2menE1 X o / 2menErX ot / 2mEGE3X . ( )
x=r X=r| X=ry
r r R
q q q
V= d d dx 8.44
/ 27138081)6 ot / 27'58082}6 o / 27[8083)( ( )
x=r xX=r xX=r;

q 1 r 1 R
=—2 |—In 4+ —In( = —In{— 8.45
 2meg Ll (r) & n(rl) M &3 H(Vzﬂ (843)
q r r r 1Y) ) R
=_1 _]n(—>+—ln =]+ ——In|[— (8.46)
2meg | re; r ri& r mne3 mn

Substituting Eq. (8.41) into Eq. (8.46) yields,

zzm‘(’)ml [rl ( )+rl ln( )—l—rﬂn(}i)} (8.47)
V= Em[rln( e 1n<r>+r21n<2>} (8.48)

Equation (8.49) can be rearranged as,

R R R
V=E, (rlnr—l 2 2 S s 2 4 ln—) (8.49)
r

r r p) ) r )
rirnR R
V=E, (rln12 +(r—7) n2 4+ (ro—7) ln) (8.50)
rrir ry r

Basically, r| and r, are greater than r. Therefore, the second and the third terms
of Eq. (8.50) can be neglected, and Eq. (8.50) can be modified as,

R
V =E,rin— (8.51)
r

_ 49
27'[801"81

(8.52)
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Fig. 8.5 Capacitance grading
field distribution

\ 4

The field distributions of the three-layer dielectrics of single-core cable are
shown in Fig. 8.5.

Example 8.3

The permittivities of a three-layer dielectrics capacitance grading are 5, 3, and 2,
respectively. The conductor radius is 1 cm, and the overall sheath radius is 7 cm.
The three-layer dielectrics are operated at 27 kV/cm. Calculate the radii r; and r,,
maximum voltage, and safe working voltage.

Solution
The values of the different radius can be determined as,

E1Fr = &1 = &I
S5x1= 3}’1 227‘2
5:3l"1

(
(
(

r = 1.67cm (8.56)
5=12n (
(

rn =2.5cm
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The value of the maximum working voltage can be determined as,

R
V=E, (rlnr—1 +r lnr—2 +r ln—>
r

r rn

B 1.67 25 7 (8.59)

=116.6kV

The rms value of safe working voltage is calculated as,

116.6
Vie = = 75 = 8245 KV (8.60)

Practice Problem 8.3

A single-core cable is graded by three-layer dielectrics whose permittivities are 8, 5,
and 4, respectively. The conductor radius is 1.5 cm, and the overall radius is 8 cm.
The three-layer dielectrics are worked at 11 kV/cm. Find the radius r; and r,,
maximum voltage and safe working voltage.

8.7.2 Intersheath Grading

In the intersheath grading, the same insulating material is used throughout the cable.
However, it is divided into a few layers by placing metallic intersheaths. These
intersheaths are connected to the tapings of a transformer. The potential across each
intersheath is maintained at such values that each layer of insulation contributes to
the proper share of the total voltage. This arrangement improves the voltage dis-
tribution in the dielectric of the cable, which in turn obtains a uniform electric field.
The maximum electric field at various intersheaths is the same due to homogenous
material. Consider a cable whose core radius is r and the outer sheath radius is
R. The two metallic intersheaths of radii r; and r, are inserted in between the core
and the outer sheath as shown in Fig. 8.6.

Let us consider that V| is the voltage between the core and the first intersheath,
V, is the voltage between the first intersheath and the second intersheath, V; is the
voltage between the second intersheath and the outer sheath. Each sheath can be
considered as a homogeneous single-core cable because of a definite voltage dif-
ference between the inner and outer radii of each sheath. According to Eq. (8.51),
the maximum stress between the core and the first intersheath is expressed as,

Ept =1 (8.61)

rin
-
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Fig. 8.6 Intersheath Mettalic intersheath
tap-changing transformer

The maximum stress between the first intersheath and the second intersheath is
expressed as,

Vo
Em2 = ,~2

rllnz

(8.62)

The maximum stress between the second intersheath and the outer sheath is
expressed as,

V3

Epy =——%
r lng

(8.63)
The dielectric of the cable is homogeneous. Therefore, the maximum stress in
each layer is the same, and it can be expressed as,
E,n=E»n=E;3= Em(let) (864)
Substituting Egs. (8.61), (8.62), and (8.63) into Eq. (8.64) yields,

Vl Vz V3

ST N R
rin | lnrl rzlnr2

(8.65)

m

According to behavioral properties, the cable works as like the three capacitors
in series. Therefore, all potentials including the outer sheath, metallic sheaths, and
the core are in phase, i.e., it can be expressed as,

V=Vi+W+W (8.66)
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Substituting Egs. (8.61), (8.62), and (8.63) into Eq. (8.66) yields,
R
,

V=E,rin +E,rIn2> +E,rn
r r 2

(8.67)

Again for designing purposes, considering one sheath in between the core and an
outer sheath, as shown in Fig. 8.7.
In this case, Eq. (8.67) can be modified as,

R
V= Em rin —rl + Emr1 In— (868)
r r

vV

T nn R
rin L+ lnrl

(8.69)

m

In this analysis, the core radius (r) and the outer sheath radius (R) are kept fixed,
whereas the intersheath radius (r) is only considered the variable parameter. Now,
differentiating Eq. (8.69) with respect to r; and setting the result equal to zero to get
the minimum value for the maximum stress. This can be obtained as,

dEy, d i R\
M —_—yv—|rIn— In—)] =0 8.70
dr; dr; (r n r tn nrl) ( )
r R R rl
L In— ——=0 8.71
rlR( rf)+ nr1+rr1r (871)
R
ry ry
Fig. 8.7 Core with one Mettalic intersheath

intersheath
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Substituting Eq. (8.23) into Eq. (8.72) yields,

1+mZy oo
ry r

A+ etrlm+ =0
r r

141+l =0
r r

r =2r
Substituting Egs. (8.23) and (8.81) into Eq. (8.69) yields,

Vv

m= N Ly e
rin - +2rln2r

1%
En = 0.693r +0.6137r
o 1%
" 131

8 Underground Cables

(8.73)

(8.74)

(8.75)

(8.76)

(8.77)

(8.78)

(8.79)

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

From Eq. (8.84), the value of the maximum stress can be calculated is the

operating voltage and the core radius are known.
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Example 8.4

The core and outer sheath radii of a three-phase 22 kV (rms) cable are found 2 cm
and 3.5 cm, respectively. The two metallic intersheaths with radii of 2.5 and 3 cm
are inserted in between the core and an outer sheath. The maximum stress in each
layer is the same, and calculate the voltages on the first sheath and second sheath.

Solution
The maximum value of the voltage is

V= V2 x33=3111kV (8.85)
Per phase voltage is calculated as,

3111
Vo = —— = 17.96kV (8.86)

V3

The maximum stresses can be determined as,

Vi Vi

Epp = —— = =224 ,
ml }"IHFTI 21[1275 Vl (8 87)
% %
Epp=—p=roe =219V, (8.88)
71 lng 2.5In5%
1% 1%
Ep=—p=—2_=216V; (8.89)

R 3.5
rzlnr2 31n 3

The maximum stress in each layer is the same. Then, this relation can be written
as,

2.24V) = 2.19V, = 2.16V; (8.90)
V, = 1.02V; (8.91)
2.24V; = 2.16V; (8.92)

Vs = 1.03V} (8.93)

The total voltage is calculated as,

Vi+Vo+V3=V (894)
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Substituting Egs. (8.91) and (8.93) into Eq. (8.94) yields,
Vi+1.02V; +1.03V; = 17.96 (8.95)
Vi =5.89kV (8.96)
The other values of voltages can be determined as,
V, =1.02V, = 1.02 x 5.89 = 6kV (8.97)
V3 =1.03V; =1.03 x 5.89 = 6.06kV (8.98)
The voltage at the first sheath can be determined as,
Vai=V -V, =17.96 —5.89 = 12.07kV (8.99)
The voltage at the second sheath can be determined as,

Va=V—V,—V,=17.96—589 — 6 = 6.07kV (8.100)

Practice Problem 8.4

The core and the outer sheath radii of a three-phase 66 kV (rms) cable are 1 cm and
2.2 cm, respectively. The two intersheaths with radii of 1.5 cm and 1.9 cm are
inserted in between the core and the outer sheath. Calculate the voltages on the first
sheath and second sheath. Consider that the maximum stress in each layer is the
same.

8.8 Cables Heating

There are three losses which are responsible for heating of the cables. There are
copper loss, dielectric loss, and intersheath loss. Copper loss mainly depends on the
current passing through the resistance of the conductor. Dielectric loss in the
insulation is due to the leakage current, which is originated by the voltage across the
insulation. Finally, the intersheath loss is due to the circulating currents in loops,
which forms between the sheaths. The copper loss can be expressed as,

P, = IZRC (8101)

where I is the current flows in the cables, and R, is the resistance of the conductor.

The cable is one kind of capacitor that is formed by the core and the sheath which
represents the two plates of a capacitor. These two plates are separated by dielectrics.
The equivalent circuit for this is represented by the parallel combination of leakage
resistance R and the capacitor C, as shown in Fig. 8.8. The phasor diagram for a cable
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Fig. 8.8 Equivalent circuit of I
a cable >

Fig. 8.9 Phasor diagram for I
cable equivalent circuit 1

0 V
1

I

dielectric is shown in Fig. 8.9. The current leads the voltage by an angle less than 90°.
There is no loss for a perfect dielectric; however, the cable is not a perfect dielectric.
Therefore, there is a loss in the cable due to the dielectric. The loss in the dielectric
due to the leakage current flows in the insulation resistance is,

V2
P, = R (8.102)
From Fig. 8.9, the expression of tan é can be written as,
I,
tan & =7 (8.103)

c

From Fig. 8.8, the current in the leakage resistance (/) can be written as,
I, =— (8.104)
Similarly, the current in the capacitor (I.) can be written as,

14
Io=—=VoC (8.105)

oC
Substituting Eqgs. (8.104) and (8.105) into Eq. (8.103) yields,

14
R

Vo C

tand = (8.106)
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Vv
i VwCtan o (8.107)

Multiplying both sides of Eq. (8.107) by the voltage (V) yields,

V2
i V2wCtan d (8.108)

From Eq. (8.108), the final expression of the total dielectric power loss can be
written as,

Py = V?wCtan (8.109)

Here, ¢ is the dielectric loss angle, and its value is very small. Therefore, tan ¢ is
considered as 0. Equation (8.109) can be modified as,

Py = V*aC (8.110)

From Eq. (8.110), it is seen that power loss is proportional to the square of the
voltage, capacitance, and the dielectric loss angle.
From Fig. 8.9, the power factor angle is expressed as,

¢ =90°—-9 (8.111)
cos ¢ = cos(90° — 9) (8.112)
cos ¢ = sin (8.113)

The dielectric hysteresis loss (P;,) is the difference between the total dielectric
power loss and the power loss due to leakage resistance, i.e.,

Pagy = Py — Pyc (8.114)

Substituting Egs. (8.102) and (8.110) into Eq. (8.114) yields,
2 v? 2 1
Py =VwCo——=V"|wCd—— (8.115)
R R

From Eq. (8.115), the values of dielectric hysteresis loss can be determined if
others parameters are known.

Example 8.5

A single-core 50 Hz, 6.4 kV (line-to-neutral) cable is having the insulation resis-
tance of 6 MQ. Calculate the power loss due to leakage of current flows in the
insulation, total dielectric loss, and dielectric hysteresis loss. Assume that the
dielectric factor is 0.03, and the value of the capacitance of a cable is 0.84 pF.
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Solution
The power loss due to leakage current flows in the insulation is calculated as,

V2 64002
P le = &

The total dielectric loss can be determined as,

Py = V2wCS = 6400% x 27 x 50 x 0.84 x 107% x 0.03 = 324.27W (8.117)

The dielectric hysteresis loss can be calculated as,

Py, =Py — P, =324.27 — 6.82 =31745W (8.118)

Practice Problem 8.5

The power loss due to leakage current in the insulation, the capacitance, and the
insulation resistance of a single-core 50 Hz cable are 8.5 W, 2 pF, and 4.5 MQ,
respectively. Find the line-to-neutral voltage, total dielectric loss, and dielectric
hysteresis loss. Consider the dielectric factor is 0.02.

8.9 Capacitance of a Cable

Capacitance usually forms between the core and the outer sheath due to the voltage
difference between the conductor and outer sheath. Let the charge of the capacitor is
q, and the capacitance is C. Figure 8.10 shows a cross section of a single-core cable
whose core radius is r and the outer sheath radius is R.

Fig. 8.10 Single-core cable
with a sheath

D
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According to Eq. (8.15), the expression of voltage difference between the core
and the sheath is

q R
V=—"In— 8.119
2me n r ( )
2neV
= 8.120
q InE ( )

The capacitance per unit length of a single-core cable is usually defined as,

C=—= 8.121
: (8.121)

Substituting Eq. (8.120) into Eq. (8.121) yields,

2neV
In¥
C=—— (8.122)
Vv
27e
C=—; 8.123
= (8.123)
But, the permittivity of any medium is written as,
&= &&, (8.124)
The value of the permittivity for free space is
&0 = 8.85 x 1072 F/m (8.125)
Substituting Eqgs. (8.124) and (8.125) into Eq. (8.123) yields,
27 x 8.85 x 107 1%,
c=TXEB XY ¢ (8.126)
1n7
5.56 x 107!,
c=222"7 % g (8127)
h’l;
0.0556¢,
C=—2% | Fikm (8.128)

In®
r
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The admittance due to capacitance can be expressed as,

Y= ZL = i (8.129)
¢ oC
Y =wC =2nfC (8.130)
The expression of charging current per phase can be written as,
I. =2nfCV_yn (8.131)

Example 8.6

A 2.5 km long single-core cable is used to deliver power in the 6.4 kV, 50 Hz
three-phase induction motor in the oil field. The cable core radius is 3 cm, and an
outer sheath radius is 11 cm. Calculate the capacitance and the charging current per
phase. Assume the relative permittivity is 2.

Solution
The value of the capacitance per km can be determined as,

_0.0556¢,  0.0556 x 2

C= = = 0.085 uF/k 8.132
In& In4 HERm ( )
C =0.085 x2.5=0.21pF (8.132)
The value of the voltage per phase is
11 x 1000
Vo =Vin= A =6350.85V (8.133)

The value of the charging current per phase can be determined as,

I. = 21fCV;_y = 271 x 50 x 0.21 x 107° x 6350.85 = 0.42 A (8.134)

Practice Problem 8.6

A 2 km long single-core cable is having the core and outer sheath radii 1 cm and
2 cm, respectively. The relative permittivity of insulating material is 4. Calculate
the capacitance of the cable.
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Fig. 8.11 Different types of Sheath
the capacitance of a cable Core to earth

capacitance

Core to core
capacitance

Core

8.10 Capacitance of a Three-Core Cable

Consider a three-core cable, as shown in Fig. 8.11. In a cable, the conductors are
much closer to each other than to the sheath. In a three-core cable, the voltage
energizes three cores, and zero voltage energizes the sheath, which creates elec-
trostatic fields. Due to electrostatic fields around the cable, capacitance forms
between core-to-core and core-to-sheath. The calculation of capacitance is simple if
the distribution of dielectric is the same. However, it is not possible to get a uniform
distribution of dielectrics. Different types of capacitances of a three-core cable are
shown in Fig. 8.12.

Consider C,. is the core capacitance formed between the core-to-core, Cg is the
sheath capacitance formed between the core-to-sheath, and C,, is the equivalent
capacitance.

1

:
/\ C. C. C /\ 3/\ &2
]
| 2

Fig. 8.12 Equivalent capacitance of a cable
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According to Fig. 8.12, the three core-to-core capacitances are formed a delta
circuit, and it can be converted into a wye circuit. The sheath represents the neutral
point, and the core-to-sheath capacitance forms a wye circuit.

The total capacitance between the terminals 1 and 2 for both the delta and the
wye connections is the same, and it can be expressed as,

Ccc Ccc Ccc

C =Coet+ —""=0C¢ 8.135
12(A) + C.tC. + ) ( )

C,,C C
Cipy) = —2—4 =4 8.136
12(¥) Cos - Coy > ( )

Equations (8.135) and (8.136) are the same, and it becomes,
Ccc Ceq

Coet+ —= 8.137
5= ( )
Ceq = 3C (8138)

The total capacitance between each conductor to the neutral (sheath represents
the neutral) is expressed as,

C,=Cy, = Cy = C3, = Cis +3C (8139>
The capacitive reactance can be expressed as,

1

= 8.140
®(Ces +3C,) ( )
For a given phase voltage,V,, = V._y, the expression of the charging current is

expressed as,

1. = 27‘CfVL,N(CL-5 + 3CCL.) (8.141)

From Eq. (8.141), the value of the charging can be determined if the other
parameters are given.

8.11 Measurement of Capacitance

The dielectric distribution in a cable is not homogeneous. In this situation, mea-
surement of the core-to-core and core-to-sheath capacitances needs to be carried
out. Initially, connect the two cores directly to the sheath, as shown in Fig. 8.13.
Then, measure the capacitance (C,) between the remaining core and the sheath.
From Fig. 8.13, it is seen that the two core-to-core capacitances are connected in
parallel, and the equivalent capacitance is expressed as,
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Fig. 8.13 Two cores of a Sheath
cable connected to sheath

Cog = Cec+ Cee = 2Cec (8.142)

The equivalent capacitance is, therefore, parallel with the core-to-sheath
capacitance, and the expression of total capacitance is written as,

Cp = Ces+2Ce (8.143)

For the second measurement, three cores are connected in such a way to eliminate
core-to-core capacitances, as shown in Fig. 8.14. From Fig. 8.14, it is observed that
the three core-to-sheath capacitances are connected in parallel with the common point
at the sheath. Therefore, their equivalent capacitance is written as,

Fig. 8.14 Three cores of a Sheath
cable close to each other
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Cy=Cs+Ce+Coy =3C (8.144)

Substituting Eq. (8.144) into Eq. (8.143) yields,

C

q:>f+2qc (8.145)
¢, C

Cc‘c :71)_# (8146)

Substituting Eqgs. (8.144) and (8.146) into the Eq. (8.139) yields,

Cq CP Cq
=1 £ _ -1 14
6= %+3($-9) 107
1
QZEQQ—QJ (8.148)

From Eq. (8.148), it is seen that the neutral capacitance can be calculated if the
other parameters are known.

Example 8.7

A 6.4 kV, 50 Hz three-phase system uses 8 km long three-core cable. The
capacitance between three bunched cores and sheath is measured and found 0.94
pF/km. The value of the capacitance is again measured 0.65 pF/km between one
core and the sheath when the other two cores that are connected to the sheath.
Calculate the core-to-sheath capacitance, core-to-core capacitance, line-to-neutral
capacitance, and charging current per phase.

Solution
The value of the core-to-sheath capacitance per km can be determined as,

C, =094 =3C, (8.149)
Ces = 0.31 pF/km (8.150)
The actual value of the core-to-sheath capacitance is calculated as,
Cs =031 x 8 =248 uF (8.151)
The value of the core-to-core capacitance per km can be determined as,

~C, C, 065 094
Cee = > "% =3 5 = 0.17 pF/km (8.152)
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The actual value of the core-to-core capacitance is calculated as,
Cee =0.17 x 8 = 1.35uF (8.153)
The value of the line-to-neutral capacitance is calculated as,
C,=C;+3C,,=248+3x135=653pF (8.154)

The value of the charging current per phase can be determined as,

6400
I = 21V, = 21 X 50 X~ X 6.53 X 1070 =7.58A (8.155)

Practice Problem 8.7

A 10 km long three-core cable is used on the 11 kV, 60 Hz, three-phase system.
The measured capacitance between the three bunched cores and the sheath of a
cable is found to be 0.95 pF/km. The value of the capacitance is again measured
0.40 pF/km between one core and the sheath when the other two cores that are
connected to the sheath. Determine the line-to-neutral capacitance and charging
current per phase.

8.12 Measurement of Insulation Resistance

Electrical equipment and high voltage cables need proper insulation resistance for
safe operation. High voltage cables are insulated using different types of materials
with high electrical resistance to stop the flow of current outside of the conductor or
core. However, the properties of these insulating materials change due to the long
time in operation and environmental effects. These changes reduce the electrical
resistivity of the insulating materials. As a result, increasing leakage currents in the
cable leads to incidents that may seriously affect operator safety as well as increase
the operation cost.

Two types of tests are usually carried out to identify the cable performance,
namely dielectric strength test (withstand test or destructive test) and
non-destructive test [7]. In a destructive test, high voltage and current are applied to
expose weak insulation. However, in a non-destructive test, a megohmmeter is used
to generate lower currents and DC voltage in different magnitudes, which in turn
provides the insulation resistance in kQ, MQ, GQ, and TQ.

Fluke Corporation manufactured a high voltage insulation tester F1555 (see
Fig. 8.15) is widely used to measure the insulation resistance of high voltage
cables. This meter can measure the insulation resistance from the test voltages
250 V. to 10000 V (50/100 V steps) such as the step patterns are
250 V-500 V-1 kV-2.5 kV-5 kV-10 kV.
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Fig. 8.15 Insulation tester F1555 courtesy by Fluke Corporation

A few parameters, such as resistance, leakage current, polarization index (PI),
dielectric absorption ratio (DAR), are usually displayed. According to IEEE
43-2013 Standard, the polarization index and DAR are defined in the following
ways.

Polarization Index (PI): After voltage application, two readings are taken at 1 min
and 10 min. The ratio of the insulation resistance measured at 10 min to the
insulation resistance measured at 1 min is known as the polarization index.
Mathematically, it can be expressed as,

_ IR omin

Pl =
Ilein

(8.156)
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Table 8.1 PI values

R . PI value Insulation condition
corresponding insulation - -
. <1 Bad insulation
conditions
1-2 Questionable
2-4 Good
>4 Excellent
where

IR in 1s the insulation resistance reading after the application of voltage for
1 min,

IR omin 1s the insulation resistance reading after the application of voltage for
10 min.

The PI values with corresponding insulation conditions are shown in Table 8.1.

Dielectric Absorption Ratio (DAR): There are some insulation materials in which
the absorption current decreases sharply. In this situation, measurements after 30
and 60 s are more than enough to qualify the insulation of the material.
Mathematically, DAR is defined as,

IR o5
IR3s

DAR =

(8.157)

The DAR values with corresponding insulation conditions are shown in
Table 8.2.

In addition to PI and DAR, the dielectric discharge (DD) test is also carried out in
a high voltage cable. The DD test is an insulation diagnostic test that identifies the
cable aging, voids, and deterioration of insulation. This test was originally devel-
oped by EDF, France’s Power Utility Company. Initially, the high voltage cable
needs to charge for 30 min for full absorption of the insulating material. Then, the
test voltage V (volts) is disconnected, and after one minute, the discharge current
(mA) and the capacitance C (Farads) need to be measured. Mathematically, DD can
be expressed as,

Ilmin
DD = —— 8.158
VxC ( )

The DD values with corresponding insulation conditions are shown in Table 8.3.

Table 8.2 DAR values DAR value Insulation condition
corresponding insulation ] P
conditions < oor

1-1.4 Acceptable

1.4-1.6 Excellent
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Table 8.3 .D D Valugs DD value Insulation condition
corresponding insulation
. >17 Bad
conditions
4-7 Poor
2-4 Questionable
<2 Good
0 Homogeneous
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Exercise Problems

8.1 The insulation thickness and radius of a 5 km cable are 9 mm and 16 mm,
respectively. Calculate the insulation resistance of a cable with
p=3x10"Q —m.

8.2 The insulation thickness diameter and the core diameter of 10 km cable are
4 cm and 9 cm, respectively. Find the cable resistivity if the insulation
resistance is 350 MQ.

8.3 A single-core cable is energized by a phase voltage of 11 kV (rms). The
conductor radius and the sheath radius are given as 0.6 cm and 1.9 cm,
respectively. Calculate the maximum stress, minimum stress, insulation
thickness, and most economical conductor size.

8.4 The core and sheath diameters of a 33 kV (rms) single-core cable are 2.2 cm
and 6.4 cm, respectively. Find the maximum stress, minimum stress, and
most economical conductor size.

8.5 A single-core cable is having the maximum and minimum stresses are
33 kV/em and 8 kV/cm, respectively. If the radius of the core is 1.1 cm,
calculate the insulation thickness and operating voltage.

8.6 The minimum stress of an 11 kV (rms) single-core cable is 10 kV/cm. The
sheath radius of the cable is found to be 3 cm. Determine the core radius and
the most economical conductor size.
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8.7

8.8

8.9

8.10

8.11

8.12

8.13

8.14

8.15

8 Underground Cables

A cable used capacitance grading by three dielectrics whose permittivities are
5, 3, and 2.5, respectively. The conductor radius and the overall radius are
found to be 0.9 cm and 5.5 cm, respectively. Consider three dielectrics are
worked at the 20 kV/cm. Calculate the radii r; and r,, maximum voltage, and
safe working voltage.

The core and sheath radii of a single-core cable are found to 1.5 cm and
6 cm, respectively. The cable is graded by two dielectrics whose permit-
tivities are given 4 and 3. The maximum stresses of these two dielectrics are
35 and 25 kV/cm. Calculate the inner radial thickness, outer radial thickness,
and safe working voltage.

The core and outer sheath radii of a three-phase 11 kV (rms) cable are 1 cm
and 3.5 cm, respectively. The 1.5 cm and 2.5 cm radii of intersheaths are
inserted in between the core and an outer sheath. If the maximum stress in each
layer is the same, find the voltages on the first sheath and the second sheath.
A single-core 50 Hz, 11 kV (line-to-neutral) cable is having the insulation
resistance and the capacitance 3 MQ and 1.2 pF, respectively. Calculate the
power loss due to leakage current flows in the insulation, total dielectric loss,
and dielectric hysteresis loss. Consider the dielectric factor is 0.03.

The insulation resistance of a single-core 50 Hz, 11 kV (line-to-line) cable is
4.4 MQ. The total dielectric loss of the cable is found to be 1.2 kW. Find the
power loss due to leakage current flows in the insulation, capacitance of the
cable, and dielectric hysteresis loss. Assume that the dielectric factor is 0.05.
The core and sheath radii of a 3 km long single-core 11 kV, 60 Hz,
three-phase system cable are 3 cm and 8 cm, respectively. Calculate the
capacitance and charging current per phase. Assume that the relative per-
mittivity is 4.

The core radius and charging current of a 1.5 km long 11 kV, 60 Hz,
three-phase system single-core cable are given as 1.2 cm and 0.95 A,
respectively. The relative permittivity of insulating material is given as 3.
Calculate the capacitance and sheath radius.

A 1.5 km long three-core cable is used in the 0.44 kV, 50 Hz, three-phase
system. The per kilometer capacitance measured between three bunched
cores and sheath is 0.68 LF. The value of the capacitance is again measured
0.12 pF/km between one core and the sheath when the other two cores that
are connected to the sheath. Find the core-to-sheath capacitance, core-to-core
capacitance, line-to-neutral capacitance, and charging current per phase.
The 11 kV, 50 Hz three-phase voltage is connected to an industry by the
5 km long three-core cable. The measured capacitance between the three
bunched cores and sheath is found to be 0.88 pF/km. Two cores are placed
on the sheath, and the measured capacitance between the third core and
sheath is found to be 0.50 pF/km. Calculate the core-to-sheath capacitance,
core-to-core capacitance, and line-to-neutral capacitance.
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Power System Stability Analysis Gk

9.1 Introduction

The high demand for electrical power is becoming apparent due to increasing
population, commercial buildings, and the industrial sector. As a result, the size and
the interconnected networks are increasing to meet this high demand. Power utility
companies are giving more importance for maximum power transfer from gener-
ating station to the consumer terminals through large interconnected networks.
Sometimes, it is difficult to transfer maximum power with the presence of many
synchronous machines along with large interconnected networks due to different
forms of disturbances. These disturbances are classified into two categories, namely
small disturbance (perturbation) and large disturbance (perturbation). Random
changes in the load that occur in the system continuously are an example of small
perturbation. A power system may be subjected to large perturbations such as the
occurrence of faults on the line, loss of large generating units, loss of major
transmission facilities, and loss of large loads. Any disturbances in the power
system hamper the power system stability. The stability means that any system will
remain in stable condition after disturbance. The stability of the power system is
defined as the ability of the system to remain in the state of equilibrium or syn-
chronism after disturbances occur on the system. Depending on nature and the
magnitude, stability studies are classified into three categories, namely transient
stability, steady stability, and dynamic stability.

Transient stability is the ability of a system to respond to a large disturbance
within a short duration. Transient stability is normally occurred due to line
switching, sudden changes of load, and power transfer. The system response to this
disturbance is normally counted within 1 s. In practice, transient stability is
determined by computer calculations, whereas manual calculation is only possible
in simple cases.
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Steady-state stability is the ability of the system to regain or remain in syn-
chronism when subject to slow and small disturbances.

Dynamic stability is the ability of the system to respond to small disturbances.
Due to these small disturbances, oscillations are produced on the system. The
system is said to be dynamically stable due to smaller amplitudes of the oscillation
and does not acquire more than a certain amplitude and die out quickly. If these
oscillations continuously grow in amplitude, the system is dynamically unstable.
These types of disturbances normally occur due to an interaction between control
systems. The duration of dynamic stability is from 5 to 10 s, and sometimes up to
30 s. The dynamic stability of a given power system can be improved through the
use of power system stabilizers.

Single machine to an infinite bus, swing equation, equal area criterion, and
different types of stability analysis, etc. will be discussed in this chapter.

9.2 Pattern of Stability Curves

The pattern of the different types of stability curves depends on the nature of the
faults and its duration in the power system. In steady-state stability, the syn-
chronous generator regains synchronism after a small disturbance, as shown in
Fig. 9.1.

In transient stability, the generator speeds up for a short duration after losing
synchronism, as shown in Fig. 9.2.

The dynamic stability is the sustained rotor angle oscillations of a synchronous
generator caused by a fault, as shown in Fig. 9.3.

Fig. 9.1 Steady-state S
stability curve

v
~

Fig. 9.2 Transient stability S A
curve

\4
-~
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Fig. 9.3 Dynamic stability S
curve

9.3 Synchronous Machine Dynamics

A synchronous machine or alternator delivers instantaneous power (p = P + p;).
The expression of power with a sinusoidal current can be expressed as,

p = ihR = RI? sin® ot = I’R(1 — cos 2wt) = P +p; (9.1)

Here, the expression of active power due to fundamental voltage and current is,

V2
P=IR=— (9.2)
R
The intrinsic power (p;) is expressed as,
pi = —Pcos 2wt (9.3)

In steady-state, this intrinsic power cannot be supplied by the prime mover.
Generally, it is supported by the kinetic energy (KE = Jw?>/2) stored in the rotating
masses. Here, J is the total momentum (alternator rotor plus prime mover) of inertia
and its unit is kg m%. The kinetic energy of a synchronous machine in Mega-Joules
can be written as,

1

K-E= sz?m x 107 MJ (9.4)

where o, is the synchronous speed in rad/s.

The relationship between the electrical and mechanical angles can be written as,

P
O == On (9.5)

According to Eq. (9.5), the synchronous speed in electrical radians is expressed
as,

W (9.3)
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2
Wgn = Fws (9.6)

Substituting Eq. (9.6) into Eq. (9.4) yields,

12\
K-E==J(=w,] x10°° MJ (9.7)
2°\P
1 2\ i
K-E=-[J|=) 0, x107° |o, MJ (9.8)
2\7\p
1
K-E= Mo, M (9.9)

The moment of inertia (M) in MJ-s/electrical radians is,

2 2
M= J<F> wy x 107° (9.10)

The inertia constant (H) is defined as the ratio of the kinetic energy of a rotor of a
synchronous machine to the rating (S) of a machine (in MVA), and it can be
expressed as,

-E
H=—— 9.11
. ©o.11)

Substituting Eq. (9.9) into Eq. (9.11) yields,

1 Moy
H=- - 9.12
575 (9-12)
1

SH=K-E= Mo, MJ (9.13)

2SH SH
M= =— MJ s/elec rad (9.14)

Wy T

2SH SH
M=—= MJ s/elec deg (9.13)

ws;  180f;
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9.4 Single Machine with Infinite Bus

Figure 9.4 shows a single-line diagram where the generator is connected to an
infinite bus through a lossless transmission line. An infinite bus is an ideal voltage
source that maintains constant values of voltage magnitude, frequency, and phase
angle. Here, 0 is the angle of the machine with respect to the infinite bus. This angle
is known as torque or load angle. The torque angle or load angle is defined as the
angular displacement in electrical degrees from the synchronously rotating refer-
ence axis. The generator delivers active power to the infinite bus through trans-
mission lines. The synchronous machine is represented by a voltage source (E @)
behind the direct axis reactance (X;,) The equivalent circuit of a synchronous
machine is shown in Fig. 9.5.
The voltage at the generator terminal can be written as,

Vi=E |5 (9.16)
The voltage at the infinite bus is,

V,=V]0° (9.17)
The current in the circuit in Fig. 9.5 can be written as [1, 2],

Vi—V, V,—V,

s = ; =— 9.18
JXi +jXTL X (5-18)
Substituting Egs. (9.16) and (9.17) into Eq. (9.18) yields,
Els—V|o°
[ =———— 9.19
=T (9.19)

Fig. 9.4 Synchronous
machine with an infinite bus

Fig. 9.5 Equivalent circuit of X, Xp

a machine to an infinite bus I N
[(l

\—\/——/
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The conjugate value of the current is,

,_El=o -V
L= (9.20)

The single-phase sending end real power and reactive power can be derived as,

Substituting Egs. (9.16) and (9.21) into Eq. (9.21) yields,

. E|l-0-V]0o
S=P+jO,=E|ls ——=— "= 9.22
Jjo b —; o0 (9-22)
. E? EV
P +j0s =+ w—y 90° + 6 (9.23)

E? EV
Py +jOs = X (cos90° +sin90°) — 5 (cos(90° +9) +/sin(90° +0)) (9.24)

2

E E E
P, +jQ; :jY+YVsin5—j7Vcosé (9.25)

Equating the real and imaginary parts of Eq. (9.25) yields,

EV
Py =—sino (9.26)
X
0, = B _EV oss (9.27)
s =y C0s .

For lossless transmission lines, the sending power is equal to the receiving end
power. In case of three-phase system, this power can be written as,

EV
P, =P, =P, = 375in5 (9.28)

At § =90°, P, = Puax, Eq. (9.28) becomes,

EV
Pmax = 2
3= (9.29)

Substituting Eq. (9.29) into Eq. (9.28) yields,
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P, = P sind (9.30)

At 0 = dy, P, = Py, Eq. (9.30) becomes,

P() = Pmax sin 50 (931)
sin 5 = 0 (9.32)
max
P
o = sin”! (szx) (9.33)

The output power of a synchronous machine depends on the torque produced by
the mechanical turbine and generator angular speed. In this case, the electrical
power output of a synschronous machine can be written as,

P, =T x w, (9.34)

P,
T="¢ 9.35
o (9.35)

Substituting Eq. (9.30) into Eq. (9.35) yields,
Pmax . .
T = —=58in0 = Tyax SIN O (9.36)
Ws
where the expression of maximum torque is,

Pm X
Toax = —2 (9.37)

Ws

Substituting Eq. (9.29) into Eq. (9.37) yields,

EV

Tmax =3 st

(9.38)

The variations of power and torque at different torque angles are shown in
Fig. 9.6. From Egs. (9.30) to (9.36), it is seen that the power and torque vary
sinusoidally with a power or torque angle. Torque and power will increase until the
value of the torque angle at 90°. If the prime-mover input to the generator increases
further, the power output will decrease and will be zero at the torque angle 180°. As
aresult, the excess power goes into accelerating the generator, thereby increasing its
speed and causing it to pull out of synchronism. Hence, the steady-state stability
limit is reached when 6 = 90°. For normal steady-state operating conditions, the
value of the power angle or torque angle is usually less than 90°.
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Fig. 9.6 Variation of power p AT
and torque with a torque angle
Pmax
7’;710)(

\4
S

0 90° 180°

Example 9.1

The terminal voltage of a three-phase wye connected synchronous generator is
33 kV. The generator is connected to an infinite bus through a transmission line.
The reactance of the generator and transmission line are 1.5 Q and 0.6 Q,
respectively. The generator delivers the power of 60 MW to the infinite bus, and the
infinite bus voltage is found to be 11 kV. Calculate the torque angle, transmission
line current, and three-phase reactive power consumed by the transmission line.

Solution
Per phase synchronous generator voltage is,

33
Ef =2 =19052.55V (9.39)

V3

The per phase voltage at the infinite bus is calculated as,

11
Vib = —= = 6350.85 V 9.40
=z (9.40)

The value of the torque angle can be determined as,

1133

V33 .
60=3—35 _gns 41
06+15) " (5.41)
5 =2031° (9.42)

The value of the current in the transmission line can be calculated as,

I 19052.55 [20.31° — 6350.85 @
b 2(90°

— 6640.38 —60.14° A (9.43)
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The value of the three-phase reactive power consumed can be calculated as,

Q = 3I’X, = 3 x 6640.38% x 0.6 = 79.37 Mvar (9.44)

Practice Problem 9.1

A three-phase synchronous generator is having the terminal voltage 22 kV, and it is
connected to an infinite bus through a transmission line. The reactance of the
generator and transmission line are 0.9 Q and 2.2 Q, respectively. The torque angle
is found to be 35°, and the bus voltage at the infinite bus is found to be 6.6 kV. Find
the three-phase real power delivers to the infinite bus and the transmission line
current.

9.5 Swing Equation

The swing equation is very important to study the stability analysis of a power
system. Under steady-state conditions, the rotor of the synchronous generator
rotates smoothly. However, the rotor will accelerate or decelerate with respect to the
rotating air gap of the generator and start oscillation based on the disturbance. The
equation representing this rotor oscillation is known as the swing equation.
Consider a three-phase synchronous machine is connected with a prime mover. The
prime mover with the torque of T,, drives a three-phase synchronous generator,
which develops an electromagnetic torque 7, as shown in Fig. 9.7. According to
Newton’s second law, the rotor motion can be expressed as [2],

T+ Trea+ T = Ty (9.45)

Equation (9.45) can be modified by neglecting the friction and damping torque
(Trea) as.

Jop =TT, =T, (946)

Fig. 9.7 Generator with the
turbine £,

Turbi
uromne P T, Generator

U

l s
SN
]
Q
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where

J s the combined moment of inertia of the generator and prime mover in kg m?,
T, 1is the accelerating torque in N m,

T,, is the mechanical torque in N m,

T, 1is the electromagnetic torque in N m,

oy is the rotor angular acceleration in rad/s’.

The rotor angular acceleration is defined as the time rate of change of angular
speed, and it can be expressed as,

dwy,

0 (9.47)

Om

However, the rotor angular velocity (®@,,) is defined as the time rate of change of
angular displacement (0,,), and it can be expressed as,

do,,

= —— 9.48
W == (9.48)

Substituting Eq. (9.47) into Eq. (9.48) yields,

d (do, d*0,,

o = ( ” ) =2 (9.49)

Substituting Eq. (9.49) into Eq. (9.46) yields,

d*0,,

=T,—T.=T, 9.50
dr? ( )

where

0,, is the rotor angular position with respect to fixed axis in rad,
oy, 1is the rotor angular velocity in rad/s.

The main interest for stability study is the rotor speed with respect to the fixed
reference axis on the stator as shown in Fig. 9.8. The rotor angular position with
reference to the stator axis is shown in Fig. 9.9, and the rotor angular position with
respect to a reference axis which rotates at synchronous speed is given by,

O = Ognt + Oy (9.51)

where the following parameters are,

wgyn 18 the synchronous angular velocity of the rotor in rad/s,
Om s the rotor angular position with respect to synchronously rotating reference
axis in rad.



9.5 Swing Equation 421

Fig. 9.8 Rotor with the
reference axis

Fig. 9.9 Rotor angular
position to the reference axis

Rotor axis

Reference axis rotating
at synchronous speed

Fixed reference axis on
stator

Differentiating Eq. (9.51) with respect to the time yields,

@_w d5m
a " ar

(9.52)

Again differentiating Eq. (9.52) with respect to time yields,

420,  d%,

. — ar

(9.53)

Substituting Eq. (9.53) into Eq. (9.50) yields,

d%5,,
dr?

=T, —T. =T, (9.54)

Multiplying Eq. (9.54) by w,, yields,

d*s

Ja)m? = Cl)me — COmTe (955)
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In general, the power is equal to torque times the angular velocity. Therefore,
Eq. (9.55) is again modified as,

d2 5"1

= P Pe (9.56)

Jo,,

The angular momentum (M) is equal to the moment of inertia (J) times angular
synchronous velocity (w,, = wy). Therefore, Eq. (9.56) can be modified as,

d*5,,

7= Pu—P. (9.57)

The angular momentum (M) is constant before the stability of a synchronous
machine is disturbed or lost. In this region, the w,, is constant, and it can be
represented by wy,,. Equation (9.14) can be modified as,

2HS
M = (9.58)

O‘)SWI

Mgy
S = 9.59
2H (9.59)

Substituting Eq. (9.58) into Eq. (9.57) yields,
2HS d*5,,

=P, —P, 9.60
wSITl dt2 ( )

Equation (9.57) is known as swing equation. It is more convenient to express the
swing equation in terms of electrical power angle rather mechanical power angle.
Let the number of poles of a synchronous generator is P. The relationship between
the electrical power angle J and the mechanical power angle 9, is,

5 =20 (9.61)

According to Eq. (9.61), the electrical radian frequency is expressed as,

P
w = Ewm (9.62)

Similarly, the synchronous electrical radian frequency is expressed as,

P
Wy = Ea)sm (9.63)
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Substituting Eq. (9.63) into Eq. (9.58) yields,

2HSP
M = 5
2w,
M HS
P
2M  2HS
P

Substituting Eq. (9.65) into Eq. (9.60) yields,

2M d?6

g m b

423

(9.64)

(9.65)

(9.65)

(9.66)

Power system analysis is usually done based on the power unit values.

Therefore, dividing Eq. (9.66) by the base power S, yields,

2M 1 d*6 P, P.

P S,d? S, S,

2M 1 d*$
Ps,ar - Pnow ~ Peu

Substituting Eq. (9.59) into Eq. (9.68) yields,

oM 2H d%5

P Mow d? Puipu) = Pe(pu)
2 2H d?$
Paoy, dr ~ Dnew = Peu

Substituting Eq. (9.63) into Eq. (9.70) yields,

22H P d*

P 1 20, ar  mow ~ Pe(pu)
2H d*$
o, ae Do) = Petpy

(9.67)

(9.68)

(9.69)

(9.70)

(9.71)

(9.72)

Again, expressing ; in terms of frequency and the subscript pu is omitted from

Eq. (9.72) to express the general swing equation as,
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2H d*6

H d*}
n—ﬁ)F:Pm_Pe (974)

In Eq. (9.74), o represents the load angle of the generator internal emf in radians,
and it dominates the amount of power that can be transferred. If the load angle
express in electrical degrees, then Eq. (9.74) is further modified as,

H d*$

— ZC_p,—P, 9.75
180f, di (9.75)

Alternative form of Swing equation: Equation (9.52) can be written as,

do,, doy,
m — — — Wsm . 9.76
Om =g T Ot g (5.76)
Equation (9.45) can be further modified by introducing damping coefficient D,
(Nms) for mechanical rotational loss due to friction and windage as,

dwy,
J% +Dywp =T —T. (9.77)

Substituting Eq. (9.76) into Eq. (9.77) yields,

J— | oy, + . + D, [ ‘m =1 1 (9 78)
It sm It d sm It m e .

J ” +D — =T,—T, (9 ;9)
/’l‘z d It m e .

Multiplying both sides of Eq. (9.79) by w,,, yields,

d?6,, dd,,
stm W + wstdW - wsm(Tm - Te) (980>
a6, dé,, P, P,
J sm~ 1.9 st . = Wgnm - 9.81
Dm0 + oDy a - ? (a)m wm> (981)

During a small disturbance, the speed of a synchronous machine is normally
close to synchronous speed so that w,, =~ wy, and Eq. (9.81) becomes,
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d*o,, dé,,
+ wgDg—> = Py — P, (9.82)

J smT 55
o2 dt

Again, substituting M,,, = Jwy,, is the angular momentum of the rotor at syn-
chronous speed and D,, = wy, D, is the damping coefficient in Eq. (9.81) as,

d?5,, dd,
M,—2 +D,—2 =P, —P .
m dt2 + m dt m e (9 83)

Equation (9.83) is the fundamental swing equation derived from the rotor
dynamics.

Example 9.2

A 4-pole, 60 Hz, 30 MVA synchronous generator is having the inertia constant
8 MJ/MVA. The input power and output power of the generator are found to be
25 MW and 18 MW, respectively. Calculate the kinetic energy stored in the rotor at
synchronous speed, accelerating power, acceleration, and torque angle at 10 cycles.

Solution
The value of the kinetic energy stored in the rotor is calculated as,

KE =30 x 8 = 240 MJ (9.84)

The value of the accelerating power is calculated as,
P,=P,—P,=25-18=TMW (9.85)
The value of the acceleration can be determined as,

oy 2HSy _ HSy _ 8 30

= = =127 9.86
Ogm nf 7w x60 ( )
Substituting necessary values in Eq. (9.66) yields,

2 x 1.27d%*
—_— = 9.87
4 dr (9-87)

d*s

—7 = 1102 rad/s’ (9.88)

The value of the torque angle at 10 cycles can be determined as,

10
t= 0= 0.166s (9.89)
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Multiply both sides of Eq. (9.80) by 2 ylelds

ds d* dé
— X —=11.02 x 2—
dt x dar? x dt

Integrating Eq. (9.90) yields,

r 2
/2@ d—édt 22. O4/—dt
dt

<d5> =22.040+C
dt

Att =0, d" =0and C=0

ds\?
%) =22.04
(dt) 045

dé
— = 4.696"7
dt o

Integrating Eq. (9.94) yields,

/ 579346 = 4.69 / dt

5705+1
—_— =469
—0.5+1

8% =2.34¢

0 = (2.341)*= (2.34 x 0.166)*= 0.15 rad

Practice Problem 9.2

(9.90)

(9.91)

(9.92)

(9.93)

(9.94)

(9.95)

(9.96)

(9.97)

(9.98)

The stored energy in the rotor of a 4-pole, 50 Hz, 25 MVA synchronous generator
is found to be 180 MJ. The input power and output power of the generator are
written as 35 MW and 28 MW, respectively. Calculate the inertia constant,

accelerating power, and acceleration.
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9.6 Steady-State Stability Analysis

The steady-state stability of a system triggers a small disturbance. However, the
synchronous generator will not lose its synchronism due to a small disturbance. In
this condition, mechanical power input (P,,) equals the electrical power output (P,)
of the generator. To study the steady-state stability analysis, consider a single
synchronous machine is connected to an infinite bus. Substituting Eq. (9.30) into
the swing Eq. (9.74) yields [3],

H d*6

n_fi)ﬁ = Pm — Pmax sin o (999)

Due to a small disturbance, there is a small deviation AJ in the torque angle from
the initial torque angle J¢. In this condition, the expression of torque angle is
expressed as,

0 =200+ Ao (9.100)

Substituting Eq. (9.100) into Eq. (9.99) yields,

H d*(d0 + AV)

7 P = Py, — P sin(dg + AJ) (9.101)

H d? H d’A
Eé—go + Eddtfo = Py — Prax(sin dg cos Ad + cos dg sin Ad) (9.102)
0 fo

The value of the rotor deviation angle (A9d) is very small. Therefore, sin A ==
Ad and cos Ad =2 1. Equation (9.102) can be modified as,

H d*5y  H d*Ady - -
——+ — = P, — Ppax(sin dg + Ad cos 6 .103
nfy dr? * nfy dr (sin d + Ad cos do) (9:103)

At § = dy, the swing equation can be expressed as,

H d*&
L0 P, — Ppasind 9.104
o dr? sin &y ( )

Substituting Eq. (9.104) into Eq. (9.103) yields,

H d*Aéy
nfy di?

+ Py — Piax Sin 89 = P,y — Piax(sin 8g + Ad cos dy) (9.105)

H d*Aé,
nfy di?

+ (Pmax €08 09)Ad = 0 (9.106)
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The term Py, cos dg in Eq. (9.106) is the slope of the power angle curve at an
angle Jp. This term is known as the synchronizing power coefficient (S,).
Equation (9.106) can be modified as,

H d*As
TfOTZO +8,A6=0 (9.107)

where the synchronizing power coefficient is expressed as,
Sp = Prmax €08 o (9.108)
Equation (9.106) can be modified as,

d2A50 TEf()Sp

Ad=0 9.109
dr? H ( )
The roots of Eq. (9.109) are calculated as,

g ="Thg (9.110)

H

The system will lose stability for the negative values of synchronizing power.
However, for the positive synchronizing power coefficient, the angular frequency of
the undamped oscillations is written as,

27y
n =\ 5 11

W = ,/;“—I;S,, (9.112)

The frequency of oscillation is expressed as,

1 Wy
=5\ (9.113)

The rotor of a synchronous machine will accelerate or decelerate with respect to
synchronously rotating air-gap mmf due to a small disturbance. As a result, an
induction motor action will resume between them, and torque will establish on the
rotor to reduce the difference between the rotor and air-gap mmf angular velocities.
This torque is known as damping torque. According to Egs. (9.83) and (9.107) can
be modified as,
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H d*Ad dAdy

—_— A0 = 114
nfodt2+"d+55 (9.114)

d2A50 T[f() dAao TEfo
=Dy, S Ad = 9.115
dr? H dt ( )
Again substituting dimensionless damping ratio, &, and natural frequency of
oscillation, @,,, in Eq. (9.115) yields,

d*Ad dAd

T 2o — +@*AS =0 (9.116)

where the following parameters are written as,

Dm

== 9.117
2 HS,, ( )
=\ / (9.118)
The characteristics equation is,
$* + 28w, + 0 =0 (9.119)

For normal operating condition, & <1 and the roots are in complex and it can be
expressed as,

Si2 = —¢w, £jo,\/1 — & = —¢w, + jog (9.120)
where the damped natural frequency (w,) is,

wg = /1 — & (9.121)

After some state variable manipulations, the solution of Eq. (9.119) can be
written as,

(s +2Ewn) Ady
Ad(s) = > T 20 2% 122
d(s) 52+ 2Emps + 02 © )
2
Aar(s) = — ——nl (9.123)

§2 4+ 2¢w,s + w?
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Taking inverse Laplace transform of Egs. (9.122) and (9.123) yields,

Ad = &Ze’i‘”"t sin(wgqt + 0) (9.124)
1-¢
A .
Ao = — —20B8% o gy wat (9.125)
1- &

The rotor angle relative to the synchronously revolving field is expressed as,

0 =3+ Ad = 3 + ———==e """ sin(wyt + 0) (9.126)

/ 52

The rotor angular frequency is expressed as,

Ady
1 —

AS :
§ = wo+Aw = wy — ———— e gin wyt (9.127)
1—

Vi-g

From Eqgs. (9.117) and (9.118), it is seen that the natural frequency and the
damping ratio will decrease with increasing the inertia constant. As a result, settling
time will be longer.

Example 9.3

A synchronous machine is having the inertia constant 6 MJ/MVA. The machine is
connected to an infinite bus through a transmission line as shown in Fig. 9.10. The
generator delivers a real power of 0.9 per unit at a 0.9 power factor lagging to the
infinite bus. A small disturbance occurs in the system, and the deviation of the
torque angle is found to be 9°. Calculate the per unit apparent power, line current,
generated voltage, synchronizing power coefficient, undamped angular frequency
of oscillation, and period of oscillation.

Solution
The reactance between the generator and infinite bus is calculated as,

X =j(0.24+0.12+0.34) = j0.70 (9.128)

Fig. 9.10 Single-line
diagram for Example 9.3




9.6 Steady-State Stability Analysis 431

The value of the apparent power is calculated as,

0.9
S = @ 00571 09 =1 25840 (9129)
The value of the line current is calculated as,

St 1]=25.84°
I = === 1 |_ ° 9.130
L V; 1.0 lo° 25.84° pu ( )

The value of the generated voltage is calculated as,
Eg =Vo+ 1. X =1+0.70[90° x 1[-25.84° = 1.45 25.76° pu (9.131)

The value of the synchronizing power coefficient is calculated as,

45 x 1
Sp = Prax €08 0 =

_— 25.76° — 9°) = 1. 132
070 cos(25.76° — 9°) 98 (9.132)

The value of an undamped angular frequency is calculated as,

: 50
;J—HS,, - ,/% x 1.98 = 7.2 radls (9.133)

The frequency of oscillation is determined as,

7.2
fo= = 114Hz (9.134)

The period of oscillation is calculated as,

11
T—————0388 9.135
5114 i (9.135)

Practice Problem 9.3

A 50 Hz synchronous machine is having the inertia constant of 8 MJ/MVA and the
excitation voltage Ef = 1.5 [20° pu. The generator is connected to an infinite bus
through a transmission line, and the infinity bus voltage is Vi, = 1 |0° pu. The total
reactance between the generator and the infinite bus is found to be 0.23 pu. Find the
synchronizing power coefficient, undamped angular frequency of oscillation, fre-
quency of oscillation, and period of oscillation.
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9.7 Swing Equation for Multimachine

In the case of multimachine, the swing equation needs to be generalized on a
common base system. Let the machine base MVA is Siachine and the system base
MVA is S¢ysem- Multiplying both sides of Eq. (9.73) by Smachine/Ssystem yields [4],

2
Smachine Hmachine d 51 o Smachine

= P, — P, 9.136
Ssystem 7'Efo dr? Ssystem ( ) ( )
Hysen @01 _p 1 p tem b (9.137)
——— =P, — P, puon asystem base .
nfo dr? P Y
where the expression of system inertia constant is,
S, chil

Hsystem = Hachine machine (9 138)

Ssystem

9.8 Swing Equations of Coherent Machines

Depends on the high demand of energy by the consumer, sometimes more than one
machine is connected in the power station to generate more voltage. The machines
when swing together it is known as coherent machines. The swing equation for
coherent machine can be combined together to form a single-machine swing
equation. The swing equations of machine one and machine on a common base
system are expressed as [5],

H, d?5,

———=P,1 — P, 9.139
nfy di? o (9.139)
édzﬁ =P — P (9 140)
nfO dt2 — I'm2 e2 .

Subtracting Eq. (9.139) from Eq. (9.140) yields,

dzél d252 Pml - Pel Pm2 - PeZ
— = — 9.141
e Y ) (0.141)

d2(51 - 52) _ nf()(Pml - Pel N Pm2 - PeZ)

9.142
dr? H, H, ( )
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2 d2512: Ppi — Py Pyp — Pey (9.143)

2nfy di? H, H, '

2d2512 Pml_Pel PmZ_PeZ
— = - 9.144
Wy dr? < H, H, ( )
where, the rotor angle for the two machines is,
012 =01 — 02 (9.145)
Multiplying Eq. (9.144) by the term 72— yields,

2 H\H, & H\Hy (Pyi—Pa Puw—Po (9.145)

w;Hy + H; dr? H, +H, H,; H, ’
2 H\H, dn _ (HPw —Hi\Puo  HyPe — HiPo (9.146)

w,H + H, dr? H,+H, H\+H, ’

2 d*5y,
—Hp———=Pun— P, 9.147
o, 12 g 12 12 ( )
where the equivalent parameters are represented as,
H H,
Hp=—+ 9.148
o= (9.148)
HZPml - HIPmZ
Ppp=—F7—F7-—" 9.149
2 H\+ H, ( )
H,P,; — H\P,
Pop = ———14 (9.150)
H, +H,

Again, the machine one is considered as synchronous generator and the machine
two is considered as synchronous motor, the following equations can be written as,

Pmlz_PmZZPm (9151)
P, =Py =P, (9.152)

Substituting Eqgs. (9.151) and (9.152) into Egs. (9.147), (9.149), and (9.150)
yields,
2 d2512 .

2,02 _p p 9.153
w2 de ( )
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_ HoPy — Hi Py

P, = 9.154
H, +H, ( )

H,P,; — H,P,
= 281 1£el (9155)

H\+H,
Again adding Eqs. (9.139) and (9.140) yields,
H, d251 H, d252

- ml_Pel+Pm2_PeZ (9156)

nfy d? ' wfy dif

Since the rotors of the machines are in unison so that the following relation can
be written as,

S1=0,=0 (9.157)

Substituting Eq. (9.157) into Eq. (9.156) yields,

H  H)\d*
(ﬂfo " ﬁfo) az = 19
H"qd2—5—P —P (9.159)
cho dt2 - m e *

where the following equivalent parameters are expressed as,

S Imachine N 2machine

Heq = Hlmachine H2machine S (9160)
system system
P, =P, +P, (9162)

Example 9.4
Two generators are connected in parallel to a busbar. The necessary data for the
generators are given below.

Generator 1 300 MVA, 0.8 power factor, 11 kV, 3000 rpm, H, = 6 MJ/MVA
Generator 2 500 MVA, 0.8 power factor, 11 kV, 1800 rpm, H, = 4 MJ/MVA.

Calculate the equivalent inertia constant and combined total kinetic energy, and
rotor acceleration if the input power of generator 1 is 380 MW. Consider a common
base of 100 MVA.
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Solution
The equivalent inertia constant is calculated as,

H\S, HS 6x300 4x500

H,y
Sp Sp 100 100

= 38 MJI/MVA (9.163)

The value of the combined energy is calculated as,
E = SyH,; = 100 x 38 = 3800 MJ (9.164)

The following parameter is calculated as,

CSH  6x300 1

= 2f T 180%50 5 (5-165)

The value of the rotor acceleration is calculated by using Eq. (9.159) as,

1d?6

S = 380375 (9.166)
d*5
i 25 elec.deg/s? (9.167)

Practice Problem 9.4
Two generators are connected in parallel to a busbar. The necessary data for the
generators are given below.

Generator 1 60 MVA, 0.9 power factor, 11 kV, H; =7 MJ/MVA
Generator 2 50 MVA, 0.9 power factor, 11 kV, H, = 5 MJ/MVA

Calculate the equivalent inertia constant and combined energy total kinetic
energy, and rotor acceleration if the input power of generator 2 is 65 MW. Consider
a common base of 80 MVA.

9.9 Equal Area Criterion

The accelerating power of the swing equation contains the sine term. Therefore, the
solution of a swing equation will be a nonlinear differential equation. The solution
of a nonlinear equation is not simple or direct. A direct method named as equal area
criterion is used to determine the stability of the system. This method is based on
the graphical representation of stored energy in the rotating machine. It is often
known as a graphical method for stability analysis. This method is only suitable for
one machine to an infinite bus. For an unstable system, the torque angle (J)
increases indefinitely with time. Whereas for a stable system, torque angle (0)
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undergoes oscillations, and after some time, it will die out. Equation (9.74) can be

rearranged as [2],

d25 TEfo
— = (P — P,
a? H ( )

Multiplying Eq. (9.168) by 242 yields,

dos 2y
dr d*  H

d | [(ao\*| 2nf ds
i [(dt) ] 77([)111 *Pe)a

()] =25 s

Integrating Eq. (9.171) from Jy to o yields,

P, —P,
( )2,

1

do\*  2nfy

do
do 27f; ;
o
—_— = | — P, — P,)do
dt H /( )
do

(9.168)

(9.169)

(9.170)

(9.171)

(9.172)

(9.173)

Equation (9.173) represents the speed of the machine with respect to the syn-
chronously rotating reference axis. The machine rotor angles are plotted for both
stable and unstable conditions as shown in Fig. 9.11. In an unstable condition, the
rotor angles increase with time. However, in a stable condition, it oscillates and dies

Fig. 9.11 Variation of rotor S A
angles with time

L unstable

v
~
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out due to damping. Under the stable condition, the rate of change of the rotor angle
will be zero at some instants.
For stable condition of a system setting ‘;—f =0 and Eq. (9.173) becomes,

)

dd 27fy
4 _ 12 [ (p, —pyas =0 174
o= [ a-r 9.174)
do
) d
Lfo/ (P — Po)dd =0 (9.175)
H
do
o
/ (P — P.)dd =0 (9.176)
b

From Eq. (9.176), it is seen that the positive (accelerating) area under the graph
is equal to the negative (decelerating) area for stability of a system. This condition
is known as the equal area criterion.

From Fig. 9.12, it is seen that the point a corresponding Jy represents the
steady-state operating point or equilibrium point. At this point, the mechanical input
power to the machine is equal to the electrical output power, i.e., P,,0 = Pyo.
Consider a sudden increase in the input power of the machine as represented by the
line P,,;. As a result, the accelerating power of the machine will increase, which
increases the power angle. Therefore, the rotor will move forward toward the point
c. Due to increasing energy in the rotor, the power and the rotor angle will con-
tinuously increase to reach the point c. As a result, the mechanical input power to
the rotor will decrease, and the rotor will decelerate at synchronous speed until to
reach the torque angle J, or point b that represents the steady-state operating point.
For stability of a system, an equal area criterion requires the following condition,

Fig. 9.12 Power curve for an P
equal area criterion

P, =P, sind

max

m0 E \
P > s

A
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Area A = Area A, (9.177)
(51 ‘52
/ (P — Prax sin 8)do = / (Piax $in 6 — Py,)do (9.178)
(3() 5]
Puu(81 = 80) + Punax|€08 0[5 = —Pinax|c0s 8|3 — P,y (32 — 1) (9.179)

P (01 — 09+ 02 — 1) + Prmax (€08 01 — €08 0g) = Prax(cos 01 — cos d2) (9.180)
P (02 — 00) = Pmax(cos dg — cos 07) (9.181)

Substituting the expression P,, = P,y sin d; into Eq. (9.181) yields,

Prnax (02 — 0¢) sin 01 = Ppax(cos dg — cos d;) (9.182)
(02 — o) sin d1 = cos g — cos Iy (9.183)
(02 — o) sin 01 + cos dy = cos dy (9.184)

From Eq. (9.184), it is seen that the angle d, can be calculated if the angles d
and &; are known.

9.10 Critical Clearing Angle and Time

The torque angle of a synchronous machine usually increases due to a disturbance
in the system. Therefore, the system will be unstable if the torque angle increases
indefinitely with respect to time as mentioned before in Fig. 9.11. Therefore, there
is a critical value of the torque angle for clearing the fault to keep the system remain
stable and satisfy the equal area criterion. This value of the torque angle is known as
the critical clearing angle, and it is represented by the J,.

Consider one machine connected to an infinite bus as shown in Fig. 9.13 to find
a critical clearing angle and time. This power system operates at a steady-state point
a as shown in Fig. 9.14. Considering a three-phase fault occurs at bus B,. As a
result, terminal voltage, as well as electrical power output, will be zero at bus 2, and

Fig. 9.13 One machine to an
infinite bus with a fault

p G B B, B
“Or 3¢l
S e
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Fig. 9.14 Power curve with P A
clearing time and angle ¢
e
d/7]
a '
P, =
A
b c -
> 5
% o 9

the state point drops to b. The accelerating area A; will increase, while the point
moves from b to c. After the fault is cleared by the time known as the critical
clearing time 7. corresponding J., the system will become healthy and transmit
normal power and reach the d. Afterward, the rotor will decelerate at synchronous
speed, and the decelerating area A, will increase, while the point moves from d to
e. For a stability system, to find the critical clearing angle, both the areas must be
the same (A; = A»).
The accelerating area can be calculated as,

5
A= /P,,, 45 =Ppy(5. — 30) (9.185)

do

The decelerating area can be calculated as,

Omax
Ay = / (Pana 5 & — Pyy) dO (9.186)
5
Ay = —Pax (€08 Onax — €08 0) — Ppy(Omax — J¢) (9.187)
A = Ppax (€08 0. — €08 Omax) — Pim(Smax — Oc) (9.188)

Equating Eqs. (9.185) and (9.188) yields,
Pu(0c — 00) = Pmax(c08 0. — €08 Omax) — P (Omax — Oc) (9.189)

The limit of stability occurs when the maximum torque angle is at the inter-
section of P,, line as shown in Fig. 9.15. From Fig. 9.15, the following angle can be
determined as,
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Fig. 9.15 Power curve with P A
critical clearing time
Pmax "' \
7N Fe = P Sin 8
Pm
> 5
50 60 5max
Omax = 7T — Og (9190)

Substituting Eq. (9.190) into Eq. (9.189) yields,

P (0 — 00) = Pmax(cos 8. — cos(m — dg)) — Pp(mw — dp — Oc) (9.191)

Pu(0c — 80) = Puax(cos 9. + cos dg) — Ppu(m — 89 — J¢) (9.192)
P (0. — 0o+ 7 — 59 — Or) = Prax (c0s O, + €08 dp) (9.193)
Pu(m —200) = Ppax(cos d. + cos dy) (9.194)

Substituting the expression P,, = P,y sin dg into Eq. (9.194) yields,

Prnax (1 — 200) 8in 8¢ = Ppnax (€08 O + €08 dp) (9.195)
(m — 200) sin 8y = (cos 8. + €08 ) (9.196)

cos Ot = (m — 2dy) sin dg — cos dy (9.197)

der = cos ! [(m — 25¢) sin &g — cos o) (9.198)

From Eq. (9.198), it is seen that the critical angle can be determined if the initial
torque angle is known.

The electrical power output P, is zero at the fault condition. In this case, the
swing equation in (9.74) can be rewritten as,

H d*§
249 p, - 1
T 0 (9.199)
425
_"p (9.200)

ar H
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Integrating Eq. (9.200) from O to 7 yields,

/ n—fOP dt (9.201)
dd 7Tf()
= Pt (9.202)

Again, integrating Eq. (9.202) yields,

o
=2p, 2
0 2 2+C (9.203)

Setting the boundary condition at t = 0, § = Jy in Eq. (9.203) yields,
C =0y (9.204)
Substituting Eq. (9.204) into Eq. (9.203) yields,

o

52H

P + 3y (9.205)

For a critical clearing angle J.,, the expression of critical clearing time can be
written as,

p 2 45, (9.206)

5cr
2H

2H
2= P (3er — 60) (9.207)

2H

tcr == m (50« - 50) (9208)

Example 9.5

A synchronous machine with an inertia constant of 5 MJ/MVA is connected to an
infinite bus as shown in Fig. 9.16. The generator delivers real power and reactive
power to the infinite bus which are 0.75 pu and 0.95, respectively. A three-phase

Fig. 9.16 Single-line

B
diagram for Example 9.5 ! 0.10pu

0.13pu
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fault occurs on the system at point F and subsequently cleared by the circuit breaker
operation. Under prefault condition of the lines, calculate the generator transient
voltage, power angle equation, initial torque angle, maximum torque angle, critical
clearing angle, and critical clearing time. During fault (impedance 0.11 pu), cal-
culate the fault clearing angle and time.

Solution
The value of the line current is calculated as,

S* 075 —j0.95
IL:W:+: 1.21 [=51.71° pu (9.209)

The total reactance between the generator and the infinite bus is calculated as,
. 0.41 .
X =j(0.1340.10+ T) =j0.44 (9.210)

The value of the generator transient voltage is calculated as,
Ey = Vip+jXIp = 1+1.21 |[=51.71° x 0.44 [90° = 1.46 [13.09° pu (9:211)
The power equation is calculated as,

. 146 x 1 . .
P, = Ppax 8ind = —oaz S0 0 =3.32sin¢ (9.212)

From Eq. (9.212), the value of the initial torque angle can be determined as,
P, =3.32sindy = 0.75 (9.213)
0o = 13.06° = 0.23 rad (9.214)
From Eq. (9.190), the value of the maximum torque angle can be determined as,
Omax = 180° — dp = 180° — 13.06° = 166.94° (9.215)
From Eq. (9.198), the value of the critical clearing angle can be determined as,

der = cos [(m — 2 x 0.23) sin 13.06° — cos 13.06°] = 111.6° = 1.95rad
(9.216)

From Eq. (9.208), the value of the critical clearing time can be determined as,

2x5
=4/ —————(1.95-0.23) =0. 21
I3 \/n><50><0.75< 95-0.23)=0.38s (9.217)
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Fig. 9.17 Reactance diagram 0.41
during fault for Example 9.5

During the fault, the circuit is drawn as shown in Fig. 9.17. The reactances need
to be rearranged. The reactances 0.13 pu and 0.10 pu are in series, and its equiv-
alent reactance is calculated as,

X1 =0.13+10=0.23pu (9.218)

The reactances 0.41 pu and 0.41 pu are in parallel, and the equivalent reactance
is calculated as,

0.41
Xip=-3-=020pu (9.219)

The reactances 0.23 pu, 0.20 pu and the reactances due to fault create the wye
circuit and then converted to delta circuit as shown in Fig. 9.18.
The values of the reactances are calculated as,

~0.23x0.204+0.20 x 0.11 +0.11 x 0.23

X 011 = 0.85pu (9.220)
2 2 2 A1 Al x 2
X2:0 3x020+0.20 x 0.1140.11 x 3:0.47pu (9.221)
0.20
0.23 x 0.2040.20 x 0.1140.11 x 23
x; = o2 X OHOD X0 HOI X2 641 pu (9.222)
0.23
Fig. 9.18 Single-line X,
diagram for Example 9.5 e
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The power equation is calculated as,

1.46 x 1
P, = P sin & = ﬁsin 5 =1.72sind (9.223)

From Eq. (9.223), the value of the initial torque angle can be determined as,
P, =1.72sindy = 0.75 (9.224)
00 = 25.85° = 0.45rad (9.225)
From Eq. (9.190), the value of the maximum torque angle can be determined as,
Omax = 180° — 0y = 180° — 25.85° = 154.15° (9.226)
From Eq. (9.198), the value of the critical clearing angle can be determined as,

Ser = cos~ (1 — 2 x 0.45) sin 25.85° — c0s 25.85°] = 85.56° = 1.49rad
(9.227)

From Eq. (9.208), the value of the critical clearing time can be determined as,

2x5

Practice Problem 9.5

A 50 Hz generator with a 7 MJ/MVA inertia constant is connected to an infinite
bus through a single transmission line as shown in Fig. 9.19. The real power
delivers to the infinite bus is found to be 0.65 pu. A temporary three-phase fault
occurs on the line, at busbar 6. Calculate the fault clearing angle and fault clearing
time at prefault and during fault conditions.

B, B, B,
0 10pu
0.13pu p 0.10pu

¢ | 0.15pu 3¢
Q—% | 3E B =10 pu
0.10pu Bs

ib
E,=1.13puy 1
s P B; 0.10pu 0.15pu

Fig. 9.19 Single-line diagram for Practice Problem 9.5
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9.11 Step-by-Step Solution of Swing Equation

The swing equation is a nonlinear equation, and its normal solution is difficult.
There is a simple and conventional method to solve the swing equation which is
known as step-by-step method. In this method, the accelerating power P, and the
rotor angular velocity are assumed to be constant from the middle of the preceding
interval to the middle of the interval being considered. The accelerating power at 0"
can be determined as,

Puyo+) = Pm — Peo4) (9.229)

The swing equation can be modified as,

ds&* 7fo
a7~ %0+ = g Pao+) (9.230)

From Fig. 9.20, the change in rotor angular velocity can be written as,

Ao = o) A (9.231)
For the first interval, the change in angular velocity is expressed as,

Awy = a4 ) At (9.232)
The angular velocity in the first interval is expressed as,

W] = wo + Awy (9.233)
Substituting Eq. (9.232) into Eq. (9.233) yields,

w1 = my + o4 At (9.234)

Similarly, for the first interval, the change in power angle is expressed as,

Ady = Awy At (9.235)
For the first interval, the power angle is expressed as,

01 = dp+ Ad, (9.236)
Substituting Eq. (9.235) into Eq. (9.236) yields,

01 = 09+ Aw; At (9237)
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Fig. 9.20 Assumed and P A
actual solution of swing “ / Assumed

equation
R / Actual
I
Pa (n ) \’< /
X

a(n)

72 O T

/ Assumed
@ v(nflf) K//\
@' 2 Actual

(”—%) (n—;—) !

At
a—

_»,/
2 Ad,

e ~ A 5,

At

t
(s B U= R 7
Again, substituting Eq. (9.232) into Eq. (9.237) yields,
1 = 3o+ ) (A7) (9.238)

Considering that the discontinuity occurs at the middle of the interval, then the
accelerating power is expressed as,

P, = P,, — output during the fault (9.239)

Finally, considered that the fault is cleared due to circuit breaker operation, and
the accelerating power is expressed as,
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P, = P,, — output power after the fault cleared (9.240)

The different equations for the (n — I)th interval can be written as,

Pu(n—l) :Pm_Pe(n—l) (9241)
E'Vinf .
Pefuty = 5 sin g1y (9.242)
o
O(n—1) = ﬁpa(nfl) (9.243)

According to Eq. (9.231), the following relation can be written as,

A(l)/(nil) = U(n—1) At (9244)

2

According to Egs. (9.234) and (9.235), the following relations can be written as,
/ = Ao =uo A 24
Yoy =y Ty =y THen A O29)

n-3

Aé(,,) = w'(n 1) At (9.246)

The rotor angle § change during (n — I)th interval is,
Aé(n,m = 5(,[,1) — 5(,1,2) = Atw’(n_%) (9.247)
Substituting Eq. (9.245) into Eq. (9.246) yields,

AS, = (w’OF N At)At (9.248)

3
2

Ay = w’(n At o) (A1) (9.249)

_3
2

Substituting Eq. (9.247) into Eq. (9.249) yields,
Aé(n) e Aé(n,l) + OC(n,l)(Al‘)z (9250)
Again, substituting Eq. (9.243) into Eq. (9.250) yields,

o

Ad() = A1) + = Pagu1) (A1)” (9.251)

5(,0 = 5(,1,1) + Aé(n) (9252)
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From Eq. (9.252), it is seen that the rotor angle can be determined if other
parameters are known.

9.12 Alternate Solution of Swing Equation

The well-known swing equation is related to a synchronous generator’s rotor swing
angle ¢ to its accelerating power P,. In one machine to an infinite bus (OMIB)
system, the power output of the single machine connected to an infinite bus at any
instant of time is P, = P,y sin 0 when the resistances in the network are considered
negligible and P, is the maximum power output of the machine. In classical
modeling, P,y is the product of constant internal voltage behind transient reactance
of the machine and the infinite bus voltage divided by the net series reactance
between the machine and the infinite bus. Therefore, the maximum power P, is
constant so long the said reactance does not change. Since for a given fault location
in the system, the reactance before the fault is different from that after removing the
fault Py.x will have two constant values P; and P,, respectively for 0 <z <t¢,
(during fault, i.e., in between fault occurrence time ¢+ = 0 and fault removal time
t = t,) and for t > ¢, (i.e., after the fault is removed). In other words, the maximum
value of the machine output power, i.e., Pna, can be represented as a two-valued
step function as shown in Fig. 9.21. From Fig. 9.21, an expression for P,,,, can be
derived as [2, 5-7],

Poax = PLU@) +AU(t —t,) (9.253)
where,
U(r) is the unit step function starting at r = 0,
U(t —t,) is the unit step function starting at 7 = ¢,,
A is the difference between P, and P;.
Fig. 9.21 Maximum power P A
output during and after faults
P, y
A
Pl A
» !
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The rotor swing angle, d, which has been defined relative to a reference axis
rotating at the synchronous angular velocity, wy, can be related to the actual w as

d=(w—w)t=0u't (9.254)

where o' = % = 27nf’ is a measure of the frequency (f”) of rotor oscillation relative
to the synchronously rotating reference axis. Combining Eqgs. (9.253) and (9.254)
and the machines output power P, can be expressed as,

P, =P sino'tU(t) + AsinotU(t — 1,) (9.255)

Equations (9.57), (9.253), (9.254) and (9.255) can now be combined into a
model of a closed-loop system for the machine as in Fig. 9.22 in which the ref-
erence input is P,, the controlled variable is J, the error signal is P, and the
feedback signal is P,. It should be noted that P, could be represented as a function
of a variable y when the quantity sind, i.e., sin@t of Eq. (9.153) is denoted by
y. The transfer functions of various blocks in Fig. 9.22 have been obtained by
taking Laplace transform of Eqgs. (9.57), (9.254), (9.255) and y = sin o't with zero
initial conditions. The equations are,

Ms*5(s) = Pu(s) = Ppu(s) — Pe(s) (9.256)

3(s) = ‘;’—2 (9.257)

Pus) = S2P+1(Z;/2 Ae " (o c:zs C:IZ,:F ssinw't,) (9.258)
Y(s) = stW (9.259)

In taking Laplace transforms, the rotor oscillation angular velocity «’ has been
considered as remaining constant at an average value. The closed-loop transfer

P,(s) * P,(s) 1 5(s)
G(s) = /1;’1

F.(s)

s | Y(s) 2
e (e H (s)= ‘2S >

A
Hy(s)=HR +
@ s+

A

Al ' 1 Al
w'cos@'t, +ssinw't,)

Fig. 9.22 Swing equation into a feedback system model
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function of the feedback system of Fig. 9.22 corresponding to a synchronous
machine is,

o(s) _ G(s)

P (s) 1 +G(s)H (s)H:(s)

(9.260)

Substituting the expressions for G(s), H,(s), H2(s) into Eq. (9.260) yields,

5 1/M 2 2
Pu(s)  $2[s>+ ki + koe " + kzse='r]
where the following expressions are,
P
ki =+ Ml (9.262)
1 /
ky = —Acosw't, (9.263)
M
Asin o't,
ks =—— 264
=S (9.264)
9.12.1 Dominant Root
From Eq. (9.261), the characteristic equation can be written as,
§* ki +koe " +kzse ™ =0 (9.265)
Equation (9.265) can be rewritten as follows,
f(s) =fi(s) —fa(s) =0 (9.266)
where the following functions are,
fils) =5 +hk (9.267)
_ —t,5 ks
fo(s) = ke ™ -1 — %S (9.268)
2

A root of (9.266) is the point of intersection of the functions fi (s) and f>(s). This
point has been termed the “dominant” root. Figure 9.23 sketches the forms of the
function fi (s) and f>(s). It can be seen that function fi (s) is greater than f>(s), i.e.,
f(s) =fi(s) — f2(s) is positive for all values of s on the right of and up to a point
s = —kolks. At's = —ko/ks, the function f>(s) is zero and beyond this point f>(s) starts
increasing, so that f>(s) intersects fi(s) at a point having its real part equal to sy
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f(s) &

TS @ =k (-1 )

- ks
~

v

Fig. 9.23 Sketches of functions fi(s) and f5(s)

This point is the desired dominant root to be searched for. Beyond this point $;oof,
f>(s) is greater than f(s), i.e., the function f{s) is negative. Therefore, a search for the
real axis bounds of the region containing the dominant root can be made starting
from the point s = —k,/k; and continued by increasing the absolute value of s until
the function f(s) becomes negative.

9.12.2 Extension for a Multimachine System

Equation (9.57) holds good for ith (i =1, 2, 3, ... n) machine in a system with
n number of machines if i is used as a subscript to each of 4, M, P,, P,,, and P,. The
electrical power output P,; is written as,

Pei = EZZG” + Z EiEjYij Cos [01} — (51 — 5])] (9269)
j=Lj

where E; and E; are magnitudes (assumed constant in the classical model) of the
internal EMFs behind transient reactances at ith and jth machine nodes respectively
such that E; = E; Z6; and E; = E;Z¢;, Yy |0,-j = G;j+jBy is the transfer admit-
tance between ith and jth machine nodes, and Gj; is the real part, i.e., conductance
of the driving point admittance at ith machine node. The quantities G;; and Y;; are
obtained from the admittance matrix of the whole system reduced to only the
internal nodes of the machine, i.e., to n X n size. Equation (9.167) gives the
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electrical power output in any network condition, i.e., prefault, during, and after
faults provided the conductance and admittance terms are taken from the corre-
sponding matrix reduced at the machine internal nodes. In addition, it follows that
from (9.269) that 0;; = J; — J; results in maximum power output, which for the ith
machine is Pp,,y; as,

Pmaxi - E?Gu‘i’ Z EzE]Yt] (9270)
oL

Now, if an OMIB system with a single machine connected to an infinite bus is
such that the machine’s inertia constant and mechanical power input are the same as
those of the ith unit of the multimachine system. But its rotor swing angle is J;,
while the internal EMF behind its transient reactance, the infinite bus voltage, and
the reactance between the machine and the infinite bus are of such magnitudes that
with the resistances neglected machines electrical power output is P,y sin 0; and
equal to P,; given in Eq. (9.269) when P,,,; is equal to that in the Eq. (9.270).
Then, this particular OMIB system can be considered as equivalent to the ith
machine of the multimachine system. In this way, each machine of the original
multimachine system is replaceable by an equivalent OMIB system which can be
represented by Eq. (9.57), and by the feedback model of Fig. 9.22 changing the
notations 6, M, Py, Py, P., and P, tespectively, by 0., M;, Py, Ppi, P, and
Proaxi- Also, the notation “A” in the feedback model will then be A; = P,; — Py;
when P;; and Pj; are the maximum electrical power outputs of the ith unit of the
multimachine system, i.e., P,.x in the after and the during fault conditions,
respectively, both being obtained from Eq. (9.168) but using the reduced admit-
tance matrix for the corresponding condition. The real axis limits of the narrowest
possible range in s-plane containing the dominant root of the characteristic equation
f(s) = 0 of each feedback model is searched in the same way as mentioned in
Sect. 9.12.1, starting from the point s = —k,/ks. It is an advantage that for a given ¢,
and a chosen average value ' for rotor oscillation angular velocities of all the
machines, the starting point is the same for each machine as may be seen substi-
tuting A; and M, respectively for A and M in Egs. (9.263) and (9.264).

Example 9.6

Figure 9.24 shows a single-line diagram where two generators are connected with a
grid source through transformers (delta-earthed wye) and transmission lines. Some
data are shown in Tables 9.1, 9.2, and 9.3. A three-phase occurs on line 4-5 near
bus 4 at 10 cycles and is cleared at 16 cycles.

Transformer 7; 10 MVA, three-phase shell, 11 kV (delta)/33 kV (wye),
Zl = Z() = 825%, XI/RI = X()/R() = 15

Transformer 7, 10 MVA, three-phase shell, 11 kV (delta)/33 kV (wye),
Zl = ZO = 825%, Xl/Rl = X()/RO =15

Grid source 100 MVA, 33 kV, Z; = 0.95 + j9.96 pu, Z, = 0.05 + j1.006 pu

Calculate the transient stability by CYME software.
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Fig. 9.24 Single-line
diagram for Example 9.6

Table 9.1 Machine data

B,

453

Line

Line

Line

B

B,

G,

Grid source

5
7, L,J_A_J Y (earthed)
A

Gen. Rating Active and reactive H MY/
generations MVA)
1 15 MVA, 11 kV, 2P, 90% pf, round 10 MW, 3 Mvar 11.2
rotor type 5
2 30 MVA, 11 kV, 2P, 90% pf, round 20 MW, 4 Mvar 8
rotor type 5

Table 9.2 Load data

Table 9.3 Line data

Solution
The circuit for simulation is drawn by CYME software and put all necessary data of
the equipment. The circuit under simulation is shown in Fig. 9.25, where the

three-phase fault is considered on line 4-5 near bus 4.

Load
Bus no. Real power (MW) Reactive power (Mvar)
4 100 44
5 50 16
Bus no. R (Q/mi) X (Q/mi) B (uS/mi)
34 0.12 2.56 6.34
3-5 0.07 3.12 7.06
4-5 0.64 2.25 8.05

A three-phase fault is considered at bus 4 at 10 cycles, and it is cleared at 16
cycles. The simulation is carried out for 300 cycles, and the respective parameters
are drawn with respect to simulation time as shown in Figs. 9.26, 9.27, and 9.28.
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Fig. 9.25
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B1 B4

B3

o4

BS

B2

CYME simulation circuit for Example 9.6

S$1

Angle (degrees)

Fig. 9.26

0 30 5 70 % 110 130 150 170 190 210 230 250 270 290 310

Time (cycles = seconds / 60.000000)
—G1 —G2

Machines rotor angles versus time for Example 9.6
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40
35
30

Angle (degrees)

010 30 5 70 9% 110 130 150 170 190 210 230 250 270 2% 310

Time (cycles = seconds / 60.000000)

=—B1 —B2
— B3 B4
BS

Fig. 9.27 Different bus angles versus time for Example 9.6
35

30+

251

20

A AP
T T T T T

010 30 5 70 90 110 130 150 170 190 210 230 250 270 290 310
Time (cycles = seconds / 60.000000)

— G1 [Pmech] — G1 [Pelec]
— G2 [Pmech] G2 [Pelec]

Active Power (Megawatts)

Fig. 9.28 Machines electrical and mechanical powers versus time for Example 9.6
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Exercise Problems

9.1 The terminal voltage of a three-phase wye connected synchronous generator
is found to be 16 kV. The generator is connected to an infinite bus through a
transmission line. The reactance of the generator and transmission line is
given by 1.4 Q and 1.0 Q, respectively. The generator delivers the power of
85 MW to the infinite bus, and the infinite bus voltage is found to be 13 kV.
Calculate the torque angle, transmission line current, and three-phase reactive
power consumed by the transmission line.

9.2 A three-phase synchronous generator is having the terminal voltage 11 kV,
and it is connected to an infinite bus through a transmission line. The
reactance of the generator and transmission line are 0.12 Q and 2.54,
respectively. The torque angle is found to be 35°, and the bus voltage at the
infinite bus is found to be 6.4 kV. Calculate the three-phase real power
delivers to the infinite bus and the transmission line current.

9.3 The input and output powers of a 50 Hz, 80 MVA, § MI/MVA, 11 kV,
synchronous machine are found to be 20 MW and 12 MW, respectively.
Determine the kinetic energy stored in the rotor at synchronous speed,
accelerating power, acceleration, and torque angle at 15 cycles.

9.4 The stored energy in the rotor of a 4-pole, 50 Hz, 25 MVA synchronous
machine is found to be 175 MJ. Whereas the input and the output powers of
the machines are given as 25 MW and 21 MW, respectively. Calculate the
inertia constant, accelerating power, and acceleration.

9.5 The inertia constant of a synchronous machine is 5 MJ/MVA, and it is
connected to an infinite bus through a transmission line as shown in
Fig. P9.1. The generator delivers a real power of 0.7 per unit at a 0.95 power
factor lagging to the infinite bus. Find the per unit apparent power, line
current, generated voltage, synchronizing power coefficient, undamped
angular frequency of oscillation, and period of oscillation.
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Fig. P9.1 Single-line
diagram for Problem 9.5

9.6 The inertia constant of A 50 Hz synchronous machine is 5 MJ/MVA and the
excitation voltage is E; = 1.1 [15° pu. The generator is connected to an
infinite bus through a transmission line, and the infinity bus voltage is
Vi =1 \mpu. The total reactance between the generator and the infinite bus
is found to be 0.42 pu. Determine the synchronizing power coefficient,
undamped angular frequency of oscillation, and period of oscillation.

9.7 A substation supplies 120 kV through the transmission lines to a load ter-
minal. The voltage at the load terminals is found 11 kV, and the total
reactance is given as 0.24 pu. Calculate the maximum power transferred to
the load.

9.8 Two generators are connected in parallel to a busbar. The necessary data for
the generators are given below.

Generator 1 100 MVA, 0.85 power factor, 13.8 kV, 3000 rpm, H, = 7 MJ/
MVA

Generator 2 150 MVA, 0.85 power factor, 13.8 kV, 3000 rpm, H, = 5 MJ/
MVA

Find the equivalent inertia constant, total kinetic energy, and rotor acceler-
ation if the input power of generator 1 is 90 MW. Consider a common base
of 100 MVA.

9.9 Two generators are connected in parallel to a busbar. The necessary data for
the generators are given below.

Generator 1 160 MVA, 0.95 power factor, 11.75 kV, H; = 8 MI/MVA
Generator 2 150 MVA, 0.95 power factor, 11.75 kV, H, = 6 MJ/MVA

Calculate the equivalent inertia constant, and the total combined energy
kinetic energy, and rotor acceleration if the input power of generator 2 is
180 MW. Consider a common base of 100 MVA.

9.10 A synchronous machine with inertia constant of 6 MJ/MVA is connected to
an infinite bus as shown in Fig. P9.2. The generator delivers real power and
reactive power to the infinite bus are 0.65 pu and 0.85, respectively.

Fig. P9.2 Single-line

: B, B, By
diagram for Problem 9.10

0.13pu

0.10pu
G
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B B, By B,
0.10pu 0.10pu
0.15pu

¢ | 013pu 3¢
O3 T 3E ", =1l pu
0.10pu Bs B

E; =1.13pul 0.10pu 0.15pu
% ¢ 0.13pu 3 g
C | 3

F

Fig. P9.3 Single-line diagram for Problem 9.11

Fig. P9.4 Single-line B, B, B,
diagram for Problem 9.12 T
O Elas Z
Gy A Grid source
5l

N Y (earthed)
MME

e

A three-phase fault occurs on the system at point F and subsequently cleared
by the circuit breaker operation. Under prefault condition of the lines, cal-
culate the generated voltage, initial torque angle, maximum torque angle,
critical clearing angle, and critical clearing time. During fault (impedance
0.09 pu), calculate the fault clearing angle and time.

9.11 A 50 Hz generator with a 6 MJ/MVA inertia constant is connected to an
infinite bus through a single transmission line as shown in Fig. P9.3. The real
power delivers to the infinite bus is found to be 0.84 pu. A temporary
three-phase fault occurs on the line, at busbar 6. Find the fault clearing angle
and fault clearing time at pre-fault.

9.12 Fig. P9.4 shows a single-line diagram where two generators are connected
with a grid source through transformers (delta-earthed wye) and transmission
lines. Some data are shown in Tables P9.1, P9.2, and P9.3. A three-phase
occurs on line 3-4 near bus 4 at 12 cycles and is cleared at 16 cycles.

Transformer 77, 25 MVA, three-phase shell, 11 kV (delta)/33 kV (wye),
Z, =Zy=10%, X,/R, = Xo/Ry = 25

Transformer 7, 40 MVA, three-phase shell, 11 kV (delta)/33 kV (wye),
Zy =Zy = 12%, X1/R; = X¢/Ry = 30



Exercise Problems

Table P9.1 Machine data
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Gen. Rating Active and reactive H MY/
generations MVA)
1 25 MVA, 11 kV, 2P, 85% pf, round 10 MW, 3 Mvar 10
rotor type 5
2 35 MVA, 11 kV, 2P, 85% pf, round 20 MW, 4 Mvar 15
rotor type 5

Table P9.2 Load data

Table P9.3 Line data

Fig. P9.5 Single-line
diagram for Problem 9.13

Grid source

Load
Bus no. Real power (MW) Reactive power (Mvar)
4 100 44
5 50 16
Bus no. R (Q/mi) X (Q/mi) B (uS/mi)
34 0.12 2.56 6.34
3-5 0.07 3.12 7.06
4-5 0.64 2.25 8.05
4-5 0.34 2.2 7.67
B r B4_> B,
Line
g ”
G Line Line ) /
A—\i Grid source

100 MVA, 33 kV, Z;, =0.83 +j10.5 pu, Z;, = 0.07 +j1.2

pu

Calculate the transient stability by CYME software.
9.13 Fig. P9.5 shows a single-line diagram where two generators are connected
with a grid source through transformers (delta-earthed wye) and transmission
lines. Some data are shown in Tables P9.4, P9.5, and P9.6. A three-phase
occurs on line 3-4 near bus 4 at 12 cycles and is cleared at 16 cycles.
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Table P9.4 Machine data

9 Power System Stability Analysis

Gen./ Rating Active and reactive H MY/
motor generations MVA)
G 25 MVA, 11 kV, 2P, 85% pf, round rotor 10 MW, 3 Mvar 10
type 5
M Three-phase, 1200 kW, 6.4 kV, 1800 rpm, - -
85% pf, 90% efficiency

Table P9.5 Load data

Table P9.6 Line data

Transformer T
Transformer 7,

Grid source

Load
Bus no. Real power (MW) Reactive power (Mvar)
4 120 50
5 76 30
Bus no. R (Q/mi) X (Q/mi) B (uS/mi)
34 0.12 2.56 6.34
3-5 0.07 3.12 7.06
4-5 0.34 2.2 7.67

35 MVA, three-phase shell, 11 kV (delta)/22 kV (wye),
Zl = ZO = 11%, Xl/Rl = XO/RO =22
45 MVA, three-phase shell, 22 kV (delta)/0.48 kV (wye),
Z, =Zy=13%, X|/R, = Xo/Ry = 28
100 MVA, 22 kV, Z; = 0.93 + j10.2 pu, Z, = 0.08 + j1.25

pu

Calculate the transient stability by CYME software.



Chapter 10 M)
Power System Harmonics e

10.1 Introduction

The concept of power system harmonics is not a new phenomenon. In 1916,
scientist Steinmetz studied and published the effect of harmonics in three-phase
power systems. At the time, the main focus was given on third harmonic currents
caused by saturated iron in electrical machines such as transformers and machines.
Steinmetz introduced the first delta connections for blocking third harmonic
currents.

Oscillation of voltage and current waveforms that follow the mathematical form
of a sine or cosine function is known as a clean waveform or undistorted waveform.
Voltage waveform distortions are typically created by generators, while current
distortion results from loads. These distortions of voltage or current occur in the
form of oscillations, which occur more frequently than 50 or 60 Hz and are called
harmonics, as shown in Fig. 10.1.

Harmonics affect the quality of AC system delivery to home and other facilities
and reduce the performance of electronics equipment that uses the AC system.
Harmonics increase energy costs and reduce the lifespan of the electronics hardware
system. It can overheat a conductor that can trigger fires. A sine wave or clean wave
is a periodic wave that follows symmetrical and repeating patterns. The distorted
periodic waveform is defined as the combination of a fundamental wave and one or
more harmonic waves. A perfect sinusoid with a constant frequency and amplitude
is known as perfect power quality. Less than perfect power quality occurs when a
voltage waveform is distorted by transients or harmonics, changes in amplitude, or
deviations in frequency. Frequencies that are not integer multiples of fundamental
power system frequency are called interharmonics.
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Fig. 10.1 Harmonic patterns
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10.2 Generation of Harmonics

The loads are classified as linear load and nonlinear load. The linear load is defined
as a load which draws current from the supply that is proportional to the supply
voltage. The nonlinear load is defined as a load that its impedance changes with the
supply voltage. Due to this changing impedance, the current draw by the nonlinear
load is also nonlinear, i.e., non-sinusoidal in nature.

Power semiconductor devices are used during power conversion from AC to
DC, DC to DC, DC to AC, and AC to AC. During this power conversion, semi-
conductor devices constitute the largest nonlinear loads connected to the electric
power systems. In the industry, these converters are used for adjustable speed (or
variable frequency) drives, uninterruptable power supplies, switch-mode power
supplies and draw nonlinear currents. As a result, the supply voltage is distorted at
the point of common coupling (PCC).

Harmonics come from commercial and residential single-phase supplies such as
fluorescent lighting, adjustable speed drivers for AVAC, and elevators and indus-
trial loads.

Nonlinear industrial loads are generally grouped into three categories. There are
three-phase power converters, arcing devices (arc furnaces, arc welder), and sat-
urable devices (transformer, motor).
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10.3 Single-Phase Circuit with Linear Load

Consider a single-phase circuit where sinusoidal voltage supplies current to a linear
load as shown in Fig. 10.2. In this circuit, the expressions for voltage and current
can be written as,

V(1) = V2V sinwt (10.1)
i(t) = V2I sin(wt — ¢) (10.2)

Instantaneous power is defined as the product of instantaneous voltage and
current, and it is expressed as,

p(t) = v(0)i(r) (10.3)
Substituting Egs. (10.1) and (10.2) into Eq. (10.3) yields,
p(t) = 2VI sin wt sin(wt — ¢) (10.4)
p(t) = Vicos ¢ — VIcos(Rwt — ¢) (10.5)
p(t) = VIcos ¢ — VI cos 2wt cos ¢p — VI sin 2wt sin ¢ (10.6)
p(t) = VIcos ¢(1 — cos 2wt) — VI sin ¢ sin 2wt = p, +py (10.7)
Pa = VIcos ¢(1 — cos2wt) (10.8)
pq = —VIsin ¢ sin 20t (10.9)

The average active power is the average of instantaneous power during time
period #y to T + ty. Then, the following equation for active power can be written as,

1 T+t
P= T/ p(t)dt = VIcos ¢ (10.10)
to

Fig. 10.2 A circuit with a

—>
load i(?)

v(t)
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The reactive power can be written as,
Q£ VIsin ¢ (10.11)
Substituting Egs. (10.10) and (10.11) into Eq. (10.6) yields,

p(t) = P(1 — cos2wt) — Qsin 2wt (10.12)

Example 10.1
A linear load of impedance Z; = 4+ 12Q is connected in series with a voltage

source of v(r) = v/2(220sinwr). Determine the instantaneous active power,
instantaneous reactive power, average power, reactive power, apparent power, and
power factor.

Solution
The current in the circuit is,

2(220si
i(t) = %) - % — 24.65in(wr — 71.56°)A (10.13)

According to Eq. (10.8), the instantaneous reactive power is calculated as,
Pa = V2 x 220 x 24.6c0s 71.56°(1 — cos 2 x 314r) (10.15)
DPa = 2420.96(1 — cos 6281) W (10.16)
According to Eq. (10.9), the instantaneous reactive power is,
Py = —VIsin ¢sin 20t = —v/2 x 220 x 24.65in 71.56° sin 628¢ (10.17)
Pq = —7260.75 sin 628¢ Var (10.18)
Average power is calculated as,
P = 242096 W (10.19)
The reactive power is determined as,
Q = 7260.75 Var (10.20)
The apparent power is calculated as,

S =2 x 220 x 24.6 = 7653.72VA (10.21)
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The power factor is calculated as,

pf =cos71.56° =0.31 (10.22)

Practice Problem 10.1

A voltage source v(¢) = 1/2(240sin wt) V is connected in series with a linear load
whose impedance is Z;, =3+ 8. Calculate the total instantaneous power,
instantaneous active power, instantaneous reactive power, average power, reactive
power, and apparent power.

10.4 Single-Phase with Nonlinear Load

Distorted current waveform usually creates heat in the power delivery equipment
resolving a nonlinear waveform into a sinusoidal component and is called harmonic
analysis. Harmonic analysis will determine heating effect due to nonlinear current
flowing to circuit breakers and transformers. Consider the nonlinear load and the
expressions for the voltage and current are [1, 2]

V(1) = V2V sin ot (10.23)
i(t) = V2 Isin(not — ¢,) (10.24)
n=1
Substituting Eqgs. (10.23) and (10.24) into Eq. (10.3) yields,

00
p(t) = (V2Vsinor) V2 Y~ Lsin(nor - ¢,) (10.25)

n=1
pt)=V Z 1,2 sin wt sin(nwt — ¢,,) (10.26)

n=1
p(t)=V ZIHZ sin wt sin(2nwt — ¢, — not) (10.27)
n=1

p(t)y=V ZI,, [cos ¢, — cos(2nwt — ¢,,)] (10.28)

n=1
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p(t) = VI,2 sin wtsin(wt — @) + ZIHZ sin wt sin(nwt — ¢,) (10.29)
n=2

p(t) = VI12sinwt sin(ot — ¢,) + Viln[cos ¢, — cos(2nwt — ¢,)]  (10.30)

n=2

p(t) = VIy cos ¢y — VI cos(2wt — ;)

s 10.31
+ Z VI,[cos ¢, — cos 2nwt cos ¢, — sin ¢, sin 2nwt] ( )
n=2
p(t) = VI, cos ¢, — VI, cos(RQwt — ¢p,) — VI sin ¢, sin 2wt
(10.32)

+ Z VI, [cos ¢, — cos 2nwt cos ¢, — sin ¢, sin 2nwt]
n=2

From Eq. (10.32), the average active power (P) and reactive power (Q) can be
written as,

P =P, =VIcos ¢, (10.33)
Q = Q[ = V11 sin ¢1 (1034)

Squared Eqgs. (10.33) and (10.34) and adding yields,
P2+ Q% = (VI cos ¢, )* + (VI sin ¢, ) (10.35)

P+ Q% = (VI,)*(sin ¢ + cos ¢?) (10.36)

VI, = /P + 0} (10.37)

The apparent power (S) can be written as,
S=Vi (10.38)
Squared Eq. (10.38) yields,
2=V (10.39)

The current (/) can be expressed as,

I=\[B+B+B+B+ - — (10.40)
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Substituting Eq. (10.40) into Eq. (10.39) yields,
S =VG+L+E+L+ ——-) (10.41)
S =VE+V(L+E+L+ ———) (10.42)
The first part of Eq. (10.42) can be modified as,
§* = (VI cos > + (VI sin, * + VI B+ B+ + — ——) (10.43)
Substituting Egs. (10.33) and (10.34) into Eq. (10.43) yields,
=P +Q*+H (10.44)
H =VB+L+E+ ——) (10.45)
where H is the harmonic power and its unit is volt-ampere (VA). It depends on the
harmonic currents whereas P and Q depend on the fundamental component of the
current.
To extend the knowledge on harmonics, fundamental power factor and distortion
factor need to be defined. Fundamental power factor is defined as the cosine angle
between the fundamental voltage and fundamental current, and it can be expressed

as,

Tor = cos(¢y, — ¢,) = cos ¢, (10.46)

The ratio of fundamental apparent power to the total apparent power is known as
distortion factor (DF), and it can be expressed as,

2 2
pr =Yt (10.47)

\%4

Substituting Eqgs. (10.33) and (10.34) into Eq. (10.47) yields,

\/(Vll cos ¢)? + (VI sin ¢, )

F= (10.48)
Vi
1

pr="h (10.49)
VI

I
DF = 71 = cos B (10.50)
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The ratio of average active power to the total apparent power is known as power
factor, and it can be expressed as,

pf=< (10.51)

Substituting Egs. (10.33) and (10.38) into Eq. (10.51) yields,

VI, cos ¢,
=" 10.52
pf VI (10.52)
L
pf = - cos o, (10.53)
Substituting Eq. (10.50) into Eq. (10.53) yields,
pf = cos ffcos ¢, (10.54)

From Eq. (10.54), it is seen that the power factor is reduced by a factor of cos 8
due to the presence of harmonics in the load current.

Example 10.2

The fundamental, second, third harmonic components of the current of a 120 V, 0.9
pf electrical system are found to be 1A, 2A, and 3A, respectively. Calculate the H,
P, Q, and distribution factor (DF).

Solution
The value of the current (I) is calculated as,

I=\BAB+B+B+ —— = VP2 132 =374A (10.55)
The average active power (P) is calculated as,
P=P =Vlcos¢;, =120 x 1 x 0.9 =108 W (10.56)
The average reactive power (Q) is calculated as,
Q=0 =Vlsing, =120 x 1 x sin(cos ' 0.9) = 52.31'W (10.57)

The harmonic power (H) is calculated as,

H= v\/(1§ FER+2+ ———)=120/(22+32) =43267W  (10.58)
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The distribution factor (DF) is calculated as,

I 1
DF =—=—=0.27 10.59
I 374 ( )
Practice Problem 10.2
The distribution factor of a 110 V, 0.85 pf electrical system is found to be 0.35. The
fundamental and second harmonic components of the current are 2A and 4A,
respectively. Calculate the third harmonic component of the current, P, O, and H.

10.5 Non-sinusoidal Voltage and Nonlinear Load

Consider a non-sinusoidal voltage is connected to nonlinear loads. In this case, the
voltage and the current can be expressed as [2],

v(t) = Vg + Xoo: V2V, sin(nowt — ,,) (10.60)
n=1

i(t) = L + i V21, sin(nwt — ¢,,) (10.61)
n=1

Instantaneous power is defined as the power received at any instance of time at
its terminals, and it is expressed as the product of instantaneous voltage and current.

From Egs. (10.60) and (10.61), the instantaneous power p(f) can be expressed
as,

p(t) = [ Vi + zoc: V2V, sin(not — ¢,,)

n=1

Ly + Z V21, sin(nwt — ¢;,)
n=1

(10.62)

00 o0
p(t) = Vaelge + Iye Z V2V, sin(not — ¢,,) + Ve Z V2, sin(not — ¢;,)
n=1

n=1
o0 00
+ Z V21, sin(nwt — ¢;,) Z V2V, sin(not — ,,)
n=1

n=1

(10.63)
The fourth term of instantaneous power is expressed as,
in(t) = Z VnIn[COS((Z)m - ¢iv> - COS(ant - (:bin - ¢vn)] (1064)

n=1
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piv(t) = Z ann[cos(d’m - ¢iv) - COS(ant - (¢tn - q’)iv) - 2¢vn>] (1065)

n=1

The phase angle between nth harmonic current and voltage is defined as,

¢n = d)in - (z)vn (1066)

Substituting Eq. (10.66) into Eq. (10.65) yields,

o0

pin(t) = Z Vaulu[cos ¢, — cos(2nwt — 2¢,,, — ¢,,)] (10.67)
n=1
Equation (10.67) can be expanded as,

pin(t) = Z Valu[cos ¢, — cos(2nwt — 2¢,,,) cos ¢, — sin(2nwt — 2¢,,) sin ¢,,]

n=1

(10.68)

10.6 Non-sinusoidal Voltage and Nonlinear Loads Active
Power

The active power is usually consumed by an active element of a circuit. The active
power is always positive. From Egs. (10.63) and (10.68), the expression for active
power is written as [2, 3],

pactive(l) = Vaelge + Z VI, cos (pbn[l - COS(ant - 2¢vn)] (1069)

n=1

The average active power is defined as,

1 T
P= —/0 p(t) dt (10.70)

Substituting Eq. (10.69) into Eq. (10.70) yields,

1 T 00
P= —/ [Vdcldc + Z VoI, cos ¢,[1 — cos(2nwt — 2¢,,)] | dt (10.71)
T Jo

n=1
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The average power of cos(2nwt — 2¢,,) is zero; Eq. (10.71) can be modified as,

P=Vale+ Y Valycos ¢, (10.72)

n=1
Expanding Eq. (10.72) yields,
P = Vel + Vi1 cos ¢y + Valp cos ¢, + Valz cos 3 + - - (10.73)
P=P4+P+Py (10.74)
where,
Py = Vaelye is the average active power due to DC components,
Py = Vi1 cos ¢, is the average fundamental active power,

Py = Valhcos ¢y + Valzcos o3+ — —— = > Vil cos ¢, is the average har-
h#1
monic active power.

10.7 Non-sinusoidal Voltage and Nonlinear Loads
Reactive Power

The maximum pulsating power over one cycle is known as reactive power. It can be
positive or negative depending on the phase angle between the voltage and the
current. The reactive power is positive when the coil consumes it. It is negative
when is usually consumed by an active element of a circuit. The reactive power is
represented by @, and its unit of reactive power is Var, which stands for
volt-ampere reactive. The reactive power can be written as [2, 3],

0= f: VI, sin, (10.75)

n=1
Expanding Eq. (10.75) yields,
O =Vilisin¢, + Vol sinp, + Valzsin s+ - - - - (10.76)

Q=01+0u (10.77)
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where
Q) = Vil sin ¢, is the fundamental reactive power,

On = Vahysing, + Vil3sings + - - - = Y Vil sin ¢, is the harmonic reac-
Al
tive power.

Example 10.3

The single-phase current and voltage expressions of an electrical system are given
as, v(r) =804 +/2 x 110sin wr + /2 x 65sin(2wt — 25°) + /2 x 35sin(3wt — 50°)
and i(r) = 10+ /2 x 15 sin(wt — 25°) ++/2 x 9sin(2wt — 50°) 4+ /2 x 4sin(3wt — 75°).
Determine the average active power due to dc component, average fundamental and
harmonic active and reactive powers.

Solution
The value of the average active power due to the dc component is calculated as,

Pae = Vaelge = 80 x 10 = 800W (10.78)

The value of the average active and reactive power due to the fundamental
components are calculated as,

Py =Vilicos ¢, = 110 x 15 x cos(0° — 25°) = 1.5kW (10.79)
Q) = Vil sin ¢y = 110 x 15 x sin(0° — 25°) = 697.32W (10.80)
The value of the harmonic active and reactive powers is calculated as,

Py = VoI, cos ¢, + V313 cos ¢
=65 x 9 x c0s(25° — 50°) +35 x 4 x cos(50° — 75°) = 657.07W (10.81)

QH = V212 sin ¢2 + V3I3 sin (]53
=65 x 9 x sin(25° — 50°) + 35 x 4 x sin(50° — 75°) = 306.4W  (10.82)

Practice Problem 10.3

The single-phase current and voltage expressions of an electrical system are given
as, v(r) =404 +/2 x 120sin wr + v/2 x 85sin(2wt — 30°) + /2 x 40sin(3wr — 60°)
and  i(f) = 20 4+ /2 x 25sin(wt — 30°) + /2 x 12sin(2wt — 60°) ++/2 x 7 sin
(3wt —90°). Calculate the average active power due to dc component, average
fundamental and harmonic active and reactive powers.
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10.8 Non-sinusoidal Voltage and Nonlinear Loads
Apparent Power

The product of root mean square (rms) voltage and rms current is known as
apparent power. Apparent power is represented by S and its unit is volt-ampere
(VA). The rms values of voltage and current for nonlinear loads can be written as
(2, 4, 5],

V=Vo+Vi+Vi+Vi+ o (10.83)
[=0+F+G+B+ - (10.84)

The apparent power is expressed as,

S=VI (10.85)

Substituting Eqgs. (10.83) and (10.84) into Eq. (10.85) yields,

S—(\/Vj(+V2+V2+V2 )(\/ +112+1§+132+~---) (10.86)

S = (\/V§C+V12+V2,> <\/13€+112+1,2,> (10.87)

where the expressions for harmonic voltage and current are written as,

Vi=V3+Vig o= V) (10.88)
h#1

E=P2+B+ => I (10.89)
h#1

Squared Eq. (10.87) yields,
§* = (Vi +Vi+Va) (L + 1 +17) (10.90)

S? = VoL + Vil + VAL, + Vi + VI + VAL + Vi + Vi + Vil
(10.91)

S = VoL +ViE+ Vil + Vo (L + 1) + L(Vi+ Vi) + Vi + Vil
(10.92)

S* =83 + ST+ + S5, (10.93)



474 10 Power System Harmonics

where the expressions for the apparent powers due to dc, fundamental, harmonic,
and distortion components are written as,

S3. = Vi, (10.94)
St =Vi; (10.95)
§3 = Vi, (10.96)
S =Vi(B+1) +L.(Vi+ V) + Vi + Vi (10.97)

Equation (10.93) again can be modified by introducing apparent power due to
non-fundamental term (Sy) as,

S? =S5t +S% (10.98)
S = Vaclae + Virliy + Vae (I} + 1) + L (Vi + Vi) + Vil + Vil (10.99)

In power system, the effect of dc component is usually considered negligible.
Then, the terms associated with dc component are considered zero, and the final
expression for non-fundamental apparent power is,

Sy = Vil + Vil + Vili (10.100)

Sy =Sy +D;+Dj (10.101)

Sy =\/S} +D; + D} (10.102)

where the expression for the apparent power due to distortion of voltage (Dy) is
expressed as,

Dy = Vil (10.103)

Apparent power due to voltage distortion or simply voltage distortion power is
equal to the product of the total harmonic voltage and fundamental component of
the current.

Substituting Eq. (10.88) into Eq. (10.103) yields,

Dy=1LY» Vi (Var) (10.104)
h#1

Similarly, the apparent power due to current distortion or simply current dis-
tortion power is equal to the product of the total harmonic current and fundamental
component of the voltage.
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D; = Vily (10.105)
Substituting Eq. (10.89) into Eq. (10.105) yields,

D =Vi Y I (Var) (10.106)
h£l

Apparent power due to harmonic or simply harmonic apparent power is
expressed as,

Sy = Vuly (10.107)

Again, substituting Eqgs. (10.88) and (10.89) into Eq. (10.107) yields,

Su= [ VI I} (10.108)

AL WAL

The total harmonic distortion due to voltage and current is defined as the ratio of
harmonic voltage or current to the fundamental component of voltage or current.

These can be expressed as,
[ Vi
v WA
THDy = -2 =1"__ (10.109)

1 Vi
> 1
I htl
THD,; = Iﬂ = (10.110)
1 1

From Egs. (10.109) and (10.110), harmonic voltage and current can be
expressed as,

Vi = THDyV, (10.111)
Iy = I, THD, (10.112)

Substituting Eq. (10.111) into Eq. (10.103) and Eq. (10.112) into Eq. (10.105)
yields,

Dy = THDy V1, (10.113)

D; = Vi, THD, (10.114)
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Again, substituting Eqgs. (10.111) and (10.112) into Eq. (10.107) yields,
Sy = THDy VI, THD; (10.115)

Equations (10.113), (10.114) and (10.115) can be modified by putting the
expression of fundamental apparent power (S; = ViI;) as,

Dy = THDyS, (10.116)
D, = S, THD, (10.117)
Sy = THDyS, THD, (10.118)

From Eq. (10.116), the apparent power due to voltage is defined as the product
of fundamental apparent power and the total harmonic distortion due to voltage.
Similarly, from Eq. (10.117), the apparent power due to current is defined as the
product of fundamental apparent power and the total harmonic distortion due to
current. Whereas from Eq. (10.118), the apparent power due to harmonic is
equivalent to the product of the total harmonic distortion due to current and voltage
and the fundamental apparent power.

Substituting Eqs. (10.116), (10.117), and (10.118) into Eq. (10.101) yields,

S3, = (THDyS, THD;)* + (THDyS))* + (THD;S, ) (10.119)

In a power system, the total harmonic distortion due to current dominates more
than the voltage. Therefore, the effect of THD), on the calculation of
non-fundamental apparent power is neglected. In this case, Eq. (10.119) can be
modified by neglecting the first and second terms as,

$% ~ (THD,S,)* (10.120)
Sy ~ THD;S, (10.121)

From Eq. (10.121), the non-fundamental apparent power is defined as the pro-
duct of the total harmonic distortion due to the current and the apparent power due
to the fundamental component. Non-fundamental apparent power will increase due
to increasing the total harmonic distortion due to current. Therefore, the loss will be
increased during the transfer of electrical power, and the power system network will
be less efficient.

Example 10.4

The single-phase current and voltage expressions of an electrical system are given
as, v(t) =40+ /2 x 110sin ot + /2 x 75 sin(3wt — 25°) + v/2 x 45 sin(5wt — 50°) +
V2 x 23 sin(7wr — 75°) and i(r) = 8+ v/2 x 12sin(wt — 25°) + v/2 x T sin(3wt — 50°) +
V2 x5 sin(Swt — 75°) + V2 x3 sin(7wt — 100°). Calculate the Sy, THDy, THD),
Dy, Dy, and Sy,.
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Solution
The value of the harmonic voltage is calculated as,

Vig = \/V2+ V24 V2 = /752 + 452 4+ 232 = 90.44 V (10.122)

The value of the harmonic current is calculated as,

Iy=\/B+E+E=V7+52+32=0.114 (10.123)

The value of the apparent power due to harmonic components of voltage and
current is calculated as,

Sy = Vyly =90.44 x 9.11 = 823.90 VA (10.124)
The total harmonic distortion due to voltage is calculated as,

Vi 90.44

THDy = 2+ =
Vi 110

=0.82 (10.125)

The total harmonic distortion due to current is calculated as,

Iy 9.11
THD,; = f =5 =076 (10.126)

The value of the apparent power due to distortion of voltage (Dy) is calculated
as,

Dy = Vyl, = 90.44 x 12 = 1085.28 VA (10.127)

The value of the apparent power due to the distortion of current (D)) is calculated
as,

D; =Vl =110 x 9.11 = 1002.1 VA (10.128)
The value of the non-fundamental apparent power is calculated as,

Sy = \/S% +D? + D3} = \/823.902 + 1002.12 + 1085.282 = 1691.40 VA

(10.129)
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Practice Problem 10.4
An electrical system has the following single-phase current and voltage.

(1) = 320+ V2 x 120sin wr + V2 x 67 sin(2wr — 30°) + /2 x 34 sin(3wr
—60°) + V2 x 17 sin(4wt — 90°)

i(f) = 542 x 16sin(wt — 30°) + v/2 x 9sin(2wt — 60°) + /2 x 6sin(3wr — 90°) + v/2x
4sin(4wr — 120°). Find Sy.

10.9 Modeling Concept of Load

The term load represents a single device that consumes active and reactive power
connected to a power system. The load is broadly divided into static and dynamic.
Static load represents the active and reactive powers at any instant of time as
functions of the bus voltage magnitude and the frequency at the same instant. Static
loads are counted for passive elements such as resistive, inductive, and capacitive.
The dynamic load is a load that represents the active and reactive powers at any
instant of time as functions of the bus voltage magnitude and the frequency at the
last instant of time. Examples of dynamic loads are the loads driven by the motor.
According to the basic definition of power (P), the following relation can be written
as,

2
p—vi=Y
R

I’R (10.130)

According to Eq. (10.130), the static load model is classified as constant current,
constant impedance, and constant power. In a constant current static load model, the
power varies directly with the voltage magnitude. In a constant impedance static
load model, the power varies directly with the square of the voltage magnitude. It is
often known as a constant admittance load model. Whereas in a constant power
static load model, the power does not change with changes the voltage magnitude.

Consider a load device whose active and reactive power at the rated voltage (V)
is Py and Q,, respectively. However, these parameters are considered initial bus
values during modeling. Again, consider the load consumes active power P and
reactive power Q at voltage V. At constant current static load model, the active and
reactive power can be expressed as [6],

L. <X>l (10.131)
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V!
% = (VO) (10.132)

At constant impedance static load model, the active and reactive power can be
expressed as,

P vV\?
P_o = <Vo> (10.133)
v\ 2

At constant power static load model, the active and reactive power can be
expressed as,

P (v\’
1% 0

The static load models can be further extended as exponential and polynomial.
The static load model in an exponential case can be expressed as,

v\

P=P, (70) (10.137)
V\"

Q=0 (%) (10.138)

where n, and n, are the exponent parameters of the load. By setting these
parameters to 0, 1, and 2 represent the constant power, constant current and con-
stant impedance load models. The values of the exponential parameters based on
reference [6] are mentioned in Table 10.1.

Table 10.1 Values of exponential parameters for certain loads [6]

Loads m, n,
Induction motor (half load) 0.2 1.5
Induction motor (full load) 0.1 2.8
Incandescent lamp 1.6 0
Fluorescent lamp 1.2 3
Heating 2 0
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The static load model in a polynomial case can be represented by the combi-
nation of constant power, constant current, and constant impedance load models.

These can be represented as,
tai|o ) +a| = 2
a a a
0 ! Vo z Vo

— (Vzo)+b2(vzo)2] (10.140)

where ay, ay, a, and by, by, b, are the constant parameters of the load and the sum of
these parameters is equal to one, i.e.,

P=P, (10.139)

0=0

apg+ay+a =1 (10141)
bo+bi+by=1 (10.142)

The frequency dependency of a static load model is represented by the frequency
deviation and frequency sensitivity parameter as,

fa=1+a(f - fo) (10.143)

where fis the frequency of the bus voltage, f; is the rated frequency of the load, and
ay is the sensitivity parameter.

The static load modeling with the frequency-dependent is obtained by multi-
plying Eq. (10.143) to any of exponential or polynomial expressions. Now, mul-
tiplying Eq. (10.137) by (10.143) yields,

P=P, (“//0) [1+a/(f —fo)] (10.144)

10.10 Resistive Load Modeling

A resistive load radiates heat when energized with rated voltage. Ohm’s law rep-
resents the relationship between the resistance, voltage, and current as,

V=IR (10.145)

The following expression defines the resistance as,
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!
R=ps (10.146)

where [ is the length of the conductor, A is the cross-sectional area of the conductor,
and p is the resistivity of a conductor. The resistivity is temperature-dependent and
is expressed as,

p = poll + (T — Tp)] (10.147)

where

po 1s the resistivity at 300°K,

o is the temperature coefficient at 300°K,
T, is the temperature at 300°K,

T is the normal operating temperature.

In an operating condition, the heating of resistance depends on 7. This tem-
perature (7) depends on the current flowing in the resistance. Therefore, T is
equivalent to 7 and o is replaced by a current coefficient, 5. Equation (10.147) can
be modified as,

p = po(1+BI) (10.148)

Substituting Eq. (10.148) into Eq. (10.146) yields,

!

R = po(1+p0) 1 (10.149)
R=pot+pli (10.150)
TP TPy '
R=Ro+Rl (10.151)

where the expression of resistances is written as,

!
Ro=poy (10.152)

l
R, = ﬁz (10.153)
Substituting Eq. (10.151) into Eq. (10.145) yields,
V =1I(Ry+R\I) (10.154)

V =R’ +Ryl (10.155)
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—Ro+ /R2+4VR
Ly=—" 2R°+ : (10.156)
1

—Ry N R? %

10.157
2R, 4R2 + ( )

I, =
The power can be expressed as,

2
—Ry /RO 1% —Ry R0 1%
—+ = |—+ R 10.158
2R, 4R2 + 1 lle 4R2 + 1 ( )

From Eq. (10.158), it is seen that the power can be calculated if other parameters
are known.

P=V

10.11 Modeling of Induction Motor Load

Three-phase and single-phase induction motors with different ratings are used in
different types of industries. Students can get more knowledge from the course of
electrical machines on classifications, equivalent circuits, and applications of
induction motors. However, in a power system, most of the stability analysis uses
dynamic model based on the equivalent circuit as shown in Fig. 10.3.

The no-load circuit either is used across the source or across the load with any
significant error. The no-load circuit consists of a parallel combination of magne-
tizing resistance and inductance. However, the value of the magnetizing resistance
is very small compared to magnetizing inductance, and it can be neglected in the
dynamic model. The more simplified dynamic model is shown in Fig. 10.4.

R X v, X,
—AM——TIN—
I, =1, Y1, I
RZ
Eg@ Rm Xm S

Fig. 10.3 Equivalent circuit of induction motor
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Fig. 10.4 Simplified
equivalent circuit

From the circuit in Fig. 10.4, the expression of current I, is written as,

— E2
X,

b (10.159)

From Fig. 10.3, the active power and the reactive power absorbed by the circuit
is expressed as,

%3 R

P=t +112R1+I§T2 (10.160)
V2

0= X—2 + X, + X, (10.161)

10.12 Harmonic Simulation

Harmonics are generated by a nonlinear load such as battery charger, variable
frequency drives, arc furnace, and shunt frequency source. They draw current at the
fundamental frequency and inject current to the network at a higher frequency by an
odd multiplier (3, 5, 7, 9, etc.) of the fundamental frequency. Harmonic currents
create excess heating in the conductor, motor and transformer due to PR whereas
the harmonic voltages distort the sinusoidal voltage waveforms that create the high
peaks. These high peaks damage the insulation and shorten the life of the high
voltage equipment. The normal operation of protective devices such as fuse, relay,
and circuit breaker is disturbed due to the presence of excessive harmonic current.
However, a suitable rating of the capacitor is used in the network to partially and
fully remove the harmonic currents as the capacitive reactance decreases with
increasing frequency. A five-bus power system is shown in Fig. 10.5. Here, the grid
source is connected at bus 1, the generator is connected at bus 5, and a shunt
frequency source is connected at bus 3. The line and transformer data are shown in
Tables 10.1 and 10.2, respectively.
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B3
B2
2> ¢ —
DA y
XX 3 »
S1
B4
%
&
BS
~
Fig. 10.5 A single-line diagram drawn by CYME
Table 10.2 Line data
Line R X B
(©Q/mi) (€Q/mi) (1S/mi)
2-3 0.24 0.85 6.78
2-4 0.14 4.57 10.34
34 0.21 2.95 8.68

Source S1 100 MVA, operating and nominal voltage is 12.47 kV, Z; = 0.1 + j0.6
Q,Z, =05+ 2.0 Q.
Generator 17.5 MVA hydro, 7.33 kV, 0.80 pf.

The data of each equipment such as source, transformer, generator, load, and
balanced overhead line need to be input through the equipment link. In addition, the
harmonic order along with magnitudes and phase angles needs to be assigned
through the equipment link as shown in Table 10.6. Once all equipment data are
entered, select the harmonic analysis and keep the default global setting and run the
software. Finally, different graphs such as voltage and current distortions and
impedance scans are plotted (Tables 10.3 and 10.4).

CYME simulation results are plotted as shown in Figs. 10.6, 10.7, 10.8, 10.9,
10.10, 10.11 and 10.12.
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Table 10.3 Transformer data
Transformer Impedance (%) | Connection Xi/Ry = Xy
(D-Y earthed) Ry
T1: 3¢ shell, 15 MVA, Z, =Zy=8.25 | 12.47 kV/33 kV 18
liquid-filled
T2: 3¢ shell, SMVA, liquid-filled | 8.25 7.33 kV/33 kV 12
Table 10.4 Line data Harmonic order Magnitude Angles
(A) (deg.)
3 4 30
5 8 30
7 12 30
9 6 30
11 19 30
Harmonic Analysis
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Fig. 10.6 Voltage distortions profile for bus 5
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Harmonic Analysis
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Fig. 10.7 Voltage distortions profile for bus 2

10.13 Power Quality Parameters and Measurement

Power quality has become important issues for power utility companies and elec-
trical contractors due to the use of sophisticated control equipment at the substa-
tions and due to nonlinear loads. Equipment such as smart devices, battery chargers,
and other variable frequency devices create disturbances in the power system
network. There are sophisticated equipment for monitoring and measuring power
quality anomalies such as transients, sags, swells, harmonic distortions, voltage
flickers, overvoltages, and undervoltages [5, 7].

Sags: A decrease in rms voltage or current to between 0.1 and 0.9 pu at the
power frequency for durations between of 0.5 cycles to 1 min. It is often known as
voltage dips. Sags or voltage dips occur due to the energization of heavy loads,
starting of large induction motor and single-line-to-ground fault. In a
single-line-to-ground fault, the magnitude of the current is very high, but the
voltage is very low.

Swells: It is the opposite of sag. An increase in rms voltage or current to between
1.1 and 1.8 pu at the power frequency for durations of 0.5 cycles to 1 min. The
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Fig. 10.8 Current distortions profile for transfer 2

main causes of swells are switching off large loads, energizing a capacitor bank, and
momentarily overvoltage.

Undervoltage: A reduction in rms voltage between to 0.8 pu to 0.9 pu at the
power frequency for more than one minute is known as undervoltage, and the main
causes of undervoltage are due to less supply capability.

Overvoltage: An increase in rms voltage between to 1.1 pu to 1.2 pu at the
power frequency for more than one minute is known as overvoltage, and the main
causes of undervoltage are due to lightning, ferroresonance, high voltage equipment
switching, and insulation fault.

Undervoltage: A reduction in rms voltage between to 0.8 pu to 0.9 pu at the
power frequency for more than one minute is known as undervoltage, and the main
causes of undervoltage are due to draw a high current by an induction motor, high
reactive power with low power factor, etc.

PCC: It is abbreviated as the point of common coupling as shown in Fig. 10.13.
The common connection point where the power utility and the consumer have
common access to measure harmonic indices is known as the point of common
coupling.
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Harmonic Analysis
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Fig. 10.9 Voltage distortions bar profiles for different buses

Interruptions: A decrease in the voltage level of less than 0.1 pu for up to
one-minute duration is known as interruptions. It is categorized as short-term (up to
3 min) and long-term interruptions (more than 3 min). The main causes of inter-
ruptions are due to equipment failure or malfunctioning, damage to transmission
lines, or poles, etc.

Flicker: The flicker means fluctuation of line voltage. The fluctuation of line
voltage occurs due to continuous and rapid changes in load current. The voltage
will fluctuate due to changing the load current, which causes changing a light. This
voltage fluctuation on a light or lamp is usually perceived as flicker by the human
eyes.

Electrical Noise: It is an unwanted high-frequency signal (less than 200 kHz)
which is superimposed on a low-frequency voltage or current in a power system.
There are many causes for the electrical nose. Some examples are improper
grounding, variable speed drive devices, corona, electrical interference etc.

DC offset: DC offset is the presence of DC voltage and current in an AC system.
The main causes of dc offset are due to the operation of electronic devices.



10.13  Power Quality Parameters and Measurement 489

10 f
il
-5
-10
-15
-20
-25
-30
-35
-40
45
-50 * "
0 2 4

Fig. 10.10 Current distortions profiles for transformer 1

Harmonic Analysis

6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
Time (Milliseconds)
—T1-A — T1-B
— T1C T1-N

Current (amperes)
(=]

THD: The total harmonic distortions due to voltage and current are already
defined in Eqgs. (10.109) and (10.110), respectively. However, it can be extended as
the ratio of the square root of the individual harmonic components squared to the
fundamental component of the current and can be expressed as,

VB+E+E
THD; = ~———— (10.162)
1

TDD: It is abbreviated as the total demand distortion. It is defined as the ratio of
the square root of the individual harmonic components squared to the maximum
demand load current (I, at the fundamental frequency) at PCC, and it can be

expressed as,
VB+E+E
DD} = ——— (10.163)

I

According to IEEE Std 519-2014 [6], at the PCC, system owners or operators
should limit line-to-neutral (phase) voltage harmonics as daily 99th percentile very
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Fig. 10.11 Current distortions bar profile for transformer 2

short time (3 s) and weekly 95th percentile short time (10 min) values should be
less than the values given in Table 10.5.

Again, according to IEEE Std 519-2014, the current distortion limits for the
users connected to a system where the rated voltage at the PCC is 120 V to 69 kV
and is mentioned in Table 10.6. In Table 10.6, the following points are
summarized.

e Daily 99th percentile very short time (3 s) harmonic currents should be less than
2.0 times the values given in Table 10.6.

e Weekly 99th percentile short time (10 min) harmonic currents should be less
than 1.5 times the values given in Table 10.6.

e Weekly 95th percentile short time (10 min) harmonic currents should be less
than the values given in Table 10.6.

e TDD up to 50th order only.

e The maximum demand current value is established at the PCC and should be
taken as the sum of the currents corresponding to the maximum demand during
each of the twelve previous months divided by 12.
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Table 10.5 Voltage distortion limits [7]
Bus voltage V,, at PCC Individual harmonic (%) THD

(%)

V, <1kV 5.0 8.0
1kV<V,<69kV 3.0 5.0
69kV <V, <161kV 1.5 2.5
161kV<V, 1.0 1.5¢

“ High voltage equipment can reach up to 2%

Fluke Corporation developed a sophisticated power quality analyzer (F438-2)
which is used widely as shown in Fig. 10.14. It is a “Class A” tool that complies
with international standards with a measurement accuracy of +0.1%, 500 kHz
bandwidth, and 200 kHz sample rate. It has a wideband measurement capability
and can measure harmonics of up to 80 kHz. The tool provides an inverter mea-
surement facility and can measure power and efficiency across two separate circuits.
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Table 10.6 Current distortion limits [7]

Maximum harmonic current distortion in percent of I

Individual harmonic order (odd harmonics)”‘b

L./I, 3<h<1l |[11<h<17 |17<h<23 |23<h<35 |35<h<50 |TDD
<20¢ 4.0 2.0 1.5 0.6 0.3 5.0
20<50 7.0 3.5 2.5 1.0 0.5 8.0
50 <100 10.0 4.5 4.0 1.5 0.7 12.0
100< 1000 |12.0 55 5.0 2.0 1.0 15.0
> 1000 15.0 7.0 6.0 2.5 1.4 20.0

“ Even harmonics are limited to 25% of the odd harmonic limits above

b Current distortions that result in a dc offset, i.e., half-wave rectifier converters are not allowed
¢ All power generation equipment are limited to these values of current distortion, regardless of the
actual I, /I;

I, is the maximum current at PCC

I; is the maximum demand load current (fundamental frequency) at PCC

Fig. 10.13 Identification of bus 1 bus 2 bus 3
PCC between utility and
consumer

Consumer

Different types of power line anomalies have been measured by the Fluke
Corporation power quality analyzer F438-2, and the measurement results are shown
in Fig. 10.15.

Example 10.5

A three-phase, 60 Hz source delivers power to a car manufacturing company.
Section 10.1 draws a current of 100A at a fundamental frequency. Section 10.2
draws 100A at a fundamental frequency along with 14A, 11A, 8A for the third,
fifth, and seventh harmonic components of current, respectively. Calculate the
THDy and TDD;.

Solution
The value of the load current at the fundamental frequency is calculated as,
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Fig. 10.14 A F438-2 Power Quality Analyzer courtesy by Fluke Corporation
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I =100+ 100 =200 A (10.164)

The value of the THD; can be calculated as,

B+12+ 12 1421112182
THD, = Y2 2 T VI HITAS 5 (10.165)
I 100

The value of the TDD; can be calculated as,

B+E+E  Ji21112+8

TDD, =
! I 200

0.10 (10.167)

Practice Problem 10.5

A three-phase, 60 Hz source delivers power to an automobile battery manufacturing
company. Section 10.1 draws a current of 100A at a fundamental frequency.
Section 10.2 draws 100A at a fundamental frequency along with 13A, 11A, 7A, 3
A for the third, fifth, seventh, and ninth harmonic components of current, respec-
tively. Calculate the THD; and TDD.
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Exercise Problems

10.1 A linear load of impedance Z;, =3+ 8Q is connected in series with a
voltage source v(¢) = v/2(110sinwr). Calculate the total instantaneous
power, instantaneous active power, instantaneous reactive power, average
power, reactive power, apparent power and power factor.
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10.2

10.3

104

10.5

10.6

10.7

The fundamental, second, third and fourth harmonic components of the
current of a 110 V, 0.95 pf electrical system are found to be 10A, 7A, 4A and
2A, respectively. Calculate the H, P, Q, and distribution factor (DF).

The distribution factor of a 120 V, 0.90 pf electrical system is found to be
0.31. The fundamental and second harmonic components of the current are
3A and 5A, respectively. Calculate the third harmonic component of the
current, P, Q, and H.

The single-phase current and voltage expressions of an electrical system are
given as, v(t) =45++/2 x 110sinwt + /2 x 25 sin(20t — 20°) + /2 x
13 sin(3wr — 40°) and i(t) = 9 ++/2 x Tsin(wt — 35°) + /2 x Ssin(2wt — 70°) +
V2 x 3sin(3wr — 105°). Find the average active power due to dc component,
average fundamental, harmonic active and reactive powers.

The single-phase current and voltage expressions of an electrical system are
given as,(r) = V2 x 75sin ot + v/2 x 35sin(3wr — 20°) 4 v/2 x 21 sin(Twt — 60°)
and i(r) = v2 x 19sin(wt) +v/2 x 15sin(3wr — 70°) + /2 x 11 sin(Tewr — 105°).
Calculate the rms values of voltage and current, average apparent power,
fundamental and harmonic active and reactive powers.

The single-phase current and voltage expressions of an electrical system
are given as, v(f) = 60 + V2 x 90 sin wt + V2 x 65 sin(3wr — 25°) + V2 x
35sin(Swt — 50°) + /2 x 15sin(7wr — 75°) i(t) = 10 ++/2x 10sin(wt—
25°) + /2 x 9sin(3wr — 50°) 4+ /2 x 7sin(Swt — 75°) + /2 x 5sin(Tot — 100°)
Calculate the Sy, THDvy, THD;, Dy, Dy and Sy.

A three-phase, 60 Hz source delivers power to a plastic manufacturing
company. The moulding section draws a current of 100A at a fundamental
frequency. The finishing section draws 100A at a fundamental frequency
along with 9A, 7A, 3A for the third, fifth and seventh harmonic components
of current, respectively. Calculate the THD; and TDD;.



Chapter 11 )
Overhead Line Insulators and Sags e

11.1 Introduction

There are several components of overhead lines used for electrical power trans-
mission and distribution systems. Some of these components are an insulator,
crossarm, tower, pole, conductor, etc. Insulators of different types are available for
power transmission and distribution networks. Some of these insulators are
cap-and-pin, long-rod, shackle, and line-post composite, etc. The shackle insulators
are normally used at the dead-end or at a sharp turn of the distribution lines where
there is a high tensile load. Suspension insulators are used at the transmission lines
as vertical, horizontal, and V-string configurations. The line-post insulators are used
at the grid substation with the relevant high voltage equipment as well as at the
busbar. Sag is formed when the transmission line conductors are supported between
the two equal electrical towers. A perfect value of sag is maintained by the con-
ductors to avoid excess stretch or tension. In this chapter, details on insulators and
sags will be discussed.

11.2 String Efficiency of Suspension Insulators

The three cap-and-pin porcelain insulators are arranged in a suspension string and
hung to the crossarm as shown in Fig. 11.1. The porcelain portion of each insulator is
arranged between two metal parts. Therefore, each insulator will form a capacitor
known as mutual capacitance. Another capacitor will be formed between the metal
parts of the insulator to the tower. This capacitor is known as shunt capacitance. The
equivalent circuit of Fig. 11.1 is shown in Fig. 11.2. Let us consider the voltage
across the first, second, and third insulators as Vy, V5, and V3, respectively. Let us
consider the mutual capacitance of each insulator as C and the shunt capacitance C,
as a fraction m of mutual capacitance. This assumption can be expressed as [1, 2],
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Fig. 11.1 A tower with suspension insulator
Fig. 11.2 An equivalent Crossarm
circuit of a tower with
suspension insulator i I S
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C, =mC (11.1)
Applying KCL at node P yields,
L=I1L+41i (11.2)

VowC = VioC + VioCy (113)
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Substituting Eq. (11.1) into Eq. (11.3) yields,
VowC = ViwC + Vi,omC (11.4)
Vo =Vi(14+m) (11.5)

Again, applying KCL at node N yields,

L=hL+i (11.6)
VioC = V,oC + (Vi + Va)wC (11.7)

Substituting Eq. (11.1) into Eq. (11.7) yields,
Vi€ = VowC + (Vi + Va)omC (11.8)
Vi = Vim+Vy(1+m) (11.9)

Substituting Eq. (11.5) into Eq. (11.9) yields,
Vs = Vim+ V(1 +m) (11.10)
Vi = Vi(m* +3m+1) (11.11)

The total voltage across the insulators string, i.e., the voltage between the
conductor and earth (V) is calculated as,

V=Vi+WV,+W; (11.12)

Substituting Egs. (11.5) and (11.11) into Eq. (11.12) yields,
V=Vi+Vi(l4+m)+ Vi (m*+3m+1) (11.13)
V=Vim*+4m+3) = Vi(m+1)(m+3) (11.14)
The string efficiency is defined as the ratio of the voltage across the string to the

product of a number of the string and the voltage across the insulator nearest to the
conductor. Mathematically, it can be defined as,

n, = x 100 (11.15)

3x V3
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Fig. 11.3 An equivalent Crossarm
circuit of a tower with the four ‘
insulator strings I A&
i 1
¢ ch

i v
—l P =%
I
Tower £

In general, for » number of insulator string, Eq. (11.16) can be written as,

0, = x 100 (11.16)

nxV,

From Eq. (11.16), it is seen that the string efficiency will decrease with
increasing the number of insulator.

Again, the four insulators are considered as a string as shown in Fig. 11.3.

Applying KCL at node M yields,

=L+ (11.17)
V40)C:V30)C+(V1+V2+V3)C1 (1118)
Substituting Egs. (11.1), (11.5), and (11.11) into Eq. (11.18) yields,

VaorC = Vi(m* +3m+ 1)C + [Vi + Vi(m+ 1) + Vi (m* +3m + 1) moC

(11.19)

Vi=m*+3m+14+m+mm+1)+m(m>+3m+1) (11.20)
Vi =m*+3m+1+m+m> +m+m +3m* +m (11.21)
Vi=m’+5m*+6m+1 (11.22)

From Eq. (11.5), (11.11), and (11.22), it is concluded that the voltage distri-
butions across the insulators are not equal.
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Example 11.1

The three units of the cap-and-pin insulator are used as a string for the transmission
lines tower as shown in Fig. 11.4. The value of the shunt capacitance is 9% of the
mutual capacitance. The maximum peak voltage across the unit is found to be
11 kV. Calculate the voltage distribution across the string and string efficiency.

Solution
The value of the m factor is,

Ci
=—=0.09 11.23
- (1123

The phase voltage across the string is calculated as,

Vi :1—1:7.78kV (11.24)
V2
Applying KCL at node P yields,

L =1 +i (11.25)
VaoC = VioC + Viw(0.09C) (11.26)
Vo, =1.09V, (11.27)

Again, applying KCL at node N yields,
L=hL+i (11.28)
V3wC = V,0C + (Vi + V2)w(0.09C) (11.29)
Vi = Vo + (Vi +V2)0.09 (11.30)

Fig. 114 An equivalent Crossarm

circuit for Example 11.1

Tower C
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Substituting Eq. (11.27) into Eq. (11.30) yields,
V3 = 1.09V; + (V; + 1.09V7)0.09 (11.31)

Substituting Eq. (11.24) into Eq. (11.31) yields,
7.78 = 1.09V, 4 (V; + 1.09 V1)0.09 (11.32)
Vi =6.09kV (11.33)

Substituting Eq. (11.31) into Eq. (11.27) yields,
V, =1.09 x 6.09 = 6.64kV (11.34)

String efficiency is calculated as,

6.09+6.64+7.78
100 = 100 — 87.87 11.35
PEVETARS 3x778 % (11.35)

Ny =

Practice Problem 11.1

The three units of the cap-and-pin insulator are used as a string for the 33 kV
transmission lines tower as shown in Fig. 11.5. The value of the shunt capacitance
is 12% of the mutual capacitance. Calculate the voltage distribution across the
string and string efficiency.

Fig. 11.5 An equivalent Crossarm
circuit for Practice
Problem 11.1 [ 7 A A
i 1
G i C "
-

i |
1 b2
I,
Tower £
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11.3 Equalization of Voltage Distributions

Generally, the voltage distributions across the insulators are not uniform. It is due to
when leakage current flows from the insulator pin to tower, this leakage current
cannot be eliminated. It is necessary to equalize the voltage distribution across the
insulators of the string to improve the string efficiency. Proper selection of the ratio
of earth capacitance to mutual capacitance, capacitance grading, and guard ring is
used to equalize the voltage distribution across the string.

Capacitance grading: In a capacitance grading, the value of the top unit (near the
crossarm) capacitor should be minimum and the value of the lower unit (near the
conductor) should be maximum [2]. Let the top unit capacitor is C, and other
capacitors are C,, C3, and C, as shown in Fig. 11.6. The voltage across each unit is
assumed V.

Applying KCL at node P of Fig. 11.6 yields,

L=1+1i (11.36)
VoCy, = Vo€ +moCV (11.37)
Cy=(1+m)C (11.38)

Applying KCL at node N of Fig. 11.6 yields,

L=hL+i, (11.39)
VoCs = VoG, +maoC(2V) (11.40)
C; = Cy+2mC (11.41)
Fig. 11.6 An equivalent Crossarm

circuit for capacitance grading

Tower




504 11 Overhead Line Insulators and Sags
Substituting Eq. (11.38) into Eq. (11.41) yields,

C;=(l+m)C+2mC (11.42)

CG=(143m)C (11.43)

Again, applying KCL at node M of Fig. 11.6 yields,

I =1 +is (11.44)
VoCy = VorCs +maC(3V) (11.45)
Cy = (143m)C+3mC (11.46)
Cy = (1+6m)C (11.47)

Guard Ring method: It is a large metal ring that is electrically connected to the
conductor and surrounds the bottom unit of the insulator as shown in Fig. 11.7. As
a result, this arrangement increases the capacitance between the metal fittings and
line. Let the capacitances between the metal fittings and the guard ring are Cy, C,,
and C;. Also, the self-capacitance is C and the earth capacitance is mC.

The capacitance of each unit is the same. Therefore, the current passes through
them will be the same and it can be written as,

L=hL=hL=1I (11.48)
Applying KCL at node P of Fig. 11.7 yields,

L+ =1+1 (11.49)

Fig. 11.7 An equivalent Crossarm
circuit with a guard ring

Tower
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Substituting Eq. (11.48) into Eq. (11.49) yields,

i = iy (11.50)

wC(3V) = mwCV (11.51)
1

Ci=ZmC (11.52)

Applying KCL at node N of Fig. 11.7 yields,
L+i=0L+10 (1153)

Substituting Eq. (11.48) into Eq. (11.53) yields,

i = i (11.54)
wC3(2V) = mwC(2V) (11.55)
Cy, =mC (11.56)

Applying KCL at node M of Fig. 11.7 yields,
Li+i=5L+1; (11.57)

Substituting Eq. (11.48) into Eq. (11.57) yields,

i = i3 (11.58)
wCs3(V) = moC(3V) (11.59)
Cs = 3mC (11.60)

Example 11.2

The three insulators are used as a string for high voltage transmission lines. The
capacitance between the metal fitting and earth (earth capacitance) is 0.18 C and the
capacitance between the metal fitting and guard ring is 0.12 C as shown in
Fig. 11.8. Calculate the string efficiency.

Solution
Applying KCL at node P of Fig. 11.7 yields,

L+in=5L+1 (11.61)

wCVy 4+ 0(0.12C) (V2 + V3) = oCV, + (0.18C)V, (11.62)
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Fig. 11.8 An equivalent Crossarm
circuit for Example 11.2

Tower

Vv, +012(V2 + V3) =V;+0.18V,

1.18V; — 1.12V, — 0.12V5 =0

Applying KCL at node N of Fig. 11.7 yields,
L+tin=5L+i
oCV3+w(0.12C)Vs = oCV, + w(0.18C) (V) + V2)
V340.12V5 = V, +0.18(V; + V3)
0.18V; +1.18V, — 1.12V3 =0

Dividing Eq. (11.64) by 0.12V; and Eq. (11.68) by 1.12V; yields,

9.83E - 9.33E =1
V3 Vs

0.16& + 1.05E =1
V3 V3
Equating Egs. (11.69) and (11.70) yields,

9.83E — 9.33E = 0.16E + 1.05E
V3 V3 V3 V3

9.67 n =10.38 v
V3 Vi

Vi =1.07V,

(11.63)

(11.64)

(11.65)
(11.66)
(11.67)

(11.68)

(11.69)

(11.70)

(11.71)

(11.72)

(11.73)
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Substituting Eq. (11.73) into Eq. (11.70) yields,

1.07V. 1%

0.16 2 41052 =1 (11.74)
V3 V3
V, = 0.82V; (11.75)

Substituting Eq. (11.75) into Eq. (11.73) yields,
Vi =1.07 x 0.82V3 = 0.88V; (11.76)
The total voltage across the string is calculated as,
V=Vi+V,+V3 (11.77)
Substituting Eqgs. (11.75) and (11.76) into Eq. (11.77) yields,
V=0.88V,+0.82V5+ V3 = 2.7V, (11.78)
The string efficiency is calculated as,

2.78V;
00 = ——— x 100 = 92.67 11.7
nxV, 3x Vs X ? % ( %)

Ny =

Practice Problem 11.2

The three insulators are used as a string for 66 kV high voltage transmission lines.
The capacitance between the metal fitting and earth (earth capacitance) is 0.14
C and the capacitance between the metal fitting and the guard ring is 0.10 C as
shown in Fig. 11.9. Calculate the voltage distribution.

Fig. 11.9 An equivalent Crossarm
circuit for Practice Problem

1.2 ]
0.14C i‘ c Vi
1 1x
e

Tower 71 14c
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span (

B

Fig. 11.10 A conductor with
a sag

=/

sag |S

conductor
11.4 Transmission Lines Sag

Conductors of transmission lines are generally supported by electric tower or pole.
The distance between the two towers is known as span. According to the IEEE
standard, conductors should be supported with minimum ground -clearance.
Therefore, the sag is the distance between the two points of support and the lowest
point on the conductor as shown in Fig. 11.10.

Sag reduces excessive tension and increases the life of the conductor. It is also
used to cater to ice loading in the winter season. Sag is very small compared to the
span of the conductor. The sag looks like a parabolic (span in between 120m and
160 m) when the load of the conductor is distributed horizontally, whereas it looks
like a catenary (span is more than 1000 ft or 304.8 m) when the load of the
conductor is concentered at the center. The tension at any point of the conductor
acts horizontally, and the horizontal component of the tension is constant
throughout the length of the conductor. Sag depends on the following factors.

Sag will increase if the weight of the conductor increases.
Sag depends on the location of the conductor installation.

e Sag will increase with the increase of the span, and it is directly proportional to
the square of the span.

e Conductor expands at a higher temperature, which increases the sag. The
conductor shrinks at a lower temperature, which decreases the sag.

11.5 Sag Calculation with Equal Supports

Consider a conductor is suspended by the two equal supports A and B as shown in
Fig. 11.11. Letw be the weight of the conductor per unit length, and T'is the tension [3, 4].

Fig. 11.11 A conductor with
equal height supports
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Equating two moments for two forces (7" and wx) around the point O yields,

Txy:wxxg (11.80)
2
wx
= — 11.81
Y= (11.81)

From Fig. 11.11, it is seen that the sag is maximum from the two supporting
points A and B. In this case, at x = [/2, y = S. Substituting these conditions in
Eq. (11.81) yields,

B wi?

S=38r

(11.82)

Alternate approach: Consider, P(x, y) is the equilibrium point at a distance of arc

and ds is the differential distance. Tension T acting is at the point P on the con-

ductor, which is hanged by the equal supports as shown in Fig. 11.12. Let w be

weight per unit length of the conductor, [ is the span, and H is the lowest point.
From Fig. 11.12, the following relations can be written as,

Ty = wce (11.83)
T.=Tcos¢ (11.84)
T, =Tsin¢ (11.85)

dy
t =— 11.86
=2 (11.86)
ds* = dx* + dy* (11.87)

Fig. 11.12 A conductor with
equal height supports and
resolving the tension




510 11 Overhead Line Insulators and Sags

Equating the horizontal and the vertical tensions yields,
T,=Tcos¢p =Ty =wc
T, =Tsin¢ = ws
Dividing Eq. (11.85) by Eq. (11.84) yields,

dy T,

dx T,
Substituting Eqgs. (11.88) and (11.89) into Eq. (11.90) yields,

dy ws s
dx  we ¢

Equation (11.87) can be rearranged as,

d2
ds* = dx? (1 + L)

dx?
d 2 2
ds” (1
dx? dx?
ds dy?*
U A
dx + dx?

Substituting Eq. (11.91) into Eq. (11.94) yields,

ds\/l+s2\/cz+s2
dx 2 c2

cds d
R
Ver+s?
Consider the following expression,
s = csinh ¢

Differentiate Eq. (11.97) with respect to ¢ yields,

ds = ccosh¢pd¢p

(11.88)

(11.89)

(11.90)

(11.91)

(11.92)

(11.93)

(11.94)

(11.95)

(11.96)

(11.97)

(11.98)
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Substituting Egs. (11.97) and (11.98) into Eq. (11.96) yields,

c? cosh pd
cy/1+ sinh? ¢

c? cosh ¢pd ¢
———— =dx
ccosh ¢

=dx

cdp = dx

Integrating Eq. (11.101) yields,

cfdb= [

chp=x+m

511

(11.99)

(11.100)

(11.101)

(11.102)

(11.103)

Considering the following boundary conditions to find the integrating constant

(m).
x=0, s=0, ¢=0
Substituting Eq. (11.104) into Eq. (11.103) yields,
m=20
Substituting Eq. (11.105) into Eq. (11.103) yields,
P
¢
Substituting Eq. (11.106) into Eq. (11.97) yields,
2 = sinh (%)
c c

Again, substituting Eq. (11.91) into Eq. (11.107) yields,

(11.104)

(11.105)

(11.106)

(11.107)

(11.108)

(11.109)
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Integrating Eq. (11.109) yields,

/dy:/sinh(g)dx (11.110)

h(=
y:cosl(c) n (11.111)

c

Considering the following boundary conditions to find the integrating constant (7).
x=0, y=c (11.112)

Substituting Eq. (11.112) into Eq. (11.111) yields,
c=c+n (11.113)

n=20 (11.114)
Substituting Eq. (11.114) into Eq. (11.111) yields,
X
y= ccosh(—) (11.115)
c

Squaring Egs. (11.88) and (11.89) and adding yields,

T? = (ws)* + (we)? (11.116)
s 2
T2:w202{1+(—) } (11.117)
C.
Substituting Eq. (11.107) into Eq. (11.117) yields,
T2:W2c2{1+sinh2(f)} (11.118)
C
T2 = w2c? cosh? ()—C) (11.119)
C
X
T = wccosh(;) (11.120)
T =wy (11.121)
X
y= ccosh(—) (11.122)
C

r=c¢ 21 41

. (x/c)? n (x/c) 4 _ ] (11.123)
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Neglecting higher terms of Eq. (11.123) yields,

2
= — 11.124
y=ct+ o ( )
2
—c=— 11.125
y-e=o ( )
From Eq. (11.125), the sag (S = y-c) is expressed as,
2
X
- 11.126
o ( )

The sag will be maximum at x =1[/2 and substituting Eq. (11.83) into
Eq. (11.126) yields,

FowP owP

== =__ 11.129
8 8Ty 8T ( )
From Eq. (11.107), the length of the conductor is calculated as,
3 5

L sinh@) _ /) e e (11.130)
¢ c 1! 3! 5!
(x/c) | (x/e)’

sc[l!Jr Al (11.131)

. (11.132)

S = — .
T 6

However, the total length of the conductor (L,,,;) is 2 s. The following condi-
tion can be written as,

l Lcond

=— = 11.133
et sl (11.133)

Lmnd l 13
=—4+ — 11.134
2 2 * 48¢2 ( )

13
Lcond =1+ (11134)

24c2
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From Fig. 11.12, the following relation (approximate) can be written as,

=+ (y—c) (11.135)

V2 —s? =2yc—c* — ¥ (11.135)

Substituting Eq. (11.124) into Eq. (11.135) yields,

2
yz—s2:20<c+ ;-) —P -2 (11.136)
Cc

V-st=ct (11.137)

Example 11.3

A 33 kV transmission line is crossing a river by the two equal supports. The span is
210 m, and the weight of the conductor is found to be 560 kg/km. The ultimate
strength and safety factor of the conductor are given as 2500 kg and 2, respectively.
Calculate the sag, length of the conductor, and the height of the supporting towers if
the ground clearance is 11 m.

Solution
The weight of the conductor is calculated as,

560
W—m—0.56kg/m (11.138)

Working tension of the conductor is calculated as,

_ Ultimate strength 2500

= = 1250k 11.139
safety factor 2 5 ( )
The sag is calculated as,
wl>  0.85 x 2102
The distance c is calculated as,
T 1250
=—=——=1470.5 11.141
T W 085 om ( )
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The sag is calculated as,

2 2102
- = - _—13175 11.142
8¢ 8 x 1470.59 m ( )
The length of the conductor is calculated as,
B 2103
Ledg =1+ ——= =210+ — =~ —2]0.18 11.143
a =t T 24 % 1470.59° m ( )

The height of the tower is calculated as,

Hippwer = 11 +3.75 =15.75m (11.144)

Practice Problem 11.3

A 120 kV transmission line is crossing a river by the two equal supports at the
height of 50 m. The span of the two towers and the weight of the conductor are
found to be 150 m and be 0.72 kg/m. The working tension of the conductor is
given 950 kg. Calculate the sag, length of the conductor, and the clearance between
the conductor and water at the midpoint if the tow height 20 m.

11.6 Sag Calculation with Unequal Supports

Unequal supports of the conductor are used when the transmission lines are installed
in uneven areas such as the mountain areas. Consider a conductor is hung by the two
unequal supports A and B as shown in Fig. 11.13. Let S| be sag at the point A at a
distance x; from the lowest point O. Similarly, S, be sag at point B at a distance x,
from the lowest point O. Let W be the weight of the conductor per unit length.
According to Eq. (11.81), the expression of sag for the distance x, is written as,
Wil

S| = 11.145
= (11.145)

Fig. 11.13 A conductor with B

unequal height supports 3
y / ]
N
S, ?
0}

X X
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Similarly, the expression of sag for the distance x, is written as,

2

wx
S, = —2 11.146
= (11.146)
The difference between the two sags is written as,
h=38 -8 (11.147)
Substituting Eqgs. (11.145) and (11.146) into Eq. (11.147) yields,
2 2
wX;  WXj
=———-— 11.14
2T 2T ( 8)
h:%(xg—x%) z%(xz—xl)(xz—i—xl) (11.149)
The length of span is expressed as,
l=x1+x (11150)
Substituting Eq. (11.150) into Eq. (11.149) yields,
L ) (11.151)
o '
2hT
X2 — X1 :W (11152)

From Eqs. (11.150) and (11.152), the following expressions can be written as,

I T
S 1.1
T T (11.153)

| hT
— 11.154
Y =54 (11.154)

Example 11.4

The horizontal distance between the two 40 and 80 m unequal towers is found to be
400 m as shown in Fig. 11.14. The weight of the conductor and working tension
are given as 1.25 kg/m and 920 kg, respectively. Calculate the clearance between
the lowest point of the conductor and the ground level. Also, calculate the sag and
clearance from the ground at the midpoint.
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Fig. 11.14 A conductor with
unequal height supports for
Example 11.4

Solution
The value of the distance from the lowest point to the lower support is calculated as,

I hT _ 400 40 x 920

The sag at the distance x; is calculated as,
wx?  1.25 x 126.4?
Si=—A="""""""-1085m (11.156)

2T T 2x920

The clearance between the lowest point of the conductor and the ground level
from the lower support is calculated as,

lotearance = 40 — 14.24 =25.76 m (11.157)

Let P be the midpoint at a distance x from the lowest point O. The value of this
distance is calculated as,

x=200—x; =200—- 1264 =73.6m (11.158)
The sag at this point is calculated as,

wa?  1.25 % 73.67

S = — =
Y 2 x 920

—3.68m (11.159)

The clearance of midpoint above the ground is calculated as,

letearance—mid = 25.76 +3.68 = 29.44 m (11.160)

Practice Problem 11.4

A conductor is hanged by the two unequal supports as shown in Fig. 11.15. The
weight of the conductor and working tension are given as 1.02 kg/m and 835 kg,
respectively. The length of the span and the difference between the two supports are
350 m and 18 m, respectively. Calculate the sag from the smaller support.
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Fig. 11.15 A conductor with B
unequal height supports for

h
Practice Problem 11.4 A [=350m / I
S,
Sy
0]

11.7 Sag Calculation with the Effect of Ice and Wind

There are some countries such as China, Canada, and many European countries
where transmission lines are covered unevenly by ice (or snow) in addition to
snowstorms as shown in Fig. 11.16. Icing is considered as one of the most
important factors affecting the reliability of power system networks in many
countries. Therefore, the combined effect of icing and wind severely disturbs the
safe operation of transmission and distribution lines.

Consider a cross section of a transmission line conductor that is uniformly
covered by ice as shown in Fig. 11.17. Let d is the diameter of the conductor and
t is the thickness of the ice around the conductor. In this condition, this conductor
can be compared to the hollow cylinder whose inner and outer diameters are D and
(D + 21), respectively. The volume per unit length of this cylinder is expressed as,

Vou =A X 1 (11.161)

Fig. 11.16 Sample transmission lines covered with ice
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Fig. 11.17 A conductor d !
surrounded by ice

The area of the cylinder is expressed as,
A :%[(d+2t)2 — ] :Z(4dt+4t2) = mt(d +1) (11.162)

Substituting Eq. (11.162) into Eq. (11.161) yields,
Vour = mit(d+1) x 1 (11.163)

The density of ice (p) is defined as the ratio of mass (m) to the volume per unit
length (V,,,;), and it can be expressed as,

m
Vpul

p= (11.164)

Substituting Eq. (11.163) into Eq. (11.164) and the weight of the ice per unit
length of the conductor is expressed as,

w; = pnt(d +1) (11.165)

The weight of the ice (w; in kg/m) will act vertically downward with the weight
of the conductor (W) and the force per unit length (w,, or f,, in kg/m) due to wind
will act horizontally as shown in Fig. 11.18. Let the sag S makes an angle 6 with the
vertical load and acts in the direction of the total load as shown in Fig. 11.18. This
angle is calculated as,

Fig. 11.18 A loading
diagram of a conductor
surrounded by ice
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fw

tan 0 = (11.166)
W+ w;
The total weight per unit length is calculated as,
we = (w+wi)’ +£2 (11.167)

Let us consider P is the wind pressure per unit projected area of the conductor,
the wind load per unit length of the ice-covered conductor is expressed as,

wy,, = P(d+2t) x 1 (11.168)
The sag with the total weight of the conductor is expressed as,

thz

§=
2T

(11.169)

The vertical sag is acting in the direction of the ice and the conductor load is
expressed as,

Sy, =Scos0 (11.170)

Example 11.5

The horizontal distance between the towers is found to be 130 m. The weight and
diameter of the conductor are given as 0.96 kg/m and 1.25 cm, respectively. The
conductor is covered with ice of 0.92 cm thickness by a wind pressure of 4.6 gm/cm>.
The ultimate strength and safety factor of the conductor are 1850 kg and 2, respec-
tively. Assume the weight of ice is 0.65 gm/cm?. Calculate the sag and the vertical sag.

Solution
The value of the working tension is calculated as,

1850
T =—2~=925kg/m (11.171)

The volume of ice per meter (100 cm) length of the conductor is calculated as,
V =mnt(d+1) x 100 = 7 x 0.92(1.25 +0.92) x 100 = 627.19cm’®  (11.172)
The weight of ice per unit meter of length of the conductor is calculated as,

w; = 0.65 x 627.19 = 0.41 kg (11.173)
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The wind force per meter length of the conductor is calculated as,
wy, = P(d+21) x 1 =4.6(1.25+2 % 0.92) x 100 = 1.42kg (11.174)

The total weight per meter length of the conductor is calculated as,

w; = \/(w + wi)2 +f2= \/(0.96 + 0.41)2 +1.422 =197kg (11.175)
The sag of the conductor is calculated as,

w197 x 1302

The angle for the vertical sag is calculated as,
1.42
0=tan'{ ——————) =46.03° 11.178
an (0.96+0.41) ( )
The value of the vertical sag is calculated as,
S, =Scos 0 = 18c0s46.03° = 12.5m (11.179)

Practice Problem 11.5

The span of the transmission line is given as 145 m, and the diameter of the
conductor is found to be 1.5 cm. The conductor is covered with ice, and the
combined loading of conductor and ice is given as 1.65 km/m. The wind loading is
1.22 kg/m, and the tension of the cable is 1230 kg. Calculate the sag and the
vertical sag.
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Exercise Problems

11.1 The transmission lines tower uses the three units of the cap-and-pin insulator
as a string as shown in Fig. P11.1. The value of the shunt capacitance is 15%
of the mutual capacitance. The line voltage across the string is found to be
22 kV. Calculate the voltage distribution across each insulator and string
efficiency.

11.2 The four units cap-and-pin insulator is used as a string for the 66 kV
transmission lines tower as shown in Fig. P11.2. The value of the shunt
capacitance is 16% of the mutual capacitance. Calculate the voltage distri-
bution across each insulator and string efficiency.

11.3 A guard ring is fitted with a string that consists of the three insulators of the
transmission lines. The capacitance between the metal fitting and the earth
(earth capacitance) is 0.09 C, and the capacitance between the metal fitting
and guard ring is 0.11 C as shown in Fig. P11.3. Find voltage the string
efficiency.

Fig. P11.1 An equivalent Crossarm
circuit for Problem 11.1

Tower
Cll iy 4
C
v
Fig. P11.2 An equivalent Crossarm
circuit for Problem 11.2 s
7y
o 4
| }_l:i
T
ower v
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Fig. P11.3 An equivalent Crossarm
circuit for Problem 11.3

n
Tower V2
Vs
Fig. P11.4 An equivalent .

circuit for Problem 11.4 I { v
C . C . !
6
o3¢ T ¢ £

| I3 M | 3x

0.08C
1y

11.4 A string consists of four insulators for high voltage transmission networks.
The capacitance between the metal fitting and the earth (earth capacitance) is
0.13 C, and the capacitance between the metal fitting and guard ring is 0.08
C as shown in Fig. P11.4. Find the string efficiency of this arrangement.

11.5 The transmission line conductor is hanged between the two equal supports
with a span of 220 m as shown in Fig. P11.5. The sag and weight of the
cable are found to be 20 m and 1.67 kg/m. Calculate the length of the
conductor and the horizontal tension of the conductor.

11.6 A 30 m conductor suspended the two equal supports with a suitable span as
shown in Fig. P11.6. The sag and weight of the cable are found to be 12 m
and 30 kg/m. Calculate the length of the span and the maximum tension of
the conductor.
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Fig. P11.5 An equivalent 220m
circuit for Problem 11.5 A < R > B
s 20m ¢
Ty
7777 7777
Fig. P11.6 An equivalent P / o
circuit for Problem 11.6 A : 4 B
s=15m rlZm s=15m
y
ST777 T777
Fig. P11.7 An equivalent 400N
circuit for Problem 11.7 < ! >
4 - B
S h S
20m 20m
7777 7777

11.7 A 40 m conductor is suspended at equal heights with a suitable span as
shown in Fig. P11.7. The maximum tension and the mas of the conductor are
found to be 400 N and 25 kg. Determine the length of the span and the sag
of the conductor.

11.8 A 50 m long conductor is suspended between a fixed support A and a
moveable support B with a suitable span as shown in Fig. P11.8. The mass
of the conductor is found to be 0.2 kg/m. Calculate the span and sag.

11.9 The span between the two 30 and 50 m unequal towers is found to be 185 m
as shown in Fig. P11.9. The weight of the conductor and working tension are
found to be 3.29 kg/m and 526 kg, respectively. Find the clearance between
the lowest point of the conductor and the ground level. Also, find the sag and
clearance from the ground at the midpoint.
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/

<
<€

A
\_. i s 60N
25m 25m >

1 ponex

Fig. P11.8 An equivalent circuit for Problem 11.8

v
&

A

Fig. P11.9 A circuit for B
Problem 11.9 I h

11.10 The span between the towers is found to be 160 m. The weight and diameter
of the conductor are found to be 1.97 kg/m and 1.12 cm, respectively. The
conductor is covered with an ice of 0.95 cm thickness by a wind pressure of
6.9 gm/cm®. The ultimate strength and safety factor of the conductor are
2050 kg and 2, respectively. Assume the weight of ice is 0.75 gm/cm’.
Calculate the sag and the vertical sag.



Appendix
Answers to Practice and Exercise
Problems

Chapterl
Practice Problems

1.1 v(¢) = 20sin(wz+35°)V, p(t) = 98.48 — 100 cos(2mwt — 20°)W

1.2 1626 W, 6.92 W, 6.56 W

1.3 600 VA, 8.49 Q, 0.027 H

1.4 15.6 VA, 9.75 W, 12.18 Var

1.5 12k W +j 3.94 kVar, 4.19 Q

1.6 8.89 —j17.79VA, 2.34+j14.35VA, 44.35 — j2.08 VA

1.7 29.25 kW

1.8 260.68 48.34°V

1.9 Vg = 200 [130°V, Ver = 200 |-230°V
1.10 V,, = 11547 |=30°V, Vp, = 11547 |=150°V, V., = 115.47 |[=270°V
111 In, = 49.08 B5°A, Ipy = 49.08 |=85°A, Ic. = 49.08 [155°A, 6.25 kW,

6.25 kW, 18.74 — j18.74kVA

Exercise Problems

1.1 p(¢) = 6.3 —6.4cos(20r — 10°)W

1.2 p(t) = 39.39 — 40 cos(200¢ — 30°)W

1.3 107.33W, 197.12W, 48.91W, 9.07 W

1.4 10991 W, 141.13 W

1.5 5253 W, 18.58 W

1.6 1.34 kW, 406.83 W

1.7 48322 W, 2244 W

1.8 13.89 Q, 0.05 mF

1.9 2298 —j19.28VA, 22.98 W, 19.28 Var
1.10 40.74 4 j87.36kVA, 40.74 W, 87.36 Var

© Springer Nature Singapore Pte Ltd. 2020 527
Md. A. Salam, Fundamentals of Electrical Power Systems Analysis,
https://doi.org/10.1007/978-981-15-3212-2


https://doi.org/10.1007/978-981-15-3212-2

528

1.11
1.12
1.13
1.14
1.15
1.16
1.17

Appendix: Answers to Practice and Exercise Problems

124.36 4+-j121.27VA

140.94+j176.95VA

0.028mF

Vs =477.25 [79.59°V

I, = 152.08 |-0.14°AV, = 620.96 [78.43°V

Vian = 254.03 |=30°V, Vj = 254.03 |=150°V, Ve = 254.03 D0°V
Vin = 100 |=130°V, V., = 100 MV

Chapter 2
Practice Problems

2.1
2.2
23
2.4
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12

880 V

10, 0.09 Wb, 13.63 A, 136.36A
2,320,375 A

21.69 Q, 5.4 Q

2.5%

109.54 kVA, 97.33%

666.67 Q, 1000 Q

7.65 Q, 5.53 Q, 0.076 Q, 0.055 Q, 4.6%
600 kVA, 720 kVA

2.38 kV, 207.85 kV

0.0045, 0.027

50, 25

Exercise Problems

2.1
2.2
23
2.4
2.5

2.6

2.7

2.8

2.9
2.10
2.11
2.12
2.13
2.14
2.15
2.16
2.17

V, =48V
Vv, = 1000 V
L=5A

L=2A

% = % =0.25, N = 1250
V, =220 V, N, = 100

L =096 A

L=48A, V,=15V

L =3A V,=115V

I,=68A, L =68 A

L =45A,5L=216A

$,, = 0.02Wb

E, = 6660 V

Ny =330, N, = 33

Ny =991, N, =9.91 = 10
a=2,1,=25A, ¢, =1.98mWb
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2.18
2.19
2.20
2.21
2.22
2.23
2.24
2.25
2.26
2.27
2.28
2.29
2.30
2.31
2.32
2.33
2.34
2.35
2.36
2.37
2.38
2.39
2.40

241

2.42
2.43
2.44
2.45
2.46
2.47
2.48
2.49
2.50
2.51
2.52
2.53

2.54

a=48, N, =104, B,, = 1.17 Wb/m?

B,, = 0.79 Wb/m?, E; =2192.3 V

A = 0.006 m?

f=55Hz

Ni =220, N, =22, A =0.075 m?

B,, = 1.8 Wb/m?

I,=032A,1, =039 A

I,=02A,1,=046 A

Ro = 178.8Q, Xy = 115.2Q

¢, = 1.8 mWb, I,, =0.15 A, I,, =025 A

I, =058 A, I, =055 A, P, =0.70W, P.,,. = 255.70W

L =177A

I} =19.6 A, cos ¢, =0.97

Zor = 19.4Q, Zy, = 0.194Q

Zo1 = 25Q, Zy, = 0.11Q, P, = 34.9kW

VR = 2.8%

VR = 0.7%

Nhdi—1oaa = 96-9%, Output KVA = 30.9kVA, n = 97.6%

Nidl—toaa = 96.5%, Output kVA = 28.3kVA, n = 97.6%

Ndi—10aa = 94.6%, Output kVA = 18.5kVA, n = 96%

n=97.6%, n =98.9%

Nfull—load = 43%, n = 99%

Zoy =7.5Q Ro =5.6Q, Xo =49Q, Zyp=0.060 Ry =0.05Q,
X = 0.04Q, VR = 3.8%

Zy = 12.5QRy; = 9.8Q, Xo1 = 7.8Q, Zyy = 0.5QRy; = 0.39Q,
Xp = 0.31Q, VR = 2.05%

Ro = 314.2Q, Xy = 183.3Q, Zy; = 1.37Q, Ry; = 0.64Q, Xo; = 1.2Q
I, =0.66 A, I, = 1A,Ry = 333.33Q, X, = 220Q

kVA; = 599.8kVA, kVA; = 119.9kVA

N, =53.86 =54, N, =1243 =12

(a) Vip = 2.54kV, (b) Vi, = 0.85kV

I, =545 A, Z;, = 4036.7Q

I, = 524.86 A, Z;, = 125.75Q

Xy = 0.59pu

Zoerar = 48.4Q

Xpul = XpuZ = 0034[)11

Vime = 1120.96 [78.66° V

Xr1 =0.32pu, Xpp =024pu,  Xjpe = 0.05pu,  Zpuq = 1.58 +j2.1pu,
Es =253 kV

XG = 0.18pu, XTI = O.48pu, Xl,'ng,1 = 0.0SPU, XTQ = O.4pu, XT3 = 0.32pu,
XIine—Z = O.4pu, XT4 = 024pu, Zload =32 +J24pu
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2.55 XGl = 0.6pu, XTl = 0.17pu, XGQ = 0.2pll, Xline = 0056[)11, XT2 = 0.062pu,
Xy = 0.066pu, Zj,uq = 0.64 +j0.39pu

2.56 Xg1 = 0.21pu, X7 = 0.22pu, Xjine = 0.17pu, X5 = 0.2pu, Xgr = 0.27pu

Chapter 3

Practice Problems

3.1
3.2
33
34
3.5

Exer

3.1
3.2
33

Load
MW)

34
3.5
3.6
3.7
3.8
39
3.10

Fier = 0.44, Av.demand = 3424.66kW, F;r = 0.17

Far = 1.24, Av.demand = 799.09kW, F;r = 0.32

Max.demand = 60kW, UGg,y = 840MWh, Av.Load = 35MW, F;r = 0.58
Annual charge = B$ 940, Equivalent flat rate = B$ 0.11

Unit consumed per year = 192720kWh, Annual charge = B$ 24772, Overall cost
per kWh = B$ 0.13

cise Problems

Total energy = 315.36 x 10°kWh
F r =049

60

50

30

20

0 4 8 12 16 20 24

————» Time (H)

Fgor = 0.62, Av.demand = 10273.97kW, F;r = 0.26

Fior = 0.44, Av.demand = 6849.32kW, F;r = 0.34

Far = 1.06, Av.demand = 627.85kW, Frr = 0.21

540kW

Max.demand = 12230.77MW

Energy = 78.84 x 10°%kWh, 0.3, 30MW, 10MW

Fcrp =0.27

Max.demand = 80MW, Unit generated per day = 1100 x 10°kWh, Av. load =
45833.33kW, Fir = 0.57
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120

100

[ 80

60
Load
MW)

40

20

0 4 8 12 16 20 24

—— > Time (H)

3.11 Max.demand = 60MW, Unit generated per day = 740 x 10’kWh, Av. load =
30833.33kW, Fir = 0.51

12mn 4 8 12 4 8 12
—— Time (H)

Max.demand = 1200W, Fp;r = 1.33
3.13 Total annual charges = B$ 340, Equivalent flat rate = B$ 0.039
3.14 Total units consumed per year = 245280kWh,

Annual charges = B$ 18664, Overall cost per kWh = B$ 0.08

Chapter 4
Practice Problems

4.1 Rz = 28.23Q

42 GMD = 13.44m, GMR, = 0.429m, GMRy = 0.078m, L, = 6.88 x 1077H/m,
Ly = 1.03 x 107°H/m, L, = 1.719 x 107°H/m

43 L=1.25x10"%H/m, X; = 13.42Q
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44 L=121x 10"H/km, L = 0.15H
45 C=052uF I =3.11A

46 C=094pF, I = 5.63A

47 C=021pF X, = 15157.61Q

4.8 1.03m

Exercise Problems

4.1 Rys =15.93Q
42 Ry = 16.2Q
4.3 r=0.704cm
44 L=0.014H
45 GMR =1.70r
4.6 GMR = 1.25r
47 GMR = 1.72r
4.8 429 m, 0.18 m, 0.06 m, L = 0.00148H /km
49 4.23m, L =0.133 x 10*H/km
4.10 448 m, 0.15m, L= 1.63 x 107*H/km
411 L=128x 107*H/km
412 48 m
4.13 L=17.76 x 10~*H/km
4.14 L=1.02 x 107*H/km
4.15 L=9.67 x 10*H/km, 0.23H
4.16 L=28.82x 107*H/km
4.17 L=1.12x 107*H/km
4.18 0.09 H, 28.52 Q
4.19 1.18 cm
420 105.96 m
421 1.27 pF, 27.63 A
422 C=1.24x 10~%uF/km, 0.07 A
423 C=1.11 x 107 ""F/m, 2394521 Q
424 C=225x10"°F, 1178897.73 Q

Chapter 5
Practice Problems

5.1 V,=18096.94 p.53°V, VR = 4.5%, n = 98.23%

5.2V, =45865.37 9.19°V, Vy_) = 79.44kV, VR = 20.36%

53 V1) = 56.13kV, cos ¢, = 0.7

54 Vi ) =T79.79KV, I, = 210.53 [-26.98°A

55 A=1,C=0.01S, B=4Q, D = 1.04

5.6 V, =33395.8 [12.98°V

57 A=0.654.15°, C = 0.0011 97°S, B = 14.27 35.25°Q, D = 0.65 {4.15°

5.8 f=0.0015rad/km, v =204124.15km/s, /. = 4082.48km, Z. = 195.96Q
V, = 231497.32 5.31°V
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Exercise Problems

5.1 V,=2896.14 41.87°V, cos ¢, = 0.5, 1 = 50.97%
52 V,=10.93kV, VR = —0.64% n = 99.36%
53 V,=6.6kV, VR =0.91%
5.4 V,=11.04kV, 5 = 99.58%
5.5 V,=598kV, I; = 74.23A, n = 96.03%
5.6 V,=10.66kV, § = 15.04°
5.7 V,=11.38kV, P, = 243.33kW, S, = 246.2kW + j152.59kVAR
5.8 Ip =408.53 |-68.2°A, P, = 2.29MW, ¢, = 48.81°(lag)
59 A=0.99).01°, C=0.0003P0°S, B=5.146.5°Q, D =0.99 p.01°,
V, = 66.65kV I, = 198 |-28.98°A, cos ¢, = 0.86
5.10 A=D=0.99 p.06°, C = 0.000216 0°S, B = 54.59 80.57°Q,
Vir-r) = 46.92kV I, = 463.7 26.36°A, cos ¢, = 0.79
511 A=D=0.99 .2°, C =0.000348 90.1°S, B = 82.46 [75.96°Q, V1) =
92.69kV I; = 269.65 |—-15.31°A, cos ¢, = 0.80
512 Vyp_p) = 117.63kV, Iy = 161.61 |-27.57°A, n = 89.38%
5.13 V, =58897.97 [15.77°V., VR = 59.34%
5.14 V, =64530.23 |-0.33°V, I, = 243.05 |-23.74°A
5.15 V,=152752.47 [16.51°V, I, = 79.91 B4.72°A
516 A =0.68 4.68°, C =0.0015 [105.66°S, B = 19.55 40°Q, D = 0.68 4.68°
5.17 B =0.0012rad/km, v = 2.65 x 10°km/s, A = 5303.72km, Z, = 209.5Q

Chapter 6
Practice Problems

6.1 1" =42939.07 A, I' = 23618.85A, I = 4204.16A, Iy = 64408.61A
6.2 MVAgc = 19.04, Isc = 999.17A

6.3 MVAgc = 662.25, Isc = 29411.63A

6.4 55 MVA, 29159.05 A

6.5 Io=2227R4.36°A, I = 4.46 |-85.51°A, Lo = 7.55 |=140.68°A
6.6 I, = 1422 B1.05°A, I, = 4.64 |-143.71°A, I, = 2.68 [58.88°A
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6.7 X X X, 72

Reference

Positive sequence

Reference

Negative sequence

Bus 1

XO,TI XO.LI XO 2 Bus 4
ngO,g] XO 2 jX
’ 0,M
J3X g1 M
G
Reference

Zero sequence
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6.8
6.9

6.10
6.11

1, = 4849.75 \ﬂA

Lo = Io = 1. = 50A, I,; =50 MA, Iy =50 MA, 1., =50 124&/\,
1, =50 \MA, I, = 50 MA, I, =50 MA

Vap = 1.210°V, Vpe =0 |0°V, Vo = 1.2 [180°V

I, =0 0°pu. Ip = 5.01 [148.02°pu, I = 5.01 B1.98°pu

Exercise Problems

6.1 (i) —0.5 —;0.86, (ii) —4 +j1.732, (iii) —2.5+,2.6
6.2 I, =1497 35.56°A, I, =3.45|-110.66°A, Ip =2.31|-169.11°A,
Iy, = 14.97 B5.56°A, 11 = 3.45 |129.34°A, I)» = 2.31 |=49.11°A
6.3 V4, = 191.69 U8.12°V, V,; = 47.79 |-87.20°V, V,» = 60.41 |=142.51°V
6.4 V,=1537.27 [13.87°V, Vi, = 263.19 |-126.04°V, V. = 218.85 |-41.28°V
6.5 Ip, = 169.71 U5°A, Iy = 25.05 [175.21°A, Ir» = 16.96 R7.41°A
6.6 I,=11.95]15.03°A, I, = 3.93 [1.63°A, I. = 7.11 [104.83°A
6.7 Ip, =500 0°A, I; = 500 P40°A, I, = 500 |120°A
68 Iao - O QA, Ial = 2572 BEA, Ia2 = 2572 \ﬂA, Ibo = 0 mA,
Iy = 2572 R70°A, Inp = 25.72 [90°A, I, =0 0°A, I = 25.72 [150°A,
12 =25.72 R10°A
6.9 I, =4204.16A
6.10 I, =2171.32A, Vao =0 0°pu, Var = 0.4 0°pu, Vo = 0.6 0°pu,
V. =1°u, V, = 0.53 [160.89°pu, V. = 0.53 |-160.89°pu
6.11 I, =0 °pu, I, = 3.52 [143.64°pu, I. = 3.52 |36.36°pu
6.12 Ip(y__g) = 25426.689A, I;_;y = 17819.149A, Iy(y_;_4) = 24377.308A
6.13  Ip(s_1—g) = 4425.082A, I;_y) = 4291.539A, Ij(4_i—g) = 4734.115A
6.14  Ir(i__g) = 4756.745A, I;1_;) = 4860.853A, I;(4_—g) = 5280.761A
6.15  Iy(s—i—g) = 2853.425A, I;1—;) = 5588.138A, I(4_i—g) = 5662.692A
Chapter 7
Practice Problems
7.1 X =10.83Q
7.97 [41.25° =3 [45° 0 =5 |45°
72 Yy = -3 045° 4.98 [49° 3 [55° 0
i 0 255> 5.81|34.89° 4 |25°
-5 |45° 0 4 |25° 8.86 [36.12°
7.3 V; =0.0825, V, = 0.8829, V3 = 1.5904
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7.4

Bus1
1.000 ©.00] BusZ
0.965 (-2 93)
z 3
=3
9184 MW =
28,00 MVAR OE10A 9w E
e 000 MW
. JATS MVAR
o 2936 MVAR gy
e —
z2
E s
oo
g 2 aag
g3 88
a2
s
sy
Bus 1 961 1080
1,000 £.00)
28417 W [LTTE Y
TN IR ana 03w
17202 VAR
26400 W —
20TTVAR 2 3 D
[
22
448804 34,12 o 12 55
| R S 36,08 WVAR 3703 MVAR 88
6303 MVAR 4088 M e 29
52 MVAR FE
p— —
6 —F
zIA

sy
048 424}

115,00 M
90,00 WAVAR

7.6 x=1.047
7.7 Student can solve it
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7.8 BUS1 BUS2
: 1.000 (0.00) 20493 A .979 (-1.65)
-52.48 MW
53.11 Mw 16.47 MVAR
90.85 MW 1836 MVAR
38.18 MVAR
37.75 MW
19.82 MVAR 7.60 MW
© 3.62 MVAR
-37.60 MW
22375A|  .18.62 MVAR
4487 A
BUS3
0.984 (-1.36)
30.00 MW
15.00 MVAR
7.9
BUS1 BUS2
1.000 (0.00) 3917.9A 0.967 (-2.69)
-67.05 MW
67.97 MW -26.71 MVAR
117.47 MW 30.86 MVAR ———
56.54 MVAR —
49,50 MW
25.68 MVAR 2.96 MW
-1.63 MVAR
-47.96 MW -2.95 MW
29268A| 2337 MVAR 1.71 MVAR
BUS3 185.2 A
0.957 (-1.44)

Exercise Problems

7.1 Q. =233.33VAR
72 X =17.5Q
73 V, = 66.33V

7.4 Y,m:[_]6 J1 ]

—jl jL77
s =2 0
75 Y= |2 —j10 5
0 j5 -5

_[5-j10 —5+j10

76 Yo = [—5+j10 5—j10}

60.00 MW
20.00 MVAR

45.00 MW
25.00 MVAR

537

5 MW
2 MVAR

oo
oo

70.00 MW
25.00 MVAR
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(833 —j16.67 —5+j10 —3.33+j6.67

77 Y= | -5+j10  9—jI8 —4+8

| —333+4j6.67 —4+j8 7.33+/14.67

[10.63 —j20.85 —5+j10 —2.55+j5.47 —3.08+,5.38

28y | —3+0 9 —j18 —4+8 0
O s = 05547547  —4+j8 9.88—j20.14 —3.33+4j6.67
—3.08 4,5.38 0 —3.33+j6.67 6.41 —j12.05

7.9 V; = 1.3846V, V, = 2.0384V
7.10 V = 0.4384

=2

=3

81 B2 =t ]

. (=N =]

000 (0.00) o 2

o

124.27 MW BEchins

124.27 MW -125.00 MW
54.74 MVAR -38.20 MVAR

-18.80 MVAR

-0.00 MW

7.12

BUS2
BUS1 -

0.916 (-5.43)
1.000 (0.00)

131.30 MW
61.19 MVAR

-125.00 MW
-44 41 MVAR

131.30 MW
61.19 MVAR

125.00 MW
50.00 MVAR
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7.13
6335.6 A
-102.53 MW o
257.78 MW
105.42 MW -50.12 MVAR =
130.88 MVAR M(:W—» Eg
oo
a8
e o
8846.4 A b >
B N 147.47 MW 253Mw - 253 MW
TZOIMVAR oo 68 MvAR -0.12MVAR 012 MVAR
B1 '
1.000 (0.00)
B2 150.00 MW
0 0945 (3.10| 150,00 MW
B3
0.944 (:3.22) |
7.14 V =1.8414
7.15 V =1.04709
7.16
BUS1
1.000 (0.00) BUS2
g 0.957 (-3.14)

100.79 MW
40.32 MVAR

100.79 MW -98.45 MW
40.32 MVAR -33.25 MVAR

L

0.00 MW
30.00 MVAR

O
3

©

7.17
B1 176 MVA
142.58 MW
1.000 (0.00) B2 g3
103.07 MVAR
5 A Y= 0.870 (-42.57) 0.866 (-42.67)

92342 A
140.65 MW
60,56 MVAR

0 MVAR

140.00 MW

-140.65 M
60.56

-140.00 MW
-60.00 MVAR
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7.18

Appendix: Answers to Practice and Exercise Problems

vamsor = =

Chapter 8
Practice Problems

8.1
8.2
8.3
8.4
8.5
8.6
8.7

p=261x102Q—m

2.28 cm, 14.59 kV/cm, 0.84 cm

ry = 2.24cm, r, = 3cm, V = 46.01kV, V = 32.54kV
Vi = 32.86kV, Vi, = 14.46kV

6184.65 V, 480.42 W, 471.92 W

C=0.64p F

C,=446uF, I. = 10.68A

Exercise Problems

8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9
8.10
8.11

975.6 MQ

53.31 MQ

Enax = 15.90V/cm, Enin = 5.02V/em, ¢, = 1.3cm, (iv) » = 0.70cm
Enax = 28.09V/em, Eyyy = 9.66V/cm, r = 1.18cm

tins = 3.025¢cm, V = 43.62kV

r=0.196cm, 7econom = 1.1cm

ri = 1.5cm, r, = 1.8cm, V = 41.16kV Vy = 29.10kV

tin = 1.04cm, 1,,, = 2.76cm, Ve = 71.18kV, Vi, = 50.33kV
Vg = 7.17kV, Vy, = 3.41kV

P, =40.33W, P, = 1368.48W, Py, = 1328.15W

P, =0.92W, C = 0.189uF, Py, = 1199.08W
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8.12 C=0.680n F, I, = 2.39A

8.13 C=0272p F, R =2.22cm

8.14 C,=0345nF, C. =0.145pn F, C, =0.78p F, I. = 0.062A
815 Cix=145nF, C.=0515pF, C, =3pF

Chapter 9
Practice Problems

9.1 P, =2686MW, I, =3169.82 |-42.15°A
9.2 H = 8MI/MVA, P, = 2MW, £ = 3.92rad/s>

> di?

9.3 S, =1.643, w, = 5.03rad/s, f, = 0.8Hz, T = 1.25s
9.4 6.7MJ/MVA, 670MJ, £4 = 339 84rad/s>

> dr T

9.5 106.7° = 1.86rad, 0.46s, 64.53° = 1.12rad, 0.16s
Exercise Problems

9.1 0 ="78.74° I = 4460.29 32.18°A, Qiine = 59.68Mvar, Q3_4 = 89.73Mvar
9.2 138.43 MW, I, = 4460.291482.04 |—157.52°A
9.2 X.=14.99Q
9.3 640 MJ, 8 MW, 216 elec.deg/s”
9.4 7 MJ/MVA, 210.52 elec.deg/s2
9.5 0.66, I, =0.66 |-18.19°, E; = 0.95 [17.67°, 1.96, 7.84 rad/s
9.6 2.53, 8.91 rad/s, 0.24 s
9.7 1833.33 MW
9.8 14.5 MI/MVA, 1450 MJ, 64.29 elec.deg/s2
9.9 21.8 MI/MVA, 2180 MI, 375 elec.deg/s2
9.10 9.49°, 121.52°, 0.48 s, 105.11°, 0.18 s
9.11 95.42°,0.34 s
9.12 Use the software to solve
9.13 Use the software to solve

Chapter 10
Practice Problems

10.1 p(r) = 2367.25 — 6740.71 cos(2wt — 69.44°)W,
Pa = 4734.51(1 — cos2wt)W, g, = —12622.71 sin 2wt Var, P = 4734.51W,
0 = 12622.71Var, P,, = 4766.4W

10.2 187 W, 115.89 Var, 4.07 A, 627.72 VA

10.3 800 W, 2598.07 W, 1125.83 W, 650 Var

10.4 2054.79 VA

10.5 0.18, 0.09

Exercise Problems

10.1 p(r) = 994.85 — 2832.81 cos(2wr — 69.44°)W,
Pa = 944.85(1 — cos2wt)W, g, = —1875.51 sin2wtVar, P = 944.85W,
Q = 1875.51Var, P,, = 351.73W, 0.45

10.2 913.73 VA, 1045 W, 343.47 Var, 1.2
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103 8.23 A, 324 W, 156.92 Var, 1161.6 VA

10.4 405 W, 630.75 W, 96.83 W, 131.1 Var

10.5 85.38 'V, 26.59 A, 2270.25 VA, 1425 W, 0 Var, 1925.8 W, 565.51 Var
10.6  937.85 VA, 0.84, 1.24, 753.3 VA, 1120.5 VA, 1643.94 VA

10.7 0.12, 0.06

Chapter 11
Practice Problems

11.1 5.46 kV, 6.11 kV, 7.48 kV, 84.67%
11.2 1398 kV, 13.10 kV, 11.01 kV

11.3 256.58 m, 17.87 m

11.4 10.65 m, 17.54 m, 14.1 m

Exercise Problems

11.1 3.51 kV, 4.03 kV, 5.16 kV, 82.05%
11.2 6.61 kV, 7.67 kV, 9.98 kV, 13.81 kV, 68.9%
11.3 99%
11.4 82.75%
11.5 129.39 m, 216.09 kg
11.6 18 m, 461.4 kg
11.7 38.34 m, 3.14 m
11.8 4424 m, 9.6 m
11.9 1231 m, 0.93 m, 13.24 m
11.10 39.83 m, 30.25 m
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A Capacitance of a three-core cable, 402
ABCD constants, 199, 227 Capacity factor, 128
AC circuit, 9 Charging current, 401, 403
AC resistance, 145 Classification of cable, 381
Additive polarity, 59 Coherent machine, 432
All aluminium alloy conductor, 143 Complex power, 8, 273
All aluminium conductor, 143 Complex power balance, 14
Aluminium conductor alloy reinforce, 143 Conductor, 380
Aluminium conductor steel reinforce, 143 Connected load, 125
Ampere circuital law, 144 Copper loss, 75
Annual load curve, 124 Corona discharge, 241
Annual load factor, 126 Critical clearing angle, 438
Annual plant factor, 128 Critical clearing time, 438
Apparent power, 6 Cross-linked polyethylene, 381
Apparent power due to distortion, 474 Current transformer, 92
Armoring, 381
Autotransformer, 83 D
Average load, 125 Daily load curve, 124
Average power, 3 Dam, 114
DC offset, 488
B DC resistance, 145
Base current, 97 Delta connection, 30
Base impedance, 97 Delta—delta connection, 90
Bedding, 381 Delta—wye connection, 88
Binder tape, 381 Demand factor, 126
Biomass energy, 111 Dielectric Absorption Ratio (DAR), 407
Block rate tariff, 136 Dielectric discharge, 408
Bundling conductors, 170 Dielectric power loss, 398
Bundling in capacitance, 191 Diesel power station, 123
Bus, 318 Distortion factor, 467
Diversity factor, 127
C Dominant root, 450
Cables heating, 396 Double-line-to-ground fault, 298

Capacitance grading, 387, 503
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E

Earth, 183

Economical conductor, 386
Eddy current loss, 74
Efficiency of transmission lines, 198
Electrical noise, 488
Electric field, 174

EMF, 49

Equal area criterion, 435
ETAP, 317

External inductance, 151

F

Fast decoupled load flow, 359
Ferranti effect, 239

Flat rate tariff, 136

Flicker, 488

Flux linkage, 167

G

Gauss—Seidel method, 329

Gauss’s law, 173

Geometric Mean Distance (GMD), 153
Generating station, 132

Generator, 115

Generator bus, 318

Geometric Mean Radius (GMR), 153
Grading of cables, 387

Gross head, 115

Ground wires, 241

Guard ring method, 504

H

Harmonic current, 473
Harmonic power, 467
Harmonic voltage, 473
Hopkinson demand rate, 137
Hydro power station, 113
Hysteresis loss, 74

I

Ideal transformer, 47

Image conductor, 184
Impedance, 3

Inductance, 147

Inertia constant, 414

Infinite bus, 415
Instantaneous power, 1
Instrument transformer, 92
Insulation resistance, 379, 406
Interactive Power System Analysis (IPSA), 264
Interharmonics, 461

Internal inductance, 147
Interruptions, 488

Index

Intersheath grading, 391
Iron loss, 75

J
Jacobian matrix, 345
Jacobian sub-matrix, 349

K
Kinetic energy, 113

L

Line capacitance, 173
Line-to-line fault, 293

Load bus, 318

Load curve, 124

Load duration curve, 129

Load factor, 126

Load flow equations, 323

Long transmission line, 198, 213

M

Maximum demand, 125
Maximum electric field, 385
Measuring equipment, 39
Medium transmission line, 198
Minimum electric field, 385
Monthly average load, 125
Monthly load factor, 126
Mutual flux, 46

Mutual inductance, 159

N

Negative sequence components, 266
Net head, 115

Newton-Raphson method, 340
Nominal w-model, 208

Nominal T-model, 206

Non fundamental apparent power, 474
Nuclear power station, 123

(0}

Open circuit test, 78
Open delta connection, 90
Overvoltage, 487

P

Parallel operation of transformer, 85
Parallel transmission networks, 235
Pelton wheel, 117

Penstock, 114

Perfect power quality, 461

Per unit value, 97

Phase, 24

Phase sequence, 24



Index

Point of Common Coupling (PCC), 462, 487
Polarity of transformer, 58
Polarization index, 407

Positive sequence components, 266
Potential energy, 113

Potential transformer, 92

Power factor, 17, 467

Power factor angle, 17

Power factor correction, 18

Power factor tariff, 139

Power station, 112

Power triangle, 7

PQ bus, 318

Pressure energy, 113

Primary distribution, 133

Primary leakage flux, 46

Primary transmission, 133

Primary winding, 46

PV bus, 318

R

Reactance diagram, 94
Reactive power, 5, 8, 464
Real power, 4, 8

Reserve capacity, 128

S

Sag, 486, 508

Secondary distribution, 133
Secondary leakage flux, 46
Secondary transmission, 133
Secondary winding, 46
Self-inductance, 159
Sequence impedances, 275
Serving, 381

Short circuit current, 253
Short circuit kVA, 254
Short circuit test, 80

Short transmission line, 197
Simple tariff, 136
Single-line-to-ground fault, 288
Skin effect, 148

Slack bus, 318

Stability curves, 412

Steam power station, 112
String efficiency, 499
Subtractive polarity, 59
Subtransient, 250
Subtransient current, 250
Surge impedance loading, 224

545

Swells, 486

Swing equation, 419
Symmetrical components, 265
Symmetrical faults, 250

T

Tailrace, 115

Tariff, 135

Three-part tariff, 138

Three-phase transformer, 60
Three-phase transformer connection, 85
Total Harmonic Distortion (THD), 476, 489
Transformer, 47, 115

Transformer efficiency, 76
Transformer equivalent circuit, 54
Transformer magnetizing current, 47
Transformer maximum efficiency, 77
Transformer tests, 78

Transformer vector group, 62
Transformer voltage regulation, 69
Transmission lines, 133
Transposition, 167

Travelling waves, 241

Turbine, 114, 118

Turns ratio, 50

Two-part tariff, 137

U

Underground cables, 379

Under voltage, 487

Unsymmetrical faults, 265
Unsymmetrical spacing conductors, 163

v
Voltage generation, 23
V-V connection, 90

W

Wind energy, 111
Wye—delta connection, 87
Wye—wye connection, 85

Y
Y-connection, 34
Y-Y connection, 86

V/
Zero sequence components, 267
Zero sequence impedance, 278
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